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Abstract

This paper focuses on the analysis of an economic equilibrium model under time and uncertainty
by using a stochastic variational inequality approach. Such an approach allows to capture, in
a finite set of stages, the evolutionary aspects of the problem in response to an increasing level
of information.
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1 Introduction

In [5], Debreu introduced an economic equilibrium model which evolves in a sequence of markets
under uncertainty on the future conditions. Subsequently, Radner in [13] generalized such equilib-
rium model by introducing the possibility of agents to transfer wealth among all possible future
time. Throughout two different market structures, forward and spot markets, consumers’ and firms’
choices will depict not only their taste concerning the goods but also their beliefs regarding the
event chosen by Nature.

The market evolves in a finite sequence of time and, at each future date, different states of the
world are possible. At the beginning agents do not know the possible evolution of the market; the
environment is progressively revealed, and, all information is revealed at the final time. Agents have
to make their decisions under uncertainty conditions. In order to capture the essential dynamics
of stochastic decision processes, it is needed an approach which encompasses multistage models
responding to an increasing level of information.

The aim of this paper is to study an economic equilibrium problem under uncertainty by means of
a stochastic variational inequality formulation. Thanks to the variational inequality theory, a large
class of equilibrium problems has been studied (see, e.g., [1, 6, 7, 8, 11, 12]).

The stochastic variational inequalities have been introduced and studied in the last two decades as a
natural extension of deterministic ones. In particular, Rockafellar and Wets in [16] introduced a for-
mulation in an suitable functional setting relatively to a finite set of final possible states and certain
information fields. A key concept of this approach is the presence of nonanticipativity constraints
on the variables of the problem. Variables are not based on the information not yet known, but
they are related to the information field up to the considered time. In addition, nonanticipativity
constraints provide a powerful tool in both theoretical and computational aspects as they can be



dualized by multipliers, providing a tool for a point-wise decomposition of the original stochastic
variational problem. The latter means that nonanticipativity formulation enables the decomposi-
tion of the original stochastic variational problem into a separate problem for each scenario.

The paper is organized as follows. In Section 2, we describe the general set up of a competitive
equilibrium model under time and uncertainty. In Section 3, we introduce the main tools dealing
with a scenario approach. Subsequently, in Section 4, we rewrite the problem introduced in Sec-
tion 2 in a probabilistic setting. In Section 5, we reformulate the equilibrium problem in terms of
a suitable stochastic quasi-variational inequality, both in basic and extensive form and, by using
variational tools, we give the existence of equilibrium. Finally, in Section 6, we provide a procedure
to compute the equilibrium solution using the Progressive Hedging Algorithm introduced in [17].

2 Set up of the Model

In this section we present a model of exchange and consumption under uncertainty, introduced in
[9]. Let us suppose that the market starts at time ¢t = 0 and evolves in a finite sequence of T' future
dates. The sets 7 := {1,...,T} and Tp := {0} |7 denote the sets of time periods, respectively,
without and with the initial date. At each time ¢ € T one or more than one situations are possible;
at the final time T, S states of the world are possible; we denote by Q := {wy,...,ws} the set of
all alternative states at 7. We can give a graphical representation of the evolution of the market
through an oriented graph G, consisting by a set of vertices = :=ZoUZ; U...UZp, with |54 = k¢
and |Z] = N, such that

e 5 :={&} where & is the root vertex: it represents the initial situation and it is the unique
vertex without immediate predecessor.

e For all t € T, the set £, := {5}, ey ft} is a finite set of vertices and represents all possible
situations at time t. Each 52 has a unique immediate predecessor in =;_.
o Zp =) that is 5% =w;j forall j =1,...,5 are the terminal nodes of the graph.
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Each node 5{ of the graph represents a contingency of the market structure, that is, it identifies
time and information. Now, in this structure of time and uncertainty, we can set an economy
in which a finite number of agents, all with the same information, trade and consume a finite



number of different commodities. We denote by Z := {1,...,4,...,I} and X :={1...,h..., H},
respectively, the sets of agents and commodities. At each contingency &/, each agent ¢ is endowed
with a strictly positive commodity vector e;(&7) € R¥ | where the component e (/) denotes the
endowment of commodity & of agent ¢ at the contingency f{ . Grouping in vectors, e; represents the
total endowment of the agent i:

€; i — (eio,e“,...,eit,...,eiT) Rfiv,
where for all t € Tg, eir := (ei(€)), ..., ei(€F)) = (ei(€))eesz, € ]Rf_’ff. The economy is characterized
by two market structures: spot and forward markets.
Spot market: it opens at each contingency §t € = and agents consume or trade a certain amount
of commodities z;(¢]) € R at prices p(¢]) € RH. Grouping in vectors one has

T4 1= (xiOaxilv sy Lty e 7xiT) € Rva D= (p07p17 sy Pty apT) € RfN
where each x;; := (2;(&}),...,2:(£)) = (2:(€))ees, € R* represents the decisions that must be
made at time ¢ at prices p, := (p(£}), ..., p(EF)) = (p(§))ee=, € Rfkf for each contingency in Z;.

Forward market: at ¢ = 0 a further market opens and offers participants the opportunity to
reduce their exposure to future risks and randomness without, however, removing the incentive to
trade and consume in the spot markets that opens at each time period after the uncertainty is
revealed. Thanks to the forward market, agent can transfer wealth in terms of commodity-1 among
all future contingencies for immediate cash that will be used for spot consumption goods or for
future contracts in other contingencies. For each i € Z, we denote the forward contracts and the
relative prices through the vectors

N1 N-1
2 = (Zits - s Zits -5 2im) €ERT T, q:=(q1, -G, qr) € RY

50 that i == (zi(&}),- -, z:(§")) = (2:())eez, € RY and ¢ = (q(&)). .-, a(&f") = (4(€))eez, €
Rﬁf , where z;(¢]) is the commodity-1 amount at & paid ¢(&]) at time 0 We observe that the

components of z; can be negative: if zz(ft) < 0, it is an amount to be delivered by agent 7 at {t and
q(&l )zi(ft) represents an income at £o; while, if z;(£/) > 0, it is an amount to be received by agent i

at & and q(&])z;(€]) represents an outcome at &. Let, for all & € 2\ {&}, R(&)) > Z e; (&); we
ieT

pose R := Hg{eE\{go} [f R(f{), R(ff)] Without loss of generality, we suppose that, for all 7 € Z,

zi € R (see Raduner [13]). Each agent i has a preference on the commodities which is expressed

by means of a utility function U; : RfN — R. The aim of each agent is to maximize her own

preferences on spot consumptions under the natural budget constraints set at the current price

system (p, q):
M; (p,q) ={(zs,z) e RIIN x R:
(P (o), i (§0)) g + (@ 2i) 1 < (P (80)»€i (§0))
(p(E), (&) < (&), e + 1" (E)z(&]) V& € Byt e T
The first inequality represents the budget constraint at time 0 while, the second inequality represents

the expected budget constraints at each contingency §§ , with ¢ € T. Furthermore, market clearing
conditions have to be satisfied: at each contingency &/, the total spot consumption have not exceed



the total endowment while the total forward contracts have the be zero. We denote by & the

economy & := (g, U, ei)ieI) and we can, now, formalize the equilibrium conditions.

Definition 1. An equilibrium of plans, prices, and price expectations for the economy £ is a vector
((jza Zi)iel'apa Q) € HiGI MZ (pa Q) X REN X Rfil7 such that

o foranyie€l:
max Z/{l(ml) = Ul(fl)

st (x4,2;) € M; (p,q) ;

o forallteTy: , ' ,
Z@(fg) < Zez‘(fg) V€l € By (2)

€T i€l

o forallteT:

dozE)=0 Ve eE. (3)

i€l

3 Scenarios formulation: preliminary notions

This section is devoted to introduce the preliminary notions we need to study the economic equi-
librium problem, introduced in Section 2, in a stochastic framework and throughout a variational
approach. Firstly, we need to introduce the following information fields.

Definition 2. A family of information-partitions of Q is P := {F; : t € To} where, for all t € Ty,
F, = {Ftl, ... ,Ftkt} is a partition of Q such that

(i) Fo={Q};

(i) for allt € T, Fy4q1 C Fy, that is: if th+1 el = th+1 C FF for some FF € Fy;
(iii) Fp = Q.
For all t € Ty, the set Ft] 15 called elementary event and the partition F; is called event.

From an economic viewpoint, condition (7) means that at time ¢ = 0 no uncertainty has resolved;
condition (¢7) means that information about the environment are progressively revealed, i.e. one
has only partial information. Finally, (¢i7) tell us that all information are revealed at time 7.

To link time-uncertainty structure introduced in Section 2 and the information-partitions, we can
consider the oriented graph G as an event-tree: at each pair (w,t) identified in P corresponds a
contingency & and at each vertex &/ of the oriented graph G we tie the elementary event Fy, that
is F} = ¢/. Each state of the world w €  identifies a complete history of the environment up to
time T'

W= (6.8, )
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Figure 1: Example

that is called scenario. If two scenarios wg,w. € € are in the same set th € F;, then they are
indistinguishable at time ¢ on the basis of available information: because they share the same path
up to time ¢, the known information are the same, that is

ws = (£Oa§{a~--751{75;—1"-'75’%) we = (5075{7"'7£g7£f+17"'7£%> .

In this approach, the key point is to consider the uncertainty quantities as function instead of
vectors. We suppose that each scenario w has a known probability 7(w) and, for G € R, we
introduce L (Q,7) := Lg the linear space of functions:

Lo = {the collection of all functions y:Q — RG} .

The space Lg is equipped with the following expectational inner product and the associated norm:

(M) = Eul(y, hhal = Y w(@) (@), hwha,  yl = Bul(y y)c])? (4)

weN

where (-,-)¢ is the usual inner product in R®. The structure (4) makes Lg a finite-dimensions
Hilbert space. Moreover, if G = Go+...+Gi+...+Gronehas Lo = Lg, X...xLg, X...x La,
where L, = { the collection of all functions y; : Q — R%}; hence, for all w € {2 we can consider

y(w) = (y(w))teTs-

Definition 3. Given the information-partitions P = {F; : t € To} of Q, let F; € P; we say that
y € Lg is Fy-measurable with respect to P if for all j =1,..., ki one has:

sz,wCEFfj Yt (ws) = yr (we) Vt=0,...,t.

We say that y € L is measurable if it is Fy-measurable for all F, € P and t € Ty.



We denote by A the set of measurable elements of Lg:
N :={yeLs:yis F,—measurable VYte Ty} .

N is called nonanticipativity constrains subspace of L5. We recall the following existence results
for variational problems in the spaces R® and L.

Theorem 1 (See [4], Corollary 3.1). Let X C RY be a compact set and let ® : X = R be an upper
semicontinuous set-valued map on X with compact and convex values. Then, there exists * € X
and ¢ € ®(Z) solution to GVI(P, X)

(pyx—T)g >0 VrelX.

Theorem 2 (See [16], Theorem 3.5 and 3.6). Let C = {z € L : z(w) € C(w) Yw € Q} be a
nonempty, closed, and convez subspace of Lo and F : Lo — Lg be a continuous operator. The set
of solutions to the multistage stochastic variational inequality

(F@),z—Z)g>0 VzelCnN

is always closed. It is sure to be bounded and nonempty if CNN # (0 and the sets C(w) are bounded.
Furthermore, under monotonicity of F relatively to C, the set of solutions to SVI(F,C) is convex;
under strict monotonicity, if a solution to SVI(F,C) ezists at all, it must be unique.

4 The equilibrium model by scenarios

The aim of this section is to reformulate the model introduced in the Section 2 in a scenarios
setting. We consider an economy which is characterized by the information-partitions P of the set
of scenarios € and by a probability measure on elements of Q, IT = (7 (w)),eq. For each i € Z, we
suppose that x;,p,e; € Ly(ry1) and zi,q € L(nv_1)(r+1)- In particular, since z; and g represent a
decision in time 0, one has

ziplw) € RN z(w) =0 V€ T and go(w) e R, qw)=0VteT

Hence, thanks to the above remark, we can consider z;,q € Ly_1. Moreover, we require that
all vectors z;,p,e; and z;,q are measurable, that is for each F}, z;(w) and e;(w) are constants
for all w € F}. From an economic viewpoint, for all w € F}, x;(w) represents the bundle of
spot consumption chosen by agent 4 at contingency &/ and e;;(w) represents the initial endowment
in contingency &/. Moreover, for any w € F?, py(w) is the spot price at time ¢ and Z pr(w)
weth
represents the spot price vector at contingency 5{ = th, see e.g. [3]. Hence, from Fj-measurability
requirement, it follows that:

Vw € F} zir(w) = wi(€]) . eunlw) =ei&]) and Y pw) = p(&]). (5)
wGth

Furthermore, for each w € €, z;(w) represents the N — 1 quantities sold or bought at ¢ = 0 of
commodity-1 eventually to be delivered or received by agent 7 in all possible contingencies &,
with t € T and k = 1,...,k;. Although we allow the decisions to depend on {2, then the use



of measurability constraints restricts the choice of z; to the linear subspace of functions that are
constant for each w € Q. In this way, we pose that z;(w) = (zth])ie:;—kt for each w € Q. With

G=1,... ke
t

similar comments, for each w € Q, the vector q(w) = (¢ )ics represents the forward prices at
t

time 0 and it is such that, if we consider ) o, q(w) = [ (qp; )i;%kt, this sum represents the
t

forward price vector as defined in Section 2. Summarizing, from Fy-measurability requirement, it
follows that:

Vw € Q aw) = (zpller ™™ =z and Y qw) =19 (g )ler ™ =q. (6)
wEN

We point out that z; can’t really depend on w, but the requirement that z; € N allow us to study
the problem by events.

We use following notations for the nonanticipativity sets: N'' C Ly (r+1) and N? C Ly_1 respec-
tively the sets of commodities x and e and contracts z which satisfies the first conditions (5) and

(6); N1 C Ly (r41) and N2 C L1 the sets of prices p and ¢ which satisfies the second conditions
(5) and (6). Hence, for sake of simplicity, we pose C = H(T + 1), D=H(T +1)+ N —1 and

,CZ:ACH(T_;_l)XﬁNfl, N2:N1XN2, ./\72:./\71><./\~/-2.

In this setting, we suppose that the utility functions are represented by the expected utility

Ui Lo—=R U (i) =By [fiw (@) = Y 7 (W) fiw (@ (@)
we
where, for each w € Q, fi, : Rg — R. Hence the economy is characterized by the vector £ :=

(73, 11, (U;, ei)iez). The budget constraint space, at the price system (p,q) € /\7, can be rewritten
in the following form:

Bi(p,q) :={(zi,2:) € L: (wi (W), 2 (w)) € Biw (p,q) Yw € Q}
where, for all w €

Biw (p,q) ::{(xi (W> ) Zi (W>) € RE X R(“) :
(Po (W), w0 (W) g + (g (W), 2 (W) y—1 < (Po (W), €00 (W) gy (7)
(e (W), @it (W) g < (Pr (W), €50 (W) gy + ¢ (W) 20 (w)  VEETY
The element R(w) is introduced similarly as in Section 2. We pose B (p,q) := [[;cz Bi (p,q)- The
aim of each agent is to maximize the expected utility on the set B; (p,¢) NN, which is a nonempty,

closed, and convex set of £. Finally, we can reformulate the equilibrium from a viewpoint of
scenarios and, then, we can set the problem in the space of functions L.

Definition 4. An equilibrium of plans, prices, and price expectations for the economy & :=
(P,H, (Z/{i,ei)iez) is a vector ((Zi, Zi);ez 0, Q) € [Liez(Bi (0,3) NN) x N, such that

o foranyie€l:

Elfiw (2:)] = Efiw ()] ; (8)

max
(®i,2:)€B;i (P,d) NN



o for any w € )

Yaw <Y e w): (9)

i€l i€l

o for any w € )

> zi(w)=0. (10)

i€T
Conditions (9) and (10) can be rewritten in terms of components of the vectors Z; (w), e; (w) and
Z; (w):
D Ep(w) <Y enlw) WET, Y Zm =0 VF eP\F.
i€ i€ i€

Remark 1. We introduce, for all i € T and w € (), the mazimization problem

max fiw(@i(W)) = fi(@i(w)). (11)

(zi(w),2:(w))€EBiw (P,3)

We observe that if Z; € Lc is such that, for all w € Q, Z;(w) is a solution to (11) and T; € N,
then T; is a solution to (8).

Following proposition shows that the definitions in terms of contingencies and in terms of scenarios
are equivalent.

Proposition 1. The vector (z,2,p,q) € [[;cz(B:i (p,q) NN) x N is an equilibrium according to
Definition 4 if and only if it is an equilibrium according to Definition 1.

Proof. Since each pair (w,t) identifies the contingency &/, it follows that conditions (2), (3) and
(9), (10) are equivalent. We have to prove that B; (p,q) NN = M; (p,q). Let (z;,2;) € B; (p,q) NN
For all w € Q one has:

(po (W), wio (W) + (g (W), 2i (W) y_1 < (Po (W), e€i0 (W) g -

Summing up w € €, it follows that:

Z (po (W), wio (W)) g + Z (W), 2 (W)n_1 < Z (po (W) s €i0 (W) pr -

weN weN we
Since (z;,2) € N, (p,q) € N and e; measurable, from (5) and (6) we get

(p(80)s7i (§o)) g + (a0 2i)ny 1 < (P(€0).ei (§0))p

that is the first inequality of the constraint set M; (p,q). In similar way, we can prove that all
constraints of B; (p,q) NN hold if and only if constraints in M; (p, ) hold. We conclude that
(z,z,p,q) € L1is an equilibrium according to Definition 4 if and only if it is an equilibrium according
to Definition 1. O
We introduce, for all i € Z, the following assumptions.

Assumptions F



(F.1) fi, is C! and concave.
(F.2) fi is strictly increasing in commodity-1: V&; (w),; (w) € R with #; (w) > &; (w), then
L (W) > &h (W) for some teTy = fiw(Ei)> fiw (571) .

(F.3) fi is non-satiated: Vz; (w) € RY 3%; (w) € RY s.t. fiw (3:) > fiw (1)
Assumptions U

(U.1) U; is C* and concave.

(U.2) U; is strictly increasing in commodity-1: VZ;, Z; € Lo with ; > ;, then

B (w) > I (w) for some weQ = U (i) > U (:%Z) .

(U.3) U; is non-satiated: Vr; € Lo 3T, € Lo st Ui () > U; ().

Proposition 2. Leti € Z. If for each w € §, f;., satisfies Assumptions F, then the expected utility
U; satisfies Assumptions U. Moreover, the gradient of U; is monotone decreasing.

Proof. Firstly, we introduce the gradient operator VU; : Lo — L, such that for all z; € L¢
associates the map VU; (z;), with
VU; (x;) :Q — RC
w— Vfiw (z; ().
It follows that U; and VU; are continuous (see Section 4 in [16]). The concavity and the strictly
increasing in commodity-1 of U; are immediate consequences of Assumptions (F.1) and (F.2). Fur-

thermore, for all z;,Z; € L¢, since from Assumption (F.1) f;, is concave, so V f;, is monotonic
decreasing. For all w € 2 one has:

<szw (l‘l) - Vfiw(fci),xi(w) - fi(w»c S 0 in(w),fci(w) S Rg .
Hence:
D WV fi (@) = V fio (@), i (w) — Fi(w))o = (VUi(ws) — VU(E:), 2 — )0 <0
weN

that is VU; is a monotone operator. Now, we prove that I{; is non-satiated. Let x; € Lo, @ €
such that m(@) > 0 and z;(©) € RY. From Assumption (F.3), there exists #;(@) € R{ such that
fiw (&) > fis (x;). Let Z; € L be such that #;(w) = x;(w) for all w # & and Z;(T) = #;(©). One
has:

Ui(Z:) = D 1) fiw (80) = Y (W) frw (25) + 7(@) fis (&) >

we WHD
> Z F(w)fiw (l‘z) + W(@)fi@ (l‘l) = Z W(W)fiw (33@) = Uz(asl) = Ul(él) > Ul(l‘z) .
WHD we

O
We observe that, in order to have the non-satiated assumption of If;, it is sufficient that there exists
at least one w, with mw(w) > 0, such that f;, satisfies Assumption (F.3).



Proposition 3. Let Assumption (U.2) be satisfied. Let (z,z,p,q) € (B(p,q) "\N) x N and (z, 2)
be such that for all i € I, Z; is mazimal for U; in B;(p,q) NN . Then, for any w € Q and t € T,
Pt (w) >0 and pj > 0 for each F! e P\ Fy.

Proof. We assume that there exist w € Q and t* € Ty, with w € FJ., such that p- (w) = 0. Fixed
1 € Z, we define Z; € L such that

VweQ: if wéF. (W) =z (w)
. Titr K
if weFL  ai(w) =4t @ Ee
Ty (W)  VEF#T

where K > 0 and e; = (1,0,...,0) € R, Then, (&;,%) € B; (p,q) NN and since U; is strictly
increasing in commodity-1 and #; > Z; we have that U; (Z;) > U; (Z;) which contradicts the fact
that z; is a maximum point of U/; in B; (p,q) N N.

The proof of g > 0, for all F} € P\ Fy, is close to the latter.

O
Thanks to the Proposition 3, without loss of generality, for all w € Q and t € Ty, we pose:
_ 1
o AL = (po(w),q(w)) ERE XRY T oY " pfi (@) + Y ap = @
heH F]eP\Fy
and Ap, == {(po,q) € L: (po(w),qw)) € A VYw € Q};
1 , ,
o Al :={p(w) e R : Zp?(w):f with F} CQ st. weF]
heH F
and Ap; = {pt €ELp: p(w)eAl Vwe Fg}
Therefore, by considering A, := 1_[,567-0 A | the following simplex subspace is obtained
A={pg) €N: ((po(),q()), (D (W)yer) € Au  Vw € Q). (12)

5 A stochastic variational formulation

In this section, our aim is to reformulate the equilibrium problem as a suitable stochastic quasi-
variational problem (SQVTI). To this end, we follow the approach used in [16]. We introduce the
following problem:

Find (z,2,p,q) € (B (p,7) NN) x A such that

D UVU (@) wi =) e + (O @ —e), > Z), (p,9) = (,0)))p <0 (13)

i€l i€l €T

V($,Z,p7q) S (B(ﬁ,(j)ﬁj\/) x A.

10



Remark 2. The vector (Z,z,p,q) is a solution of the SQVI (13) if and only if following inequalities
stmultaneously hold:

(i) for each i € I, (Z;,%;) is a solution to

(i) (p,q) is a solution to

(@ —e). Y 2.0~ (0.0)p <0 V(pa) €A. (15)

ieT i€l
The following proposition will be useful to obtain the characterization.
Proposition 4. Let (%;,%;) € B;y(p,q) NN be a solution to (8). Then, for each w € Q one has:
(Po (W), Tio (w) — €i0 (W) g + (T (W), Zi (W) y_y = 0, (16)
(B (W) it (W) g = (Bie (W) s €it (W) r +5; (W) Zps VEET. (17)
Proof. If there exists @ € Q such that (o (@), Zio (©) — €0 (@) + (7 (@), Zi (©)) y_; < O, from

Fy-measurability the strict inequality holds for each w € Q. We define &; € Lo such that, for all
w e Q:

fun(w) i 4 0 (W) + Ke, with 0<K < (Po (W), Tio (w) — €io (W) g + {7 (W), Zi (W) y_y
T 2 (w) VEEeT - P (w '
. (18)
mnce
(Do (W), T40 (W) — €0 (W) g + (7 (W), Zi (W) y_1 =
= (Po (W), Zio (W) — €io (W) g + (T (W) , Zi (W) y_y + KDy (w) <
< <ﬁ0 (W) » Tio (W) — €i0 (w»H + <(7 (W) ) Zi ("’J»N—l +
(o (W), Tio (W) — €io (W) gy + (T (W), 2 (W))n_1 4
+(- () )i =o.

one has that (#;,%;) € B; (p,q) N N. Since U; is strictly increasing in commodity-1 and Z; > T; we
have that U; (&;) > U; (Z;), contradicting the fact that Z; is a maximum point of I4; in B; (p,q) NN
In similar way, we get relation (17).

Remark 3. Let (Z,Z) = (T;,Z;)icz be such that (T;,Z;) is a solution to (8); then from Proposition
4, summing up to i inequalities (16) and (17) one has

(Po (@), D (Tio (@) — eio (@))ar + (7 (@), Y7 (@)1 =0, (19)
i€Z i€T
(Pr (w) 72 (Zir (w) = eir (W) i = Py ( Z Zipj - (20)
i€ i€z

11



Theorem 3. For alli € I, let £ be an economy which satisfies the Assumptions U. Then, (Z,Z,p,q)
is a solution to the SQVI (13) if and only if it is an equilibrium vector of plans, prices, and price
expectations for £.

Proof.

Claim 1 For alli € Z, (Z;,Z;) is a solution of the mazimization problem (8) if and only if it is a
solution of (14).

It follows from Proposition 2 and from Example 1 of Section 4 in [16], where G = —U and
C =B (50

Claim 2 If (7,%,p,q) is a solution to the SQVI (13), then Vw € Q >,z (w) < 0 and
>iez (Ti (w) — € (w)) < 0.

Let Go = H+ N —1 and Gy = H for each t € T, from Remark 2, it follows that the following
inequalities simultaneously hold

<<(Z (Zio — 61‘0),251‘)7 (Po;q) — (Po,@)))H+Nn-1 <0 V(po,q) € AR, (21)
€T ieT
and for all t € T
<<Z (Tir — i), pe —Pe))m <0 Vpy € Apy. (22)
ieT

Since, for all i € Z, (z;,2;) € B; (p,q) NN, summing up 7 the inequalities of (7), one has:
(1) <(j (W), ez Zi (w)>N_1 + <ﬁ0 (W), > ez (@io (W) — €40 (w)))H < 0 for all w € Q, that is

(@, ZZ‘))NA + {(Po, Z (Tio — €i0)))r <0, (23)

€L i€L

(i) (P (W), Yoz (Tir (W) — €t (W), — Pt (w) (ZieI Zith) <OforallteT and w € , that is

<<Z5t7z (ZTit — €)1 — <<ﬁt1725ipg>>1 <0. (24)
i€z i€z
From (21) and (23), we get
(@Y Z))n-1+ ((po, Y (Tio — €:0)))r <0 ¥ (po,q) € Ap,. (25)
€T €T

For all h* € H, we pose (Po,§) € Lu4+n—1 such that

& if h=h

. (W) = On_s .
0  Vh£h 1) =0n-

Yw e Q: [)g(w):—{

Being (po,q) € Ap,, we can replace it in (25) and since z; and e; are Fy-measurable one has:

> <w<w>ﬁ8* @Y (@) ety <w>)> - (Z m)é') S (s (@)~ s @) =

weQ i€z weN i€Z
—h* h*
:Z (fio (w) — €io (W)) <0.
=

12



Hence, it follows that

Z (Tl (W) —ely (W) <0 YweQ and Yh e H.
i€T

Further, fixed th:, we pose (Po,G) € Lg4+n—1 such that

L if B} = Fl
VweQ: po(w): =0, G(w) :{Ql ik ¢

0 VF £F
Being (po, q) € Ap,, we can replace it in (25) and from measurability of z; one has:

Z (T(w)(ﬂw)zzi (w)> = (Z ”(W)512|> ZZith = szj =0.

weN i€L weN i€L i€l

Moreover, from the previous result and from (24), we have for all t € T

{(Bes Y (@ie = ea)))ar < By, Y Zpg)1 SO

i€l i€l

so that by (22) we get for all t € T

((pt,z (Tit —ei)))m <0 Vp € Apj - (26)
i€T

Fixed a th, we pose p; € Ly such that

, = if h=h*
Yw € FY, P(w) = | ¥ f
0 Vh#£h*.

Being p; € Ath, we can replace it in (26) and since z; and e; are Fi-measurable one has:

) (W(w)ﬁt(w)Z(ﬂfﬁ* ()~ el (w») [ @ | (@ @ el @) =

wEF] ieZ weF) F| ) iez
- Z (a’cft* (w) — el (w)) <0.
i€z

Hence, it follows that for all ¢ € 7 and for all h € H

Z(i‘ft(w)—ezht(w)) <0 VYweQ.

i€z
Claim 3 If (2, 2,7, q) is a solution to the SQVI (138), then Vw € Q ., Z; (w) = 0.
From Claim 1, Proposition 3, and Claim 2, one has g(w) > 0 and ), ; Zi(w) < 0 Vw € €, hence
(@Y ser zi))n—1 < 0. If we suppose that (7(w),> ez 2 (w))y_, < 0 for some w € Q, from
Proposition 4 one has

(o (@), Y (Fi0 (w) — €io (@)} >0

i€T
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which, being po € Ap,, contradicts Claim 2. Then, one has ((¢,> ;.7 Z))nv—1 = 0 and since
g(w) >0 for all w € Q, we get >, 7 % (w) = 0 for all w € Q.

Then thanks to Claims 1, 2 and 3, if (z, Z, P, q) is a solution to SQVI (13), then it is an equilibrium

and from Claim 1 (14) is satlsﬁed. Then (z,Z,p, q) is a solution to (13). O
From theoretical and computational viewpoints, sometimes it will be useful to relax the nonan-
ticipativity constraints of the decision variables. In doing this, we get the tools to formulate an

equivalent problem allowing for point-wise optimization (see [14]). We pose M! := (N 1)J'
2= (N 2)J' respectively the subspaces of the nonanticipativity multipliers relative to z and z
and we pose M := M’ x M?, so that p = (p*, p?) € M.
Hence, for the Riesz orthogonal decomposition, one has Lo = N + (/\/‘1)L and Ly_1 = N? +
( 2)L, that is
Lo =N+ M! Ly_1=N?+ M2 (27)

We fix (p,q) € A and we introduce, as in |16], the following stochastic variational inequality in
extensive form

Find (Z;, z;) € N such that exists p; € M and for all w € Q one has

(Vfiw () + pi (W), 75 (W), (i (W), 2 (W) = (& (W), 2 (W), O V(i (), 2 (w)) € Biw ((I;»g))-

Proposition 5. The stochastic variational problems (28) and (14) are equivalent.
Proof. We suppose that (Z;, z;) is a solution to (28); for each w € €, it follows that

(Vfiw (@) + 51 (), 5F (W) 5 (i (W), 21 (W) = (% (W), 2 (w)))p =
=(Vfiw (i) i (w) — 2; (W))c + < (w)wi (W) = Zi (W))e + (77 (W), 2i (W) = Zi (W))N-1 <0
V(wz( ),z (W))EBz ( )

We multiply for 7(w) and we sum up to w; one has
(VU (@) 2 = 3i))e + ((pi, @i — T + (0], 2 — Z))v—1 SO Y (zi,20) € B (5,@) - (29)
Moreover, since p; € M = (NI)L and p? € M? = (NQ)L, from (29) one has
(VU (z;) 2 = Ti))o <0 Y(xi,2) € Bi (9, @) NN . (30)
Hence, (Z;, z;) is a solution to (14).
Being B;,, (7, ) a polyhedron for each w € Q, from Theorem.3.2 in [16], the converse still holds. O

Thanks to Proposition 5 we can characterize the equilibrium vector as a solution to a variational
problem in extensive form.

14



Corollary 1. For all i € T and w € Q, let Assumptions F be satisfied. Then, (Z,z,p,q) €
(B(p,q) NN) x A is a solution of the stochastic variational problem

> (Vi @) + 5} @), 07 (W) 5 (s (W), 21 (W) — (T (@), Z (W), +
ieT
+(Q @i(w) —ew), D FW), (pw), g(w)) = (pw), q(w)))p <0 (31)
ieT ieT
v(xl (w) ) i (w) 7p(w)7q(w)) € Biw (ﬁa (7) X Aw
for all w € Q and for some (p*, p?) € M if and only if it is an equilibrium vector of plans, prices,
and price expectations for &.

Proof. From Proposition 5 condition (28) is equivalent to the variational problem (14) which is
equivalent to the equilibrium conditions. O

Proposition 6. For each i € T, the set-valued map B; : A = L is lower semicontinuous, closed
and with nonempty, closed, and convex values.

Proof. B, is a closed map.
Let {(pn,qn)}neny € A and {(xi7n7zi7n)}neN C L be such that (z;n, 2zin) € Bi(pn,qn) for all n,

L s
(p'rw(bl) — (p7 (Z) and (mi,nyzi,n) — (:Ezazz)
Firstly, we observe that since (p,, ) C A, one has, for each w € Q, {(pon(w), ¢n(W))}, ey C Al
and {pyn(w)},cn € AL for each t € T hence this sequence converges to (p(w), g(w)). For each

n € N, when (2; ,, Zi.n) € Bi(pn,qn) one has (2; ,(w), zi n(w)) € Biw(Pn, gn) for each w € Q, that is
0< <p0,n (w) » Li0,n (W»H <- <qn (W) sy Ziyn (w)>N71 + <p0,n (W) y €i0 (w)>H
0 < (prn (@), Titn (W) r < (Prn (W), €3t (W) g + Pty (W) Zitm(w)  VEET.

Since z;, (w) € R(w) one has that, for all w € Q, {z;n(w)}, oy converges to z; (w). Hence,
from (32), one has that the sequence {z;,(w)}, oy is bounded and converges to z;(w). Then
(;(w), zi(w)) € Biw(p,q), for all w € Q, and (z;, 2;) € B;(p,q); hence, B; is a closed map.

(32)

B; is with nonempty, closed, and convex values.
We fix (p, q) € A. Since (e;,02) € B;(p, q), it follows that B;(p, ¢) is nonempty and, from definition,
B;(p,q) is a convex set. Being B; a closed map, then its values are necessarily closed.

B; is lower semicontinuous.
Let {(Pn;@n)}neny €© A be converging to (p,q); for all (v, 2;) € B;i(p,q) we have to prove that

there exists a sequence {(in,zin)},cy © £ such that (z;,,2n) € Bi(pn,qn) and (T, 2in) A
(z4,2;). Tt is clear that, for all w € ), we can consider (z;(w), z;(w)) and it is sufficient to find
(@in (W), 2in(w)) € Biw(pn, gn) such that (x;,(w), 2, n(w)) = (x;(w), z;(w)). Fixed w € Q, if
(o (W) s wio (W) gy + (q (W), 2 (W) y_q < (Po (W), €i0 (W)) g (33)
(pe (W), it (W) gy < (Pe (W), €50 (W) gy + ¢ (W) 20e(w)  tET
then
<p0,n (W) » L40 (w)>H + <qn (W) ) Zi (W»N—l < <p0,n (w) ) €i0 (w)>H

(e (W), Tit (@) gy < (Prin (W) s €3t (W) gy + Pip (W) 20t(w)  tET.
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Hence (z;(w), 2;(w)) € Biw(Pn, qn) and then (x;(w), z;(w)) € LiBiw(pn, gn), where we identify with
LiB;y,(pn, gn) the lower limit, in Kuratowski sense, of the sequence B;, (pn,qn). We suppose that
(zi(w), z;(w)) is such that at least one inequality of (33) is not satisfied. Being e;(w) € RY,, there
exists z;(w) € RY, such that (z;(w),0n_1) satisfies the strict inequalities of (33), hence it belongs
to the interior of B;,(p,q). Then, from Proposition 1.1.14 (v) of [10] and being B, (p,q) a closed
set, one has cl int B, (p,q) = cl Biw(p,q) = Biw(p,q). Clearly, from definition of LiB;,(pn, ¢n),
one has int By, (p,q) C LiB;,(pn, gn) and, from Proposition 8.2.1 of [10], LiB;, (pn, ¢n) is a closed
set. Hence:
Biw(p,q) = cl int Biy(p,q) C cl LiBiw(pn, qn) = LiBiw(Pn, qn)-

We can conclude that B; is lower semicontinuous. O

Theorem 4. Let Assumptions F be satisfied for each w € Q and i € Z. Then, there exists an
equilibrium vector of plans, prices, and price expectations for E.

Proof. 1In order to prove the existence of equilibrium, thank to Theorem 3, we prove that the SQVI
(13) admits at least one solution. For each w € Q and (p(w), ¢(w)) € A, we introduce the bounded

set
x RY *)] (34)

where M € R,. We observe that from properties of map B,,, proved in Proposition 6, the map

Bi,, is lower semicontinuous, closed, and with nonempty, closed, and convex values. We denote by
SQVI(B) the variational problem (13) in the convex set B(p, q).

There exists the solution of SQVI(E).
For each i € 7 and (p, q) € A, we consider the parametric stochastic variational inequality SVI(p, q):

Find (Z;, %) € B;(p,q) NN such that
UVU;(E), 2 — 2))e <0 Y(x4,2) € Bi(p,q) NN . (35)
We introduce the map of the solutions ®; : A = £ such that, for all (p,q) € A,
D,(p,q) :={(Zs,%) : (Ti,2;) is solution of SVI(p,q) (35)} .

Biu(p.g) =]

i€l

Biw(pa Q) N <[07 Z ei(w) + M

i€l

From Proposition 2, it follows that operator VI; is continuous and monotone; moreover, since
(e;,0) € B;(p, q), which is measurable, we get B;(p, ¢)NN # (. Thanks to Theorem 2, it follows that,
for all (p,q) € A, ®,;(p,q) is nonempty, bounded, closed, and convex. We prove that ®; is closed.
Let {(Pn,qn)}peny € A and {(i.iw”’gi’”)}neN C L be two sequences with (Z; n,Zin) € Pi(Dn,qn);
and such that (pn, ¢n) A (p,q) and (Zin, Zin) A (Z, Z), we have to prove that (Z;,z;) € ®;(p,q)-
Since B; is a closed map then (Z;,%;) € B;(p,q). Being B; is lower semicontinuous, it follows that
for each (x;, Zi) € Bi(p, q) there exists a sequence {(Zi n, 2i,n)}, oy converging to (z;,2;) such that
(Xins Zin) € Bi(pn, qn) for all n. Since (Z; n, Zin) € Pi(pn, gn), then

<<Vui(fi,n),l‘i’n — ji,n>>C < 0 and passing to the limit <<VU¢(.@),.’L’Z' — ji»C <0,

that is (Z;,z;) € ®;(p,q). Hence, for each (p,q) € A, since ®(p,q) C ({O,Ziez ei(w) + M} X R),
it follows that ®;(p, ¢) is also a compact map. Being ®;(p, ¢) a closed and compact map, it is upper
semicontinuous. Furthermore the map ®(p, q) := [[,c7 ®:(p, ¢) is upper semicontinuous.

Now, we consider the following stochastic generalized variational inequality:
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Find (p, ) € A such that there exists (Z, z) € ®(p, §) and

(O @i—e), Y z)(p.9) = (5,0)p <0 V(p.q) €A. (36)
i€l i€T
From properties of A and ® and thanks to Theorem 1, there exists (p,q) € A and (Z, z) € ®(p, q) so-
lutions to (36). So, (%, z,p,q) € (E (P, ) NN ) x A, with (p,q) solution to (36) and (Z, %) € ®(p,q),
is a solution to SQVI(B).
Any solution of the SQVI(E) is a solution of SQVI (13).

Let (7, z,p, q) be a solution of SQVI(E). Thanks to Remark 2, it is sufficient to prove that (Z;, z;)
is a solution to (14). We suppose that there exists (2;, 2;) € B; (p, ¢) NN such that

<<vul({fl),§31 — i’z>>C > 0. (37)

Let A € [0,1] be such that

ez l(w) + M — zl(w)
P (w) — 7P (W) ’

0 < A < min {1; with h € H st. il(w) -z (w) > 0} (38)
and we pose (Z;, Z;) = M@, 2;) + (1 — \)(Z;, z;). From convexity of B (p,q) NN one has (Z;, %;) €
B; (p,q) NN and it results that (&;, Z;) is still in (34). Indeed, for each w € Q and h € H, one has:

D el w) + M =il (w) =) el (w) + M — Ail(w) — (1= Nl (w) =
€L €T
=D elw) + M =\ [ (w) - 2] ()] - 2 ()
Hence, for all h € H, one has:
(i) if &0 (w) = Z(w) =0 = F,epel (@) + M — & w) = ¥,epel(w) + M — 2 w) > 0;

(ii) if #(w) — 2P (W) <0 = X,cpel(w) + M — Z(w) > X,cp el (w) + M — 2k (w) > 0;

(iii) if 2 (w) — 2} (w) > 0 = from (38) one has Y, 7 el (w) + M — (w) > 0.
Hence (i, %) € B (p,7) NN and moreover, from inequality (37)
<<VUl(i‘1),jZ — .’fl>>c = <<Vul(i‘l>, AZ; + (1 — )\)i‘i - i‘i>>c = )\((Vuxi‘l),i‘l — .TZ'>>C > 0.

This contradicts the fact that (z;,z;) is a solution to SVI (35). Thus, we can conclude that
(Z,%,p,q) is still a solution of SQVI (13). O
We point out that a quasi-variational inequalities problem is characterized by the fact that the
convex set depends on the solution of the problem; this fact can represent a difficulty to solve the
problem. With the operative approach used to prove Theorem 4, we overcame this difficulty: instead
of solving a stochastic quasi-variational inequality, we handle stochastic variational inequalities
problems. From this, the next remark follows.
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Remark 4. In the assumption (F.1) if we replace the concavity of f;., with the strict concavity,
with similar arguments of Proposition 2, one has that U; is strictly concave and VU; is a strictly
monotone operator. Then the parametric stochastic variational inequality (35) admits a unique
solution and the map of the solutions ®; reduces to a single-valued map. Hence, the problem (36)
becomes the variational inequality

i€l i€L

However, we observe that in order to guarantee the uniqueness of equilibrium we need to prove that
the map of solution ® is strictly monotone, so that we obtain the uniqueness of solution of (36) too.

6 Computation procedure

In this section, we present a computational procedure to find the equilibrium solution by solving the
SQVI (31). To this aim we use the same procedure used to prove Theorem 4. Under Assumptions
F, for all i € 7 and w € §, we build two sequences {(2",2")}, oy € £ and {(p",§")},,cy € A which
converge to a solution of (31).

The procedure is structured in two sequential phases. At each phase, we split the stochastic varia-
tional problem into a finite number of deterministic ones and we solve them in parallel. This allow
us to deal efficiently with large-scale problems arising from real-world applications in a dynamic-
stochastic framework.

Procedure: Phase 1

In the first phase, we fix (p,q) € A and we solve the parametric stochastic variational inequality
(35). We use the procedure known in literature as Progressive Hedging Algorithm, which allows
us to split the variational problem, which is set in the space of functions £, into |Z| - |Q] = IS
variational problems [SVI (i,w)] in RP.

Progressive Hedging Algorithm
We introduce two sequences {(2",2")},cy € £ and {p"},en € M:
let p¥ = 0 as starting point, r > 0 a fixed parameter and v € N an iteration index.

v=1

(i) Choice of (#',2') € £. Forall i € Z and w € ), we consider the [SV T (i,w)]:

(Vfio (1) ,2i(w) — 31 (W) <0 V(2 (w),2 (w)) € Biw(p, q) (39)

Since the operator is continuous and Eiw (p, q) is a bounded set, there exists at least one
solution of (39). We choose (2} (w), 2} (w)) arbitrarily, among the solution set of (39).

piad}

(ii) We pose (3311,211) = Py (:%11,2}) and /311 = rPpy (:%1 2-1) . We denote by Pnr (@1,2}) and

197

Py (501 ,2»1) the projection of (3%11,2}) to sets, respectively, N" and M.
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(i) Choice of (&¥,2”) € L. For all i € 7 and w € £, we consider the stochastic variational
problem
(V fiw (&7, 2) + 577 (w)
+r [(3] (W), & (W) = (&7 (W), &7 @)] ) (@ (W), 20 (W) = (& (W) , 2 ()))p <0
N (40)
V(xl (W) ) % (w)) € Biw(pa Q) :
The operator is strongly monotone, then there exists a unique solution (¥ (w), 2¥ (w)).
Hence, we set (27, 2Y) € L such that, for all w € Q, (Z¥ (w), 2¥ (w)) is the unique solution
to (40).
(ii) We pose (37, 27) = Py (2%, 2Y) and p¥ = p/ " +rPpy (277, 2071).

K2

Convergence

From Theorem 2 of [17] it follows that (2", 2*) 5 (z,z) e N and p” 5 p € M. Moreover,
(Z,Z) is a solution to the parametric SVI in extensive form (28) and, thanks to Proposition
5, (z,Z) € B(p,q) NN is a solution to (35). We call (7, 2) as optimal strategy solution.

Procedure: Phase 2

In this phase we use the Projected Subgradient Algorithm to solve the SVI (36), where for all
(p,q) € A, (Z(p,q),z(p,q)) is the optimal strategy solution obtained in Phase 1. We pose

e(p.q) == —(01(0,0), 92(p, @) P1(pa) =D (TP, @) — ) , pa(p,q) = Y Z(p,q)
i€l i€z
and, for each w € 2, we consider the problem
Find (p(w), g(w)) € A, such that

(0w (P, @), (p(w), ¢(w)) = (P(w),q(w))p =20 V(p(w),q(w)) € Ay, . (41)

Thanks to the structure of A and the measurability of (Z(p,q),Z(p,q)), we can consider the S
deterministic variational problems (41) in R? and solving them in parallel. We introduce the
Auslender’s gap function (see, e.g. [2]):

U,: A, - R

(). 4w) > Volpd) = max (o). (5. 4()) ~ (). aw))p

(42)

For this map following properties hold. From Theorem 4, since ¢,, is a single-valued map, it follows
that ¢, is continuous; hence, from compactness of A, one has that ¥, is well posed. Moreover,
from Theorem 8.3. in [15], it follows that operator ¥, is proper, convex, and lower semicontinuous
being the maximum of a family of affine continue functions and ¥, (p, §) > 0 for all (p, ). We pose
0V, the subdifferential of ¥,,:

OV (5,q) = {T €RY : Wy(p,q) = Vu(B,d) > (10, (p(w), 4(W)) = (B(w),d(w)))p  VY(p(w),q(w)) € Ay} .
From Theorem 3.2.15 in [10], 8%, (p,q) # 0 for all (p,q) € 7i dom ¥ . Moreover, one has:
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U, (p,q) =0 if and only if (p(w), (w)) is a solution to (41).

Projected Subgradient Algorithm

We introduce the sequence {(p"(w),§"(w))} € A,. We fix a starting point (p!(w), ' (w)) €
A,; it is usual to consider the centroid of A,. Clearly, if ¥, (p',¢') = 0, one has that
(p*(w), ¢ (w)) is a solution to (41). We suppose that ¥, (p*,¢') > 0.

Choice of (p"T(w),q" " (w)) € A,. For all n € N:

(" (W), @™ () = Pa,, (5" (W), 4" (W) — 72pt2) (43)
where
H wH

Also in this case, at each iteration n € N, the variational sub-problems are solved in par-
allel through a warm start procedure, until a suitable solution of (36) is obtained, that
is up to we get for each w € Q a limit point (p(w),§(w)), of the approximating sequence
{(7"(w),q" (w))},en> such that Wy, (p,q) = 0.

Convergence
Let {(p",4")},,en € A be the sequence such that for all w € Q, {(p"(w),¢"(w))},en € Aw

given by (43) with {72 },en bounded. We prove that the sequence converges to the solutlon

to SVI (36).

Let (p(w), ¢(w)) be a solution to (41); it is sufficient to prove that for allw € Q, {(p™(w), §" (w))},.en
converges to (p(w), g(w)). Firstly, we observe that

(5, (P(w), q(w)) = (0" (w), ¢" (W) < Vo (P, 7) — Vo (", ¢") = —Vu(p",7"). (44)

Hence, from (44), (43) and from nonexpansivity of projection mapping, it follows that

T € 0¥, (p*,4") and pl, =

167 (), 7+ (@) - | =
[ Pa (" (). " w>>—r pw> PAw(ﬁ(w),q(W))HZSII(ﬁ”(W),d”(w))—Tﬁplﬁ—(ﬁ(w),é(w))l\z=
(), (@) — (B T+ () 722 + 204 (P(e), 8(w)) — (57 (), (@)} <
< ()87 () — (P) G + (o) 72 — 200 (5, 47) =
(" (), 8" () — (B(w), G +‘I’(”>|| - W%(ﬁ",w:
U, (p", q")?

=" (@), d"(w)) = (), a(w))|* ~ < (" (@), 4" (@) = (B(w), a)].

2
Il

Hence, the sequence {||(;[)"(w),cj"(w)) - (p(w), q(w))||2} N is decreasing, and we get
ne

0 < Wu(p",0")? < 217 (16" (@), 6" (@) = (Blw), a@) P~ [ (" (@), @+ (@) = (p(w), aw))]|*)
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and since {7'},en is bounded, it follows that EIE U, (",q") = V,(p,q) = 0, hence

(H(w), G(w)) is a solution to (41). Then, we can conclude that (p,§) is a solution to (36).

So, when v — oo and n — oo, we get that the sequences converge to (z, z,p, ) € (E(ﬁ, QNN) x A.
This limit point is still a solution of (13) and thanks to Theorem 3, it is an equilibrium of plans,
prices, and price expectations for £.
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