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ABSTRACT. We prove a Harnack inequality for positive solutions of a parabolic equation with
slow anisotropic spatial diffusion. After identifying its natural scalings, we reduce the problem
to a Fokker-Planck equation and construct a self-similar Barenblatt solution. We exploit
translation invariance to obtain positivity near the origin via a self-iteration method and deduce
a sharp anisotropic expansion of positivity. This eventually yields a scale invariant Harnack
inequality in an anisotropic geometry dictated by the speed of the diffusion coefficients. As a
corollary, we infer Hélder continuity, an elliptic Harnack inequality and a Liouville theorem.
MSC 2020: 35K59, 35K65, 60J60, 74N25

Key Words: Anisotropic diffusion, Fundamental solution, Harnack inequality, Intrinsic
geometry, Fokker-Planck equation

CONTENTS
1. Introduction 1
2.  Preliminaries 6
2.1. Functional setting. 6
2.2.  Scaling properties 7
2.3.  Energy inequality and consequences 9
2.4. Comparison Principles 10
2.5.  LP solutions 11
3. Barenblatt fundamental solutions 13
3.1. Construction of a Barenblatt solution 13
3.2. Properties of the Barenblatt solutions 15
4. Proof of Theorem 1.1 17
References 23

1. INTRODUCTION

We are concerned with solutions of the model parabolic anisotropic equation

N
(1.1) Opu =Y 0i(|0sulP20;u)

i=1

satisfied in a suitably weak sense in Q x (0,7, Q C RV for powers p; > 1 for i = 1,..., N.
These kind of equations raised increasing interest in the last decades as they present an
interesting feature, namely an anisotropic diffusion with orthotropic structure. Besides its
inherent mathematical interest, the latter is useful when modelling diffusion in materials such
as earth’s crust or wood, where the velocity of propagation of diffusion varies according to the
different orthogonal directions. From the mathematical point of view, the principal part in (1.1)
arises as the Euler-Lagrange equation of a functional with non-standard growth, i.e. of the type

1
/F(Vu) dr, where (|2 ~1) < F(z) < C (el + 1)
1
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for some p < ¢, as opposed to the standard growth condition p = ¢. Starting from the
pioneering examples in [18,26], it soon became apparent that the regularity theory for solutions
of the corresponding Euler-Lagrange elliptic equation is much more delicate and rich than
the standard one. Since then, the elliptic regularity theory grew in considerable size. Even
if this has not always been the case, the general principle underlying to the theory is that
most regularity results can be recovered when the power gap ¢ — p in the non-standard growth
condition is small. Since it would be impossible to collect here all the contributions, we refer to
the surveys [29, Section 6] and [27] for a general overview of the subject and comprehensive
bibliographic references.

As the non-standard elliptic theory matured, its parabolic counterpart became a research
théme as well. The delay in development was considerable, mainly because already the isotropic
problem with p; = p # 2 presented great difficulties, solved (with respect to zero-th order
regularity issues) in full generality only a decade ago through the work of Di Benedetto
and collaborators, see [14] and the literature therein. Nevertheless, parabolic equations with
non-standard growth were considered well before that (see e.g. [23]), giving rise to a large
amount of results on existence, well-posedness, L>°-estimates and diffusion analysis. For an
extensive bibliography on this research, we refer to [4] and for the theory of variational solutions
to [27, Section 12] and the references therein.

Despite some partial results, however, the regularity theory for parabolic anisotropic equations
is largely unknown. Recently, in [17], existence and asymptotic behaviour of self-similar solutions
of an anisotropic equation of porous medium type is considered. While these results have some
point in common with our study of Barenblatt solutions of (1.1), the equation in [17] falls
within the framework of fast diffusion, presenting features which in many way are opposite
to ours. Moreover, we aim at deriving different qualitative properties of general non-negative
solutions of (1.1). Up to our knowledge, local Holder continuity of solution of (1.1) was not
known, as well as the validity of a suitable (necessarily intrinsic) parabolic Harnack inequality.
The latter is precisely the aim of this paper, where we are going to prove the following result.

Theorem 1.1. Let u > 0 be a local weak solution to (1.1) in Q x [=T,T] and suppose that

1 11\t

1.2 =1,...,.N 2 i <pll+— p = | — — N
(1.2) Vi=1,..., <p <p<+N) P <N;p¢> <
and u(0,0) > 0. Then, there exist constants C; > 1,C3 > Co > 1 depending only on N and the
pi’s such that, letting M = u(0,0)/C4 it holds

1 _ _ _ _
(1.3) — sup u(-,—M?*"P(Cyp)?) <u(0,0) < C3 inf wu(-, M*P(Cyp)P)

Cs k(M) Kp (M)
whenever M*7P (Cs p)? < T and K¢y (M) C €, being

N
(1.4) I (M) = H {]a:] < M(pi_ﬁ)/pirﬁ/pi/2}‘
i=1

Let us make some comments on the statement, significance and proof of the previous theorem.

- The intrinsic geometry. A parabolic Harnack inequality for a non-homogeneous equation
such as (1.1) cannot hold in classical form. This was first realised for the parabolic p-Laplacian
equation

(1.5) 0w = Apu
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through an analysis of the so-called Barenblatt fundamental solutions, a family of explicit
solution encompassing most of the features which distinguish the classical heat equation (and
its quasilinear non-degenerate counterpart) from (1.5). The correct formulation of the Harnack
inequality for (1.5) was first found in [10] when p > 2, and it has an ntrinsic form. To explain
briefly this term let us focus on the p > 2 case of (1.5). A Harnack inequality for non-negative
solutions of a parabolic equation expresses a point-wise control on the solution (e.g., a pointwise
lower bound) in a full spatial neighbourhood of a point in terms of its value at that point. The
parabolic nature of the equation allows for such a control to hold only after a positive time delay
(in the case of lower bounds) has passed. For the heat equation this waiting time only depends
on the size of the region where we seek for the lower bound and not on the solution, while for
the parabolic p-Laplacian equation (1.5), its length depends on the value of the solution at the
chosen point: the word intrinsic refers (not only, but mainly) to this phenomenon.

In the case of (1.5), the value of the solution at the chosen point only affects the waiting
time, while for the anisotropic equation (1.1), it determines the full shape, or geometry, of the
region where the control is available. This is seen in the definition (1.4) of the intrinsic cubes:
indeed, in K,(M), r plays the role of an anisotropic radius, while M prescribes the anisotropic
geometry. To justify the first statement, notice that the Lebesgue measure of K, (M) is always
rV | regardless of M. Regarding the second, one can follow the well-known principle that higher
exponents give slower diffusion, so that lower values of M ~ u(0,0) squeeze K, (M) in directions
of slower-than-average diffusion (p; — p > 0) and stretch it in directions of faster-than-average
diffusion (p; — p < 0).

- Barenblatt solutions. One of the main byproducts of our proof is the construction of a
family of self-similar Barenblatt solutions for (1.1) and the analysis on their basic properties.
Self-similar solutions are by now a classical théme and have been extensively studied in various
parabolic nonlinear frameworks, see e.g. [36, Ch. 16] and the therein cited literature. Their
role turned out to be pivotal in understanding the general behaviour of solutions and has
often been an important stepping-stone for treating more general equations and formulating
sensible statements on the general expected results: compare the classical works of Pini [33]
and Hadamard [19], later generalised in the linear measurable setting by Moser [31] or, in
the singular/degenerate case, the first works [10], [15] employing the Barenblatt solutions,
generalised in [12,13].

For equation (1.1), the explicit form of the Barenblatt solutions is however unknown at
present, and their existence is obtained through an abstract approach. Naturally, we cannot
assume any a-priori regularity and the method heavily relies on the identification of the natural
scalings of (1.1) mentioned above, allowing to formulate the right notion of self-similarity. More
details on the difficulties that this approach involves will be made in the comments to the proof
below.

- Assumptions. The main condition required in the Harnack inequality is (1.2). On one
hand, p; > 2 for all ¢ means that we are settling ourselves in the slow diffusion regime. The main
feature of this framework is that, for example, solutions of (1.5) for p > 2 preserve compactness
of the support forward in time (as opposed to what happens for the heat equation). In the
setting of the anisotropic equation (1.1), the support moves in different directions with different
speed, in a way which has been precisely quantified in [16] and plays a réle in our proof. The
other condition p; < p (1 4 1/N) requires that the powers p; are not too sparse, following the
above mentioned principle in problems with non-standard growth. Local boundedness holds in
the larger range p; < p(1+ 2/N), but we are not aware of counterexamples if this condition
is violated. It would be interesting to know wether the Harnack inequality holds true also for
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Pmax € [P(1+1/N),p(1+2/N)) but, if so, its proof likely requires different techniques than
the ones employed here.

A few comments on the constants C; in the statement. As mentioned above, the Barenblatt
solution we use is constructed in an abstract way and we do not know if a uniqueness theorem
(up to translation and scaling) holds. The constant depends on a lower bound on the Barenblatt
solution, hence, ultimately on the choice of the latter. Thus, it is rather undetermined from the
quantitative point of view.

Finally, the number u(0,0) is not a-priori well-defined for a weak solution. However, thanks
to [16, Corollary 4.3], any solution of (1.1) under assumptions (1.2) possesses an essentially u.s.c.
representative, allowing to give a meaning to u(0,0). This ambiguity in the choice will then be
eliminated by the a-posteriori continuity of the solution. Clearly, the theorem is meaningful
only when u(0,0) > 0, for otherwise the claimed bounds trivially holds (assuming inf ) = +o0,
sup ) = —o0).

- Outline of the proof. As already mentioned, our first task is to build a family of
Barenblatt solutions. We find all the natural scalings of (1.1) and construct a bijection between
solutions of (1.1) and solutions of an anisotropic Fokker-Plank equation (see e.g. [7] for a similar
approach). We then seek for a stationary solution of the latter, which is found through a fixed
point argument and comparison principles. Here, the slow diffusion regime plays a pivotal role
in recovering sufficient compactness to apply Shauder fixed point theorem. Let us note that we
rely on a weak continuity result (Lemma 3.1, point 3) of independent interest, which we were
not able to find in the literature.

At this stage, the stationary solution of the Fokker-Plank equation is a rather irregular object
of little use. However, exploiting its correspondence to a Barenblatt self-similar solution of (1.1)
and using a self-iteration method based on comparison principles and translation invariance, we
are able to prove a positive lower bound in a small neighbourhood of the origin. Transferring
the bound to the Barenblatt solution, we find a quantitative expansion of positivity rate for it.

We then proceed in a manner reminiscent of the proof in [10] of the Harnack inequality for
(1.5), namely finding a positivity set and then expand it forward in time through comparison
with Barenblatt solutions. For the first step, we actually employ a simplification described
in [12], which makes use of the so-called Clustering lemma of [11]. We have to face two main
difficulties: the intrinsic geometry of the problem, contrary to what happens in most instances
of the theory, involves not only the time variables but also, and mainly, the spatial ones (in
an anisotropic way). Secondly, even disregarding the geometry, the natural intrinsic cubes as
per (1.4) come from a quasi-metric rather than from a metric. To face the first difficulty we
heavily rely on the natural transformations leaving (1.1) invariant; for the second one, we prove
a general abstract version of the so-called Krylov-Safonov trick, of independent interest (Lemma
4.1).

- Consequences of Theorem 1.1. A first corollary of the Harnack inequality is the Hélder
continuity of solutions of (1.1), whose detailed proof is described in [9]. However, much more
regularity is to be expected, as suggested by the ellitpic case briefly discussed below.

An intrinsic Harnack inequality immediately follows from Theorem 1.1 for solutions of

N
(1.6) > 0i(|0ulP 2 0u) = 0.
i=1
Even in the elliptic case, homogeneity is still missing, suggesting that any scale invariant

Harnack inequality must be of intrinsic form, as in the parabolic case. We state our Harnack
inequality for (1.1) in the following corollary.
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Corollary 1.2. Let K,.(M) be as in (1.4) and p; as in (1.2). There exist constants Cy,Cy > 1,
depending on N and the p;’s such that if w > 0 weakly solves (1.6) in Kc,,(M), where
M =u(0)/Cy > 0, then

1.7 c;t sup u < u(0) < Cy inf wu.
.7 2 Kp(M) ©) 2KP(M)

Notice that condition (1.2) on the powers p; is in fact of parabolic nature, tied to the
proof of [16]. The proof of the elliptic Harnack inequality under the more natural condition
Pmax < N p/(N —p) is the object of future work. The scale invariance of the Harnack inequality,
i.e., the fact that the constants in (1.7) do not depend on the radius or the solution, is crucial
when dealing with Liouville-type theorems like the one below, proved in a standard way in the
last section.

Corollary 1.3. Under assumption (1.2), any weak solution of (1.6) in the whole RY bounded
from below is constant.

- Comparison with previous results. Local boundedness of the solutions of (1.1) has
been first proved in [30] under the condition pymax < (1 + 2/N). Some early regularity results
in the plane are considered in [25], and regularity for parabolic problems with non-standard
growth of p(x) type are contained in [1,3,37]. The p(z) growth condition does not cover the
simple equation (1.1) and we are not aware of proofs of the Holder continuity of solutions of
the latter in general dimensions (see [6, Remark 1.4] for a discussion of previous attempts), let
alone of the Harnack inequality.

In the elliptic setting much more is known regarding the regularity of solutions of (1.6), or for
more general non-standard equations, see [27, Sections 5 and 6] for the relevant literature. The
most up-to-date result for (1.6) is in [6], where the Lipschitz regularity of its bounded solutions
is proved for any choice of p; > 2. The Harnack inequality for non-standard elliptic problems
has been the object of various works: [2,5,20,21,24,32,35] focus on isotropic equations with
non-standard growth of p(z)-type, while [22,28] deal with energies with Uhlenbeck structure and
non-standard growth. However, none of the frameworks considered therein cover the anisotropic
equation (1.6): indeed, its Euler-Lagrange equation is degenerate/singular on the union of the
coordinate axes, while non-standard functionals of p(x)- or Uhlenbeck-type exhibit this problem
only at the origin. Moreover, as already remarked, the relevant feature of (1.7) lies in its scale
invariance, while (quite naturally) this is not to be expected for the problems considered in the
cited works, where either the constant depends on u and r or there is an additional term of
non-homogeneous type.

- Structure of the paper. Section 2 collects preliminary results, most of which are modifi-
cations of well-known theorems. The most relevant part is subsection 2.2, where we set up the
geometry related to the natural scaling of the equation. In Section 3 we build the Barenblatt
solution and study its positivity set. Section 4 contains the proof of the main theorem, splitted
in several lemmas.

- Notations:

- For ¢ € R and p > 2 we let (£)P~1 = |¢[P~2¢.

- If E is a measurable subset of RV, we denote by |E| its Lebesgue measure.

- For r > 0, K, (%) stands for the cube {|z; — Z;| < r/2:i=1,...,N} and we write
K, = K,.(0); the standard cylinder is denoted by Q- = K, x (—r2,0]. Notice that
K| =@y =1
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- Given T € (0, +oc] and 2 C RY a rectangular domain, we let Q7 = Q x (0,T) while Sy
denotes the stripe S = RY x (0, 7T'); more generally, for s < t we will set Qs ; = Q x (s, 1)
and Ss; = RY x (s,t).

- For a measurable u, by infu and supu we understand the essential infimum and
supremum, respectively; when u is defined on all of R, we let |lu|, = |lu]| Lr(rN)y for
1 <p<oo; whenu: E — R and ¢ € R, we omit the domain when considering
sub/super level sets, letting [u z a] = {:U € E:u(x) z a}; if u is defined on some Q,
we let us(x) = u(x,t) while Qu = a%iu, Ou = %u denote the distributional derivatives.

2. PRELIMINARIES

In this section we will discuss the functional analytic setting we pose ourselves in, the scaling
properties of the solutions of (1.1), some basic energy estimates and the resulting anisotropic De
Giorgi type lemma, comparison principles for (1.1) and the associated Fokker-Planck equation
and solvability of the Cauchy problem for (1.1) for suitable initial data. Most of the material is
standard, except maybe the discussion in section 2.2.

2.1. Functional setting. Given p = (p1,...,pn), with p; > 1,4 =1,..., N and Q a rectan-
gular domain, we define

WIP(Q) := {v e WH(Q)| v € LPI(Q)},

WEP(Q) == {v € LL,.(Q)| 9w € L (Q)},

loc
and for s < ¢
LP(s,t; W'P(Q)) := {v € L (s, WH(Q))| 9v,v € LP (Qs4)},
L (5, ;WP (9)) := {v € Lioo(s, ;Wi ()] 9 € L, ()},
LY (s, Wi P(Q)) := {v € Li,(s,t; Wy ()| 0w € LY (Q4)}.
A function

u € LS (s, t; L () N LP

loc loc loc

(5, WipR ()

loc

is a local weak solution of (1.1) in (s,t) x Q, if for almost every s < t; < ty < t and any
p € C(s,t;C(Q)) it holds

loc

to N
/ Uty Pty dx — / Uty P, AT + / /(—u Orp + Z (Oiu)Pi~t Dp) dax dt = 0.
Q Q t1 JQ

i=1

. . . 1,2 )
By an approximation argument the latter actually holds for any test function ¢ € W, (s, t; L (R))N

loc
LY (0,T; WaP(R)) for any rectangular domain R CC €. By a local weak solution of (1.1) in

Soe, We mean a function u € L>(Ry; L2, (RN)) N LP_(Ry; WP (RN)) such that for each T > 0
and Q CC RV, v is a weak local solution in Q7. Finally, by an LP solution of (1.1) in St, we

mean a local weak solution u in Sz such that u € N}, LP(Sr).

Next we recall the following anisotropic embedding, obtained, e.g., from [16, Theorem 2.4] with
c=2a;,=1,0=p/p* and the generalised Young inequality.
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Lemma 2.1 (Parabolic anisotropic Sobolev embedding). Let Q C RY be a bounded rectangular

domain. There ezists a constant C = C(N,p) < 400 such that for any u € L*(0,T; Wy ()
it holds

N (N+p)/N
(2.1) / |u|ldxdt<0( sup /|u|2(x,t) d:n—{—/ Z|8iu\pi dxdt)
Qr te0,7] /© Qr
whenever
2N 1S 1, 2
2.2 2 = (=S )TN, =14 2.
(22) N3 <P (Nizlp) < p(1+3)

By applying the so-called Local Clustering lemma in [11] to min{w, 1} + 0 and letting ¢ | 0, we
get the following alternative form, which will be used in the following.

Lemma 2.2 (Local clustering). Let u € WYY(K),) satisfy for some constants C > 0,a € (0,1)

/ Du—-1)_|de<Cp""' & |u>1nk,|>alK,.
P
Then for every \,v € (0,1) there exists y € K, and a number ¢ = e(\,v,C,a, N) € (0,1) such
that y + K., € K, and
[u= AN (y+ Kep)| > (1= v)|Kepl.
Moreover, € can be chosen arbitrarily small.

2.2. Scaling properties. We omit the proof of the following proposition, which is just a direct
computation.

Proposition 2.3. Let u weakly solve (1.1) in Qp. For 6,p > 0 define
Tpo(y, s) = (0P PP pP/Piyy; 927P g s).

Then the transformed function

(2.3) Tpou(y,s) = %u(Tp,e(% 5))

weakly solves (1.1) in T;(}(QT).

Due to the latter proposition, it is convenient to set
N N (5 — n; =
(24) = NG-2+5 o=, and o= YPZPIFD
g O Pi

(notice that, under assumption (1.2), a; > 0 for all i =1,..., N), so that

T

g
p,0p=NU (y,s) = /)T u(G(p"_p)/p" p7 %y, 9>—P I s).
The following properties of 7 will be useful throughout calculations:
—1
7;1,91 ° 7;)2,92 = 7;1;)2,9102 0,0 - 7;)—179—1

and similarly for the trasformation 7}, 9. The previous scaling suggests the natural geometry
where to settle problem (1.1). More precisely, we define the intrinsic anisotropic cube as

Kp(0) :=T)0(K1), Ko :=K,(1),

(here and in what follows we will use the same symbol T}, 4 to denote the action of T}, 9 on the
space variables only) and the intrinsic anisotropic cylinders as

Q,(0):=To6(Q1), 9, =¢<,(1)
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Notice that in the anisotropic cubes the parameter p prescribes the size, while 6 determines its
anisotropic geometry: indeed, the volume of 1C,(#) does not depend on 6, since for each ,p > 0

Co(6)] = p™.
The following property can be readily checked:
(2.5) Too(Kr) = Kro(RO),  T,0(Qr) = Qg ,(RI),

and in particular it holds Kr(R) = Kr and QR (R) = Q5. An important special case of the
transformation (2.3) is obtained when v does not depend on the time variable and 6 = p=V:
using the notations in (2.4) we define

(2.6) Tov (y) =T, p-nv (y) = p7 v(p7" yi).
By a change of variables one can check that 7, : LY(RY) — L!(R") is an isometry, and moreover

(27) (T 7N’U/)5 = ﬁupas .

psp

As we will see, reasonable solutions of (1.1) preserve the L'-norm in time, and therefore we will
say that u is a self-similar solution of (1.1) in Soo if 7, ,-~u = u for all p > 0.
Closely related transformations are

(2.8) Du (y,s) := e u(e*®y;,e), and the inverse Yw (z,t) =t w(t™* z;,logt).

Clearly if u is defined on RY x [tg, +00), tp > 0 then ®u is defined on RY x [logtg, +00) and
vice-versa if w is defined on RY x [sq, +00), Yw is defined on RY x [e%0, +-00). Due to (2.7), it
holds

(2.9) (Pu)s = T s/0Ues, (Yw); = Tj1/0 Wiog t-

By [8], ® brings solutions of (1.1) in S, ~, to solutions of the anisotropic Fokker-Planck
equation

N
(2.10) 0w = 0 [(Qw)" ! + auyiw)]

i=1
in Siogty,00 and ¥ does the opposite. Using (2.7), (2.9) together with T,, Ty, = Ty, p., We see
that for a solution u of (1.1) in S

(@7, p-~nu)s = Tos/o (7;7p—Nu)es = Testo Toupres = TpessoUpoes = (PU) 5 10g pts
for every p > 0, from which we readily infer the following proposition.

Proposition 2.4. A function u is a self-similar solution of (1.1) in S if and only if Pu is a
stationary solution of (2.10) in RNFL,

In the following we will call a self-similar solution to (1.1) in So a Barenblatt fundamental
solution, and we will denote it with B, in analogy with the literature about the p-Laplacian.
Moreover, we will henceforth use coordinates (x,t) for the prototype equation (1.1) and (y, s)
for the Fokker-Planck equation (2.10).
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2.3. Energy inequality and consequences. The following energy estimate for solutions of
(1.1), is well known, see e.g. [16, Lemma 3.1] for a proof.

Lemma 2.5 (Energy inequality). Let u be a local weak solution of (1.1) in Kg X [s1,s2]. Then,
for each test function of the form

HU xz; 7 i GCOO(317S2§CCOO(_R/27R/2))

we have, for some C' = C(N ,p) >0,

t=so N s
1 2
ur — k) nedx —i-fE / / Oi(n (u—k)p)|P dedr
AR( t )i t s C o Kn ‘ ( ( )i)’

{/ / u—k |8t?7dxdT+CZ/ / u— k)i |8npzpldxd7}
Kgr

In a standard way we can prove a de Giorgi-type Lemma.

(2.11)

Lemma 2.6 (De Giorgi Lemma). Let u > 0 be a local weak solution to (1.1) in Q] and p obey
(2.2). Then for every a € (0,1] there exist u, > 0 depending on a,p and N such that

1
[<an@l<pml@rl =  mfu>se

1/2

If, in addition, it holds u <1 in Q7 ,

IR
8

[wzad N <m @] = swu<
Quy2

Proof. We give a brief proof of the second statement, the first one being analogous. Let, for
n €N,

11 31 - —Q
pn:<2+2n+1>7 kn:a<2_2n+1)’ KTL:KPn Qn: pn’

We apply (2.11) to (u — ky,)+ with n, of the stipulated form with 7, =1 in Q,41, 7, =0 on
the parabolic boundary of @), and

0<n, <1, |0imn| + | Vin,| < C 27,
Since 1, (-, —1) = 0, the energy inequality (2.11) together with the bound |u| < 1 yields
(2.12)

/n( — kn)2 () dx+CZ/ (0 (u — k) )P da dr
SCZC"{/ (u— d:cdt—i—Z/ (u—k \pldasz} < C2°Mu > k) NQ,, |

for all t € [—p2,0], where C = C(N,p,a) and ¢ = ¢(p). Let A, = [u > k,] N Q,,. By
Chebyshev’s inequality and the assumptions on 7, it holds, for I given in (2.2)

(gt sl = (o = i) [aia | < [ Jw= kool dodr < [ J(u k)il dodr

Qn+1 n
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and chaining Sobolev’s embedding (2.1) on the right and (2.12) (notice that 72 < 1,), we get

N+p

@\ 2 S Di o
(ﬁ) |Any1| < C [ sup o (= kn)% (n)edz + o |0i (0 (u — kn)4) [P d dr
) n =1 n

te(—p2
< 02em ‘An’H_ﬁ/N,

for some bigger C, c. By the fast convergence Lemma [14, Lemma 5.1 chap. 2], if |Ag| is
sufficiently small (depending on N, p and a), |A,| — 0 for n — oo, implying the claim. O

Remark 2.7. Applying the transformation 7,¢ and recalling (2.5), we get a similar statement
for any solution in Q,(0)~. For example, if u > 0 solves (1.1) in Q, (), there exists u1 =
p1(N,p) > 0 such that

lu<0nQ,(0) <m|Q,(0) =  inf u>0/2
Q) ,(6/2)

2.4. Comparison Principles. We consider in this section the Cauchy problem for (1.1),
namely

= N . . pi—l .
(2.13) {M >in1 Oi((Qiu)Pit)  weakly in Qr

up — U strongly in L?(Q)

and a similar one for the Fokker-Planck equation (2.10). Given two solutions u, v of this problem,
we say that u > v on the parabolic boundary of Qg if (u—v)_ € LP(0,T; Wol’p(Q)) and ug = vp.
From the monotonicity of the principal part in (1.1) we have the following classical comparison
principle.

Proposition 2.8. (Local comparison principle) Let Q be a bounded rectangular domain, w,v
be weak solutions of (2.13) in Qp. If u = v on the parabolic boundary of Qp, then u > v in Q.

Next we provide a comparison principle for the class of LP-solutions, that will prove to be useful
for next purposes. We sketch the proof inasmuch the role of greater integrability can be fully
exploited.

Proposition 2.9. Let u,v be two LP solutions of (2.13) in Sy, satisfying uy = vo for ug,vo €
L*(RN). Then u > v in St.

Proof. First notice that if u is an LP solution of (2.13) in Sy with ug € L2(R"), then u €
LP(0,T; WHP(€)). Indeed, by the energy estimate (2.11) with a standard cut-off, we deduce
that

N N
> N0l pri(sry < C (luolls + Dl reisyy)
i=1 =1

and similarly for v. Secondly, we test the equations for v and v with (v — u)4+(, where (¢ a
cut-off function between the balls Br and Byg, independent of time and such that |9;¢| < C/R,
0 < ¢ < 1. Subtracting the resulting integral equalities and using ug = vg we have, for every
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>0,
/ ¢ (v—u)?(z,t) dx—i—Z/ / ¢ ((O)P =t — (Qsu)Pi™") 95 (v — u) da dr
BrN[v=u] ByrNv
_ Z / / (v — ) (@) — (Bru)P) ¢ du dr
i=1 0 BgRﬁ[’U>u

N
C t
S Z/ / (100 | + |00 o] + [QpulP = o] + ByulP " Jul) da dT
= R BygpN[v=>u]

N
C Pi DPi Pi
< E ; HaiUHLm(ST) + HUHLPi(ST) + HaiuHLm(ST) + H HLm (ST)

by Young’s inequality. By the initial argument and the assumptions, the sum on the right is
finite, while by the monotonicity of the operator both terms on the left are non-negative. Hence
for any t < T the left hand side vanishes for R — +00, giving the claim. U

As a corollary, we have the following comparison principle for solutions to the Fokker-Planck
equation.

Corollary 2.10. Let v, w be LP-solutions of the Cauchy problem for the Fokker-Planck equation
(2.10) satisfying wo = vo and wo, vy € L>(RN). Then w > v in Sr.

Proof. Tt suffices to recall that the law (2.8) establishes an isomorphism between LP(S; .r)-
solutions of the prototype equation (1.1) and LP(St) solutions to the Fokker-Planck equation
(2.10) and the initial data coincide. O

Remark 2.11. It is worth noting that, while an elliptic comparison principle holds true as well
for the stationary counterpart of (1.1), this is no longer the case for the stationary counterpart of
the Fokker-Planck equation (2.10). This can be seen considering (already in the isotropic case),
the Barenblatt solutions of the p-Laplacian equation, which solve the stationary Fokker-Planck
equation and contradict the elliptic comparison principle for (2.10).

2.5. LP solutions. We next consider the Cauchy problem for (1.1), with bounded and a
compactly supported initial datum, attained in L?. This problem can be read as

(2.14) Oru =310, 0;((du)P~") i S,
. uo:g€L2(RN) SUPPQCBRO, QELOO(BRO)-

We show in this section that this problem has a unique LP-solution, by a standard approximation
technique relying on the monotonicity of the operator.

Proposition 2.12. Problem (2.14) has a unique LP-solution which takes g as initial datum in
L?.
Proof. We let, for n > diam(suppwy), By, = {|z|] < n} and consider the boundary value
problems

vn € C(0,T; L3(B,,)) N LP(0,T; Wy P(B,))
(2.15) Avn — SN 9i((Biwn)P 1) =0, in B, x (0,T),

Un(" 0) =g
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We regard them as defined in the whole S by extending them to be zero on |z| > n. The
problems (2.15) can be uniquely solved by a monotonicity method (see for instance [23, Example
1.7.1]), and give solutions v,, satisfying

N
(2.16) sup/ |vn(x,t)|2d:c+22/ |0vn [P de dt = ||g||3, Vn €N,
te[o,7] JRN i—1 ST

and thus v, € L>(0,T; L?(R™)) uniformly. Notice that by the local comparison principle in
Qr, |vnlloo < ||g]loo hence by dominated convergence vy, (-, t) — g in L2(RY) implies v, (-,t) — g
in LPi(RY) as t — 0, for i = 1,..., N. In the weak formulation of (2.15) we take (modulo a
Steklov averaging process) the test function (v,)Pi~1, j =1,..., N, obtaining ¥t € (0,T)

Pj N P
/ [on (x,t)dx + (p;j — 1) Z/ |00 |P 0P 2 dadr = / lg” dz.
R = /s R

N Dy N Py

implying

(2.17) v, € NN, L%°(0,T; LP/(RY)),  with a uniform bound.

This estimate, together with (2.16), provides an uniform bound for v, in
LP(0,T; WHP(RY)) N L°°(0, T; L*(RY)).

This bound implies that a (not relabelled) subsequence v,, converges weakly* to a function v in
these spaces. Moreover, the weak formulation of the equation implies that

N
Oron = 0:((Dgwn)"' ),

i=1
and for any m € N the right hand side is uniformly bounded in
(LP(0,T; Wy (B))) =: LP'(0,T; WP (B,,))
by Hoélder inequality. By Aubin-Lions theorem [34, Chap. III Proposition 1.3], applied to the
triple
WyP(By) < L*(By) — WHP(By,),
we can select for each m a subsequence v, that converges to a function v in L*(0,T; L?(B,,)). A

diagonal argument provides a subsequence (still not relabeled) converging in L?(0,T; L2 (RY))
to the weak™ limit v and such that

(1) / (vn)t pr dox — / vy pr dx for a.e. t and all ¢ € C2,(0,T; C°(RY)),
RN RN

(2) 0;(0;v)Pi~t — m;, weakly in LPi(St) for some n;, Vi=1,...,N.

We can thus pass to the limit in the weak formulation of the equation, identifying n; = (9;v)Pi~1
through Minty’s trick. Semicontinuity and (2.17) imply that v is an LP solution.

In order to prove uniqueness, let uj, ug be two LP-solutions of (2.14). By the first step of the
proof of Proposition 2.9, both belong to LP(0,T; WP(RY)), thus v := u; — uo satisfies

v e C(0,T; L*(RN)) N LP(0, T; WHP(RY)),
O = Ziil 82‘((61'141)’”_1 - (aiuz)pi_l), in Sr,
Vo = 0.
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Test the latter with v, where ( € C°(Bag), ¢ = 0, ( =1 in Bg and |D¢| < C/R. For all
0 <t <T we have

t N
1/ "Ut‘Q dx + / / Z ((&ul)pi_l — (8¢U2)pi_1) (821“ - 8{1@) Cdl’dT
2 /By 0o /B

2R =1

t N
- _/0 /B ZU ((8iU1)pi_1 — (82-'@2)171‘—1) alg dxdr.
2R =1

Using the monotonicity of the principal part on the left-hand side and Hoélder’s inequality on
the right, for every ¢t € (0,7

N

C

/B |Ut’2d$ < E Z ”UHLPi(ST) (|’8iu1HLpi(ST) + HaZ'UQHLp,-(ST)) — 0, as R — oo.
R =1

3. BARENBLATT FUNDAMENTAL SOLUTIONS

In this section we will build a self similar solution to (1.1), i.e., by the discussion in section 2.2,
a stationary solution to the Fokker-Planck equation (2.10). We will then study the positivity
properties of such fundamental solution, which, together with the comparison principle, will be
the main tool to expand the positivity set of non-negative solutions of (1.1).

By the results of section 2.5 we can define, at least for bounded compactly supported initial
data g, the operator
Stg = Ug, t> ].,
where u is the unique LP solution of

(3.1) {atu = XX 0((0w)P ) in S
up = g.

In terms of the Fokker-Planck equation, this also defines through (2.8) the operator
(3.2) Ssg 1= (Pu)s s> 0,
giving the solution at the time s € R, of the problem
53) {asw = T 0il(0m)P ! — aggsw] i S,

wo = g.
The relation (3.2) implies that
(3.4) Ss9 = TossoSes9,

where 7 is given in (2.6), allowing to prove properties for S, by proving them for S;.

3.1. Construction of a Barenblatt solution. In order to state some basic properties of the
operator Ss we will need the following space:

(35)  Xpm={geL®®RY):0<g< M, suppgC Kg}, X= |J Xrum
R,M>0

Lemma 3.1. If (1.2) holds true, the operator Ss, s > 0 defined in (3.2) has the following
properties.
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(1) If g € L*(RY) and suppg C Kg, then for some ¢ = c¢(N,p) it holds

N
(36)  suppSig C [JI-Ri(9). Ri(9)]l.  Rils) =2¢ Ry +c g {7277,
i=1
(2) If g € X, then ||Ssglli = |lgll1 and 0 < Ssg < ||gllo. In particular S; : X — X for all

s> 0.
(3) For any R,M >0 and s > 0, Ss : Xp . — X is continuous when Xpy and X are
equipped with the weak-L? topology.

Proof. Consider the corresponding problem (3.1) and the therein defined operator S;. By [16,
Theorem 1.1] (notice that the branch obtained there is an LP solution and therefore coincides
with S¢g by uniqueness) we know that if supp g C Kg,, then

N

(37 suppSig € [[[-Ri(). Rit)],  Ri(t) =2Ro+ec(t — 1) []g 7>/ ®).
i=1

Letting ¢t = e® and using (3.4) we get the first assertion, since

N
supp &g € [~ Rils)s Ru(s)].  Rils) = e Ri(e”) < 264 Ry + c||g |17~ 2/ @,
i=1
The second statement follows from its counterpart on the corresponding solution u of (3.1):
to prove conservation of mass we take advantage of the compactness of the supports of u
dictated by (3.7) and test (3.1) with ¢ € C°(RY) such that ¢ = 1 on Uspsuppug, T > 0
arbitrary. The point-wise bounds follow from the local comparison principle for (3.1), again
taking advantage of the compactness of the support and comparing v with the solutions v =0
and v = ||¢]|co, respectively.
It remains to prove the continuity of Se: X r,M — X within the weak L? topologies from
departure to arrival, which by (3.4) is equivalent to prove the same statement for S;. Fix
T >t>1and let

R=max{2R+C (T —1)% (|[Kp|M)P?i=2/®i7) . s =1, . N}.
Assume g,, — g weakly in L? with g,, € Xg s and let u,, be the LP solution of (3.1) with initial
data g,. Notice that thanks to (3.7), it holds supp (u,)r C Kz for every 7 € [0,T], n > 1.
The boundedness of ||g,||2 and standard energy estimates then give a uniform bound for u,
in LP(1, T Wol’p(KR)) N L>(1,T; L*(RY)) and for d,u, in LP (0, T; WL (K3)). Applying
Aubin-Lions theorem as in the proof of Proposition 2.12, we can extract a subsequence converging
weakly* to some u in those spaces and such that

(-, 7) = u(-,7) in L*(Kg), for a.e. 7 € [1,T].

We can pass to the limit in the weak form of the equation to get

N
/ uTgonac—/ ggoldyc—/ uaTgoda:dt—i-/ Zmﬁicpdxdtzo
RN RN 5177— S

1,7 4=1

for almost every 1 < 7 < T, so that it only remains to show that n; = (9;u)P""t. We cannot
directly employ Minty’s trick, since we are missing the strong convergence of the initial data.
However, for any 7 such that (u,), — u, in L?(Kg), we look at {u,} as a sequence of solution
to (1.1) on [r,T] with strongly convergent initial data and now Minty’s trick allows to deduce
n; = (O;u)P~1 on Srr. Since 7 can be chosen arbitrarily close to 1 we obtain that u is a LP
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solution to (3.1) with initial datum g and from uniqueness we infer that u; = Syg for any ¢t > 1.
A standard sub-subsequence argument concludes the proof of the third statement. O

Theorem 3.2. Under assumption (1.2), there ezists a nontrivial stationary solution w € X 1
to (3.3), and therefore a Barenblatt Fundamental solution.

Proof. For Ry, My > 0 consider the convex set
C.:={ge L*(RY) :suppg C By, 0< g < 1, lgllLiryy =€} € X1
If ¢ is given in (3.6), for s sufficiently large and ¢ sufficiently small it holds
2e 5% 4 cgPPi=2/Pi9) <1 Vi=1,...,N,

so that (3.6) implies that supp Ssg C B for all g € Cs. Using also point (2) of the previous
lemma we have that S;C= C C=. Moreover, Cs with the weak L? topology is compact, and by
point (3) of the previous lemma, Ss : C= — C= is continuous, so that Schauder’s theorem ensures
the existence of a fixed point § € C= for Ss. Therefore the function w, = S is a times-periodic,
bounded and compactly supported solution of (3.3), which can therefore be extended to RV+!
as an aeternal solution. Consider the bounded, compactly supported function

g(y) :supw(s,y), g€X171,
seR

for which ||g||; > & Then Sog = g > W, for every T € R, so that by the comparison principle
2.10 it holds Ssg > W,y for any s > 0. Taking the supremum in 7 € R gives Sgg > g, but since
ISsglli = |lgl|1, this implies Ssg = g for every s > 0, i.e., g is a stationary solution of (3.3). O

3.2. Properties of the Barenblatt solutions. Our next aim is to prove that Barenblatt
solution are positive in a quantitative way, i.e., their positivity set spreads in time in a way
controlled by scaling. This amounts in proving that stationary non-negative solutions of the
Fokker Planck equation are bounded from below near the origin, which is the content of the
next theorem.

Theorem 3.3. Suppose (1.2) holds, let w € X1 (see (3.5)) be a nontrivial stationary solution
of the Fokker-Planck equation (2.10) and B the corresponding Barenblatt solution of (1.1). Then
there exists n > 0, depending on w and the data, such that

B(z,t) >nt™@ if x| <nt* fori=1,...,N.
Proof. Suppose that B is given by
(3.8) B(z,t) =t “w(x; ™), t>1.

By [16, Corollary 4.3] we can fix a lower-semicontinuous representative of B and thus of w.
Since w > 0 somewhere, we can pick a point z(®) and numbers d, 1o > 0 such that

3.9 inf > 1.
(3.9) Kéol?xw))w(y) 0

By (3.8), the latter implies for any ¢ > 1
J
B(z,t) 2 not™®, when {|z; — acl(o) Y < 50750‘2'}.

Consider now
By(xz,t) = At~ w()\(2_pi)/pi v (:Ugo) — xz)),
which solves (1.1) by translation invariance and Proposition 2.3. Notice that, since w € X ;

1Br( )lo = At suppBa(-, 1) C {2]2(” — ;] < 2 APi=D/Pi},
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We seek for A > 0 such that the comparison principle can be applied between B) and B with
starting time ¢ = 1. We need

By Dl <, _ [ew
supp B)\(., 1) g K(;O(.T(O)), )\(pi_Q)/pi < 50/2?

which, being p; > 2 for all i, can be solved for some A = A\; € (0,1). Consequently, by
comparison and (3.9), there holds

B(z,t) > By, (m,6) > Mt %mg,  for |2l = APTPIPmen 0 _ | < %0

We let 7" = /\?_p US| and, consequently,

 (pi—2) /s 0 (pi—2)
m = A1 t; " no, xl(-l) = a:z(o)(l -t )\gpl 2)/“), 01 = Eomin{t?’ )\gpl Dlvi G = 1,...,N}
(notice that, by the choice of ¢1, it holds xgl) =0), to get

inf B(-,t1) >
K&jl(lx(l)) ( 1) "

Proceeding by induction, we will find sequences t,,, 7, On, 2™ with the properties

inf  B(,tn) =, ml(-n):O fori=1,...,n
Ky, (™)

so that after N steps z(N) = 0 and we find

inf B(-.tn) > ny.
}g;NB(»N) nN

By (3.8), this implies w(z) > nnt} when |z;] < ty on/2 for ¢ = 1,...,N. We set 7] =
min{ny,dn/2} and scale back to B through (3.8) again, to get the claim. O

We will from now suppose that w is a fixed stationary solution in X ; of (3.3). For future
purposes we summarise some properties derived from a scaling argument for a large family of
corresponding Barenblatt solutions.

Corollary 3.4. Let B(z,t) = t~“w(z;t~*) be a fired Barenblatt Fundamental solution to (1.1)
with w € X11. There exists 7 > 0 such that the family of Barenblatt solutions

Ba(@,t) = Ty yorsB (2,t) = At™*w(AEPI/Pig 7o) X >0,
has the following properties
(1) [IBA(, 1) lloe = Afv_o‘;
(2) supp Br(-,t) C [ [ {|zil < A@=2)/pigea}
i=1

N
(3) {BA(-,t) 2 At~} 2 H {2 < 7 APi=2)/pi i),

=1
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4. PROOF OF THEOREM 1.1

We first consider a generalisation of what is called in literature the Krylov-Safonov argument.
To this end, we make the following observations: for p € [0, 1] the translates of the cylinders
Q, (p~N) arise naturally from the quasi-metric'

(A1) d((w,0), (9, )) = max {[27 (g — o) [P/ ENER) jp g/ N

Indeed, all the exponents appearing in the previous definition are positive thanks to condition
(1.2) on the spareness of p;’s, therefore the quasi-triangle inequality

d(z1,23) < v(d(21, 22) + d(22, 23)), V21, 29, 23 € RVFL

holds true for a constant v = (N, p) > 1 which is the quasi-metric constant. Finally, notice
that the cylinder z + Q, (p~™) is the bottom half part of the ball B,(z) with respect to this
distance.

Lemma 4.1. Let (X,d) be a quasi-metric space with quasi-metric constant v and xo € X. For
any 8 > 0 there exists a constant w = w(y, ) > 1 such that for any bounded u : Bi(xo) — R
with u(zo) > 1 there exist x € By(xo) and r > 0 such that

(4.2) B, (z) C Bi(zo), P sup u < w, rPu(z) > 1/w.
Br(x)

Proof. Extend u as 0 outside Bj(z() and suppose that the claim is false. For w a parameter to
be determined depending only on 8 and ~y, we will construct a sequence of points contradicting
the boundedness of u. Set 79 = 1/(2v) and choose w > (27)?. Since rgu(azg) > 1/w, it must
hold

i)

TO sup u > W.
B’V‘O (-770)

Choose z1 € By, (o) such that rg u(zy) > w and set r; = row =28, so that
rf u(z1) = 1/w.
If By, (1) € Bi(zp), we can similarly construct zo € B, (x1) such that
rg u(ze) > 1/w, ry =1 w /P,
Proceed by induction to get a sequence of points and radii such that, if B, (z,) C Bi(zg),
rﬁ u(zy) =2 1/w, Ty = Tn—1 w28,

As w > 1, the first condition contradicts the boundedness of w if all the balls B, (x,) are
contained in By (xp). This can be achieved if for any n > 0

n—1 400
d($07$n) < P)/ZF)/Z d($i,xi+1) < Pyroz,.y’l w—2’b/ﬂ < 1’
=0 i=0
which holds for yw=2/8 < 1/2. O

IThis terminology is borrowed from Grafakos, but it appears there’s no general consensus on the term “quasi”:
sometimes pseudo-metric is used instead.
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Lemma 4.2. Let u > 0 solve (1.1) in Q7 , and suppose that for some v € (0,1) a > 0 it holds

(4.3) [u>aNQy> (1-P)|Qr]
Then for every choice of \,v € (0,1) there existj € K1, t € (—1,—v/4] and € € (0,1) determined
only by means of N,p,v,v,a and A, such that y + K. C K1 and

(4.4) [ug > Xa] N (7 + Ko)| > (1 —v) [Ke|.

Proof. Choose r = r(r) > 1/2 sufficiently near 1 so that |[u > a] N Q.| > |Q,| (1 —7)/2. We
write down the energy estimates (2.11) for (v —a)_ with 7 of the form prescribed therein, n > 0,
n=1on Q,,n=0outside Q; and |0n|+ |0;n:| < C(¥), to get, thanks to sule—(u —a)- < a,

N
Z/ 10;(u — a)_|Pidz dt < C(7,a).
i=17@r

By the same argument of [12, Lemma 9.1], there exists a time level ¢ € (=1, —/4] such that

> [a(t-1)

By Holder’s inequality, uz/a fullfills the assumptions of Lemma 2.2 in K., giving the claim. [

pi

> (1- ) |k /4.

dr < C(7,a)rV 1, Hut>1]ﬂKr
a

It is worth underlining that the parameter € in the previous statement can be made arbitrarily
small by eventually changing the point. We further observe that it is possible to carry the
information of Lemma 4.2 into an equivalent formulation in the anisotropic cubes Qp(p_N ) by
using (2.6).

In the next Lemma, we suppose that an essentially upper semicontinuous representative for the
solution has been chosen, through [16, Corollary 4.3].

Lemma 4.3. Let v > 0 be a bounded solution of (1.1) in Q7. There exist C,e > 0 depending

on N and p such that if u(0,0) > C,

(4.5) inf  upzep N for some (z,t) € Q] and p > 0 with T+ K, (e p~V) C K.
T+Kp(ep~N)

Proof. Let C = 1/w, where w = w(N,p) is given in Lemma 4.1 with 8 = N, (using the

quasi-metric in (4.1)). We apply the lemma to u/C and extend u as 0 in the upper half-space.

Then, (4.2) implies the existence of a point z; € @] and r € (0, 1) such that

71 + Q;(riN) c o, rV sup  u <1, rv u(zy) = C2.
21+Q; (r=N)
The solution v = T, ,—~u(- + z1) in Q7 , (with 7 given in (2.3)) obeys
(4.6) supv < 1, v(0) > C2.
Qr

We prove that (4.3) holds for 7 = 1 — ju, given in Lemma 2.6 when a = C?/3 (thus 7 depends
only on N and p). Indeed, if, by contradiction, we have

[v=alNQTT < 1a|Q1 ],

then since 0 < v < 1 in )7, Lemma 2.6 gives

v(0) < sup v <
Q)
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contradicting the last condition in (4.6). Therefore the thesis of Lemma 4.2 holds true for
any v, A to be chosen and for the corresponding point zo = (Z,t) € Q7 , the following measure
estimate holds at the time ¢

llvi < Aa]N(Z+ K)| < v|K, te(-1,—v/4].
Recall that this measure estimate is valid for any v, A > 0 to be chosen, which in turn determine
an arbitrarily small €, so we can also suppose

v< i, €0 > 1, e la> 2,

where a = C?/3. We choose A = 1/2 and scale again considering w = Te/2,e/20(- + 22).
Since v solves (1.1) in @y and by (2.5) it holds K¢ = Kc(¢) = T, /3,¢/2(K2), w solves (1.1) in
K5 x (0,6 2] and it satisfies
(4.7) [fw(-,0) < 2] N Ky| < [[w(-,0) < e ta] N K| < v
We propagate forward in time the information in (4.7) as follows. Fix a time 0 <7 < v < 1, so
that we can write down the energy inequality for (w — 2)_ in the subcylinder K5 x (0,72] with

0 <7 <1 independent of time and such that n =1 in Kj, n = 0 outside of Ky and |0;n| < C,
to get

N
/ (wt2)2_dx</ (w02)2_dx+C'Z/ / (ws — 2)P" dz ds,
K K> = Jo JK,

for all ¢ € (0,72]. The second term on the right is bounded by C 2V*Pmax 1 while the first one
is smaller than 4 v due (4.7). The term on the left bounds |[w; < 1] N K|, hence we get

lw, <1UNEK | <Cv  Yte (0,74,
which implies by integration
[lw<1NE| < Cv|Q|, Q:= Ky x (0,77].
Let 7 = 27" for some n € N to be determined. We partition K; in 2" dyadic cubes
z; + Ky-n = x; + K, and consider the corresponding cylinders Q; = (z; + K;) x (0, 72]. Notice
that for any such 7, the latters are intrinsically scaled, since Q; = (x;,v) + Q7 (7). On at least
one of these cylinders it must hold
lw< 1N Q| < Cv|Qil,
implying
w<7]NQil < Cv|r (.
We thus apply Lemma 2.6 (see Remark 2.7), choosing v such that C' v < py, (determining €, 7
and n in the process, depending only on N and p). This implies

w>T/2 in (mi,Tz) + T.m-Q;/2 = (.Ti,TZ) + Q;/2(7/2)

and in particular
w>T/2 in 23+ K. )o(7/2)

for some z3. Scaling back to u = 7;/12 N W We get for some zp € Q] the estimate

w>Ter N/4 in 20+ ]CTGT/4(T€T_N/4)7

To conclude the proof of (4.5), it suffices to set
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so that ¢ = (7¢/4)M*! depends only on N and p.

We can now prove the Harnack inequality (1.3).
Proof of Theorem 1.1. We begin setting C1 = C, where the latter is given in Lemma 4.3. To

define Cy and C3, we begin by considering the inequality

(4.8) u(0,0) < C3 inf wu(-, M*7P(Cyp)P), M =u(0,0)/C;.
Ky(M)

We claim that there exist D > 0 and functions A(-) > 0, B(-) > 0 all depending only on N and
p such that, whenever

(4.9) D>D, A>A(D), BZ>B(D),
then it holds
(4.10) Ki% )u(-,DMZ*ﬁrﬁ) > u(0,0)/B if Kar(M)x [-M*P(Ar)P, M*7P (Ar)P] C Q.

Taking Cy > D and, accordingly, C3 > max{A(C3), B(C3)} will then give (4.8) as long as
Koy (M) x [=M?77 (C37)?, M*7P (C3 1)) € Q.

t
Ky 6

U#r

t>0 D
T > (C J
- 7

\is_C/

: 5

FIGURE 1. Scheme of proof of (4.10). The light-gray part is the support of the
Barenblatt starting at (z,5), while K is K,(e p~).

In order for (4.10) to make sense we start by prescribing A(D)P > max{D, 1}. By assumption,
the function v = 7 pru solves the equation in Q4 := K4 x [—AP, AP] and v(0,0) = C. Then
(4.5) holds, namely there exists (Z,7) € Q7 , p € (0,1) and € = ¢(N, p) such that

inf wvpzep ™ for (z,0)+K,(ep V) C K.
N L ro(z,0) + Kplep™) C Ky
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We choose A > 0, —2 < s < 0 so that the Barenblatt solution centered at (z, s) defined as
brs(z,t) = By(z —2,t — s)
is below v in K 4, which is implied by

supp by (-, 1) C T+ Ky(e p),
Hb)\,s('v ZT/)Hoo < €p_N.
By Corollary 3.4, this amounts to

{/\(PiQ)/pi (t_— S)ai < %(5 p*N)(pi*I_’)/pi pﬁ/pi — %E(Zli*ﬁ)/m P

ANE—s)"*<ep™V,
which holds true for s = 5 obeying 5 = £ — p° with p < 1 and A = A\(N, p) sufficiently small.
Since § > —2, by Corollary 3.4 it holds
bas(z,t) 2 An(t—5)"" 2 An(t+2)"

for all
N N

t>0, we [[{@—wl <gAP2P (¢ — 5%} D Py(z) = [[{|2: — 2] < AP pigoiy,
i=1 i=1

(this is possible

We then choose 7 > 0 sufficiently large so that Pr(z) O K; and set D = 7
D > D we additionally

by (1.2), which ensures «; > 0 for each i = 1,..., N). Then, for any
prescribe

(4.11) ADY >D+2 and U supp By (- — z, D +2) C K4py-

TzeK,
Notice that this choice can be made depending only on the parameters V,p and D and that if
the latter conditions holds for A then they hold for any A > A. The prescribed conditions on

A permits the use of the comparison principle between v and by ; in K4 x [t, D] (since on the
lateral part of its boundary b5 5 vanishes), which then yields

v(-, D) = by 5(-, D) = Aij (D +2)"¢ in K3
for any D > D. Defining B(D) = C(D + 2)®/(77\) and scaling back gives (4.10).
We next deal with the other inequality in (1.3), sketching its proof as some arguments are

identical to the previous one (see also [9] for a different approach). The constant C; is the same
C' as before and we claim that the inequality

(4.12)  sup u(-,—D M*PrP) < Bu(0,0) if Ka(M)x [-M*P(Ar)P, M*P(Ar)P] C Qr
KK (M)

(with M = u(0,0)/C) holds true for any A, B, D as in (4.9), for a possibly different choice of D
and of the functions A, B.
To prove (4.12), we fix v > N/p and start by prescribing
A(D) > D, B(D) > D".
Next, consider A, B, D fulfilling (4.9) together with /Ca,.(M)x [~M?~P(Ar)P, M?=P(Ar)P] C Qr,
but such that

(4.13) sup u(-,—D M?*7PrP) > Bu(0,0).
Kr(M)
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t

v = C’Dl7

D+ (0—2)

FIGURE 2. Scheme of proof of (4.12). The light-gray part is the support of the
Barenblatt starting at (Z, ) while K is K, (e p~V).

We rewrite the latter in terms of v = 7, pp~u, which is a solution in Q4(D™7): the resulting
information is

(4.14) v(0,0) = C D™, sup (-, —DP=2)) > B4(0,0) > C,
K1(D—7)

where we used B > B(D) > D7 in the last inequality. We fix a point zp € K1(D~7) such
that v(z, —D'P=2)) > C and suppose that A(D) is additionally large enough so that v is a
solution in (xg, —D'(P=2)) 1 Q,. We can then apply Lemma 4.3 and, proceeding exactly as
in the first part of the proof, we find

T € xo+ Ky, D02 _ 92 <5< i< —pHt-2)

and A(N,p) > 0 such that the Barenblatt solution by ; centered at (Z,5) is below v at the time
t. As before, for some 7(N, p) it holds

ng(', t) 2 5‘77 (t + Dl+7(ﬁi2) + 2>7OA in Pt+D1+'y(ﬁ—2) (-i'), Vit > —D1+7(7372),

If needed, we further increase A(D) so that v solves the equation in a rectangle containing the
support of any possible b 5 so constructed, up to the time ¢ =0 (through a condition of the

type (4.11)).

So far, the definition of the functions A(D) and B(D) is concluded, and we now look for all
the values of D such that 0 € Ppi4yp-2) (Z). Since zg € K1(D™7) and Z € x¢ + K1, this is true
if
(4.15) 1+ D @i=p)/pi ﬁj\(pr2)/pi D(1+7(ﬁ*2))ai, Vi=1,...,N.

We claim that the exponent of D on the left is less than the one on the right. Indeed, from the
definition of «;, the claim reduces through elementary algebraic manipulations to

Yp(2—pi) <N (p—pi)+D,
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which is always true since the left hand side is negative by p; > 2 and the right hand side is
positive by (1.2). It follows that (4.15) holds true for any D > D;, and in this case we get by
comparison

(4.16) v(0,0) > by 5(0,0) > A7 (D72 4 2)=,
Next, we claim that there exists Dy such that if D > D5, then
(4.17) A7 (DYP=D L9y 5 0 D7

Indeed, it suffices to show that the exponent on the left is greater than the one on the right,
which, recalling that « = N/(N(p — 2) + p), amounts to
_ vp— N N

y—a(l+v(p—2) N(p—2)+;5>0 & ’y>;5
as we assumed. Thus (4.17) is proved, which in turn contradicts the first condition in (4.14) via
the lower bound in (4.16). All in all, letting D = max{ D1, Dy} shows that if A, B, D obey (4.9),
then (4.13) cannot hold, completing the proof of (4.12). We conclude choosing the constants
C5 and Cj as in the previous step, and finally pick the largest between the so defined constants
and previous ones.

O
Finally, we prove the Liouville theorem stated in the Introduction.

Proof of Corollary 1.3. We suppose that supgy u > infgny u and let € € (0, supgy u — infpy w).
Consider the non-negative solution v. = u — infgy u + £/2 to (1.6). By continuity, we can pick
a point x. such that v.(zc) = . Up to translations, the Harnack inequality (1.7) implies that
ve < Cye in z: + K,(g/Ch), for all p > 0. Letting p — +oo, we get v < Coe in the whole RY,
ie.

u gg}éu—l—(Cg— 1/2)e
in RY and letting € — 0 we get the claim.
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