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Four Solutions for Fractional p-Laplacian
Equations with Asymmetric Reactions

Antonio lannizzotto® and Roberto Livrea

Abstract. We consider a Dirichlet type problem for a nonlinear, nonlocal
equation driven by the degenerate fractional p-Laplacian, whose reaction
combines a sublinear term depending on a positive parameter and an
asymmetric perturbation (superlinear at positive infinity, at most linear
at negative infinity). By means of critical point theory and Morse theory,
we prove that, for small enough values of the parameter, such problem
admits at least four nontrivial solutions: two positive, one negative, and
one nodal. As a tool, we prove a Brezis-Oswald type comparison result.
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1. Introduction

Nonlinear elliptic partial differential equations with asymmetric nonlinearities
are usually written in the form

Lu = f(z,u) in Q,

with several boundary conditions, where L is some elliptic operator, and
f: QxR — R is a nonlinear reaction with qualitatively different behaviors
as the second variable tends to £00, respectively. Typically, such asymmetric
behavior can be exploited to prove, via variational or topological methods,
the existence of multiple solutions to the equation.

The study of such asymmetric problems, to our knowledge, dates back
to the work of Motreanu, Motreanu and Papageorgiou [29,30], and was then
developed by several authors considering a wide range of semilinear or quasi-
linear equations with Dirichlet, Neumann, or even Robin boundary condi-
tions. We recall the results of [6,19,26,34,36].
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The present paper is devoted to the study of the following Dirichlet type
problem:

1.1
u=0 in Q°. (1.1)

Here Q € RY (N > 2) is a bounded domain with C1'! boundary 9, s €
(0,1), p > 2 are s.t. ps < N, and the leading operator is the degenerate
fractional p-Laplacian, defined for all u : RN — R smooth enough and z € RV
by

{<—A>; w=Nul"2u+ g(z,u) inQ

LAY wle) = 2 lim [u(z) — u(y) P> (u(z) — uly))
(FA)pulz) =2 lim, Be(x) |z —y|[N+ps v (12)

(which for p = 2 reduces to the linear fractional Laplacian up to a dimensional
constant C'(N,s) > 0, see [13]). The reaction in (1.1) is the sum of two
terms. The first, depending on a real parameter A\ > 0, is a (p — 1)-sublinear
power of the unknown, i.e., ¢ € (1,p). The second is a Carathéodory mapping
g: QxR — R subject to a global subcritical growth condition and combining
a (p — 1)-linear or superlinear behavior near 0 with an asymmetric behavior
at oo, namely, g(z,t) is (p — 1)-superlinear at co and at most (p — 1)-linear
at —oo.

Elliptic equations driven by linear nonlocal operators (whose prototype
is the fractional Laplacian) were first studied via variational methods in
[38,39], while regularity theory has its ground in [37], giving rise to a wide
literature (we refer the reader to the monograph [27]). In the quasilinear case
p # 2, things are obviously more involved. The eigenvalue problem for (—A)3
was first studied in [25], variational methods for equations with several types
of reactions were established in [18], Holder regularity of weak solutions was
studied in [20,21] (for p > 2), maximum and comparison principles were
proved in [10,23], equivalence between Sobolev and Holder minimizers of
the energy functional was proved in [22], and a detailed study of sub- and
supersolutions was performed in [15]. Existence results for the fractional p-
Laplacian with asymmetric reactions were obtained in [17,35], while closely
related problems were studied in [1-3,7,11,40]. For a more detailed discus-
sion, we refer to the surveys [28,33].

Our approach to problem (1.1) is variational, inspired by [30]. We en-
code weak solutions as critical points of a C'! energy functional @y, defined
on a convenient fractional Sobolev space and depending on A > 0. Due to
the presence of the asymmetric perturbation, ® has no definite asymptotic
behavior, so we define two truncated functionals @f whose critical points
coincide with the positive and negative solutions of (1.1), respectively. We
prove that, for all A > 0 small enough, <I>j\' has at least two nonzero critical
points, one given by the mountain pass theorem and a local minimizer. Be-
sides, for all A > 0, ® contributes at least one global minimizer. So we have
three nontrivial constant sign solutions (Theorem 3.5).

Pushing forward our analysis, we see that, under slightly more restric-
tive hypotheses, for even smaller values of A > 0, problem (1.1) admits a
smallest positive solution and a biggest negative solution (an idea that was
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first introduced in [9]). So, we truncate again the reaction introducing a new
energy functional @, which turns out to have one more critical point of
mountain pass type (in the sense of Hofer [16]), taking values between the
extremal constant sign solutions. Finally, by a Morse theoretic argument we
show that such critical point is not 0, hence it turns out to be a nodal (sign-
changing) solution of (1.1). Thus, we conclude that (1.1) admits at least four
nontrivial solutions for all A > 0 small enough (Theorem 4.6).

In proving the existence of the smallest positive solution, we do not
apply (as usual in such cases, see [30]) the strong comparison principle of
[23], since it requires rather restrictive assumptions on the data p, s. In-
stead, we present a special comparison result for sub-supersolutions under a
monotonicity condition, inspired by the classical Brezis-Oswald work [5] (see
[12,24,32] for other versions). We believe that such comparison result (stated
in Theorem 2.8 below) can be useful also in different frameworks.

Our result represents an application of classical methods in nonlinear
analysis combined with the recently established theory for the fractional p-
Laplacian (mainly the results of [10,15,22]). To our knowledge, this is the first
multiplicity result for a fractional order problem with asymmetric reaction,
even in the linear case p = 2.

The paper has the following structure: in Sect. 2 we collect some prelim-
inary results on fractional p-Laplace equations and prove a comparison result;
in Sect. 3 we prove the existence of two positive and a negative solutions; and
in Sect. 4 we prove the existence of extremal constant sign solutions and of
a nodal solution.

Notation: For any A C RY we shall set A° = RY \ A. For any two
measurable functions u,v : @ — R, u < v will mean that u(z) < v(x) for a.e.
xz € Q (and similar expressions). The positive (resp., negative) part of w is
denoted u™ (resp., u™). Every function u defined in Q will be identified with
its O-extension to RY. If X is an ordered Banach space, then X, will denote
its non-negative order cone. The open and closed balls, respectively, centered
at u with radius p > 0 will be denoted B,(u), B,(u). For all r € [1,00], || - ||
denotes the standard norm of L"(2) (or L"(RY), which will be clear from
the context). Moreover, C' will denote a positive constant (whose value may
change case by case).

2. Preliminaries

In this section, for the reader’s convenience, we recall some basic results about
the general Dirichlet problem for the degenerate fractional p-Laplacian (some
also hold in the singular case p € (1,2)):

{(—A)Zu = f(z,u) inQ

2.1
u=20 in Q°, 21)

where ), p, s are as in the Introduction and f satisfies the following hypothe-
ses:
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Hy f: QxR — R is a Carathéodory function, and there exist ¢y > 0,
€ (p,p%) st. forae. z € Qand allt € R
(2 ) < co(1+[t["7H).

By p: we denote the critical fractional Sobolev exponent, namely, pi =
Np/(N — ps). Also, for all (x,t) € 2 x R we set

F(z,t) = /0 f(z,7)dr

We provide problem (2.1) with a variational structure, following [15]. For all
measurable u : RN — R define the Gagliardo seminorm

u(y)[? 1
7dd .
p = l/)gwaN EEVLA ]

We define the fractional Sobolev spaces
WeP(RY) = {ue LP(RYY) : [us, < 0o},

WeP(Q) = {ue WsP(RY): u=0 in Q°},
the latter being a uniformly convex, separable Banach space under the norm
|u| = [u]s.p, with dual space W' () (see [13]). The embedding W (Q) —
L1(Q) is continuous for all ¢ € [1,p%] and compact for all ¢ € [1,p¥). For
any u € W5P(Q) we can define (-A)su € W=7 (Q) by setting for all
veW;P(Q)

— p—=2 _ —

(gl = [ M=) s =) g,

RN xRN

|z — y|NHes

The definition above agrees with (1.2) when u € S(RYM). By
[15, Lemma 2.1], (=A)7 : WP (Q) — WP (Q) is a monotone, continuous,
(S)t-operator. Besides, the following inequality holds for all u,v € W ()
as an immediate consequence of Holder’s inequality:

(=2); u, ) < [lullP~H o]l (2.2)

Since the mapping ¢ — ¢ is Lipschitz, for all u € WJ"(Q) we have
u® € WP(Q), but in general

[[ull? # [[u P+ [lu |,

unlike in the case of the classical Sobolev space WO1 (Q). The following lemma
illustrates some simple properties of positive and negative parts, which will
be used in our arguments:

Lemma 2.1. Let u € W*(Q), then:

() fut | < [lull;
(i) [lu=[? < ((=A); u, £u).

Proof. We only deal with ut (the argument for v~ is analogous). Set

Ay ={zeR : u(z) >0}, A_ = AS.
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Then we have

et = //RN RN |u7x _|11\L/—~:1(0:Z)| dx dy
//A+><A+ |$y|N(+p)spd dy_i_//AMA%dxdy
+//A XA+mdxdy
//A+><A+ |z — |Ns-p)spd dy+/A+XAWd zdy
//A XAy |x—y|N(+p)s) dx dy
//RNX]RN z—y |N(+p)s|pd dy

= [Jull”,

which proves (i). Besides, by [2, Lemma A.2| (with g(t) = G(t) = t*) we
have for all a,b € R

la —bP~2(a —b)(a™ —b") > |aT — b P

So we have
u(z) — u(y)|P 2 (u(z) —u ut(z) —ut
(=) u,u™) ://RNXRN |u(z) — u(y)] (|x(_) |N-E-ZZ)( (z) (v)) dedy
u _ +p
//RNXRN |z — y|N+ps dedy = [Ju”||”,
which proves (ii). -

A function u € Wy3*(2) is a (weak) solution of problem (2.1) if for all
p e W5 (Q)

(—A)3u,0) = / Fla, u)pda.

Similarly, we say that u is a (weak) supersolution of (2.1) if for all
p € W (Q)+

(—A)3u, ) > /Q Flz, u)pda.

The definition of a (weak) subsolution is analogous. For short, in such
cases, we will say that u satisfies weakly in 2

(=AY u= (= <) f(z,u).

If u is a subsolution and v is a supersolution s.t. © < v in £, we say that
(u,v) is a sub-supersolution pair of (1.1), and we set

S(u,v) = {w € W5P(Q) : wis a solution of (2.1), u < w < v in Q}.



220 Page 6 of 32 A. Tannizzotto and R. Livrea MJOM

The  properties of the set S(uw,v) are investigated in
[15, Lemmas 3.2 — 3.4, Theorem 3.5] (even under a more general definition
of sub- and supersolution):

Proposition 2.2. Let Hy hold, (u,v) be a sub-supersolution pair of (2.1).
Then, S(u,v) is a nonempty, compact set in W3'*(2), both upward and down-
ward directed, in particular it has a smallest and a biggest element (with
respect to the pointwise ordering of Wi (Q)).

As a special case of [7, Theorem 3.3], we have the following a priori
bound for solutions:

Proposition 2.3. Let Hy hold, u € W;P(Q) be a solution of (2.1). Then,
u € L®(Q) with ||ullee < C for some C = C(|Jul) > 0.

It is well known that, though solutions of (2.1) can be very regular
in Q, they fail to be smooth up to the boundary, even in simple cases
(see [21, Lemma 2.2]). So, a major role in fractional regularity theory is
played by the following weighted Holder spaces. Set d§(xz) = dist(z, Q°)°,
define

cQ) = {u € C'(Q): dis has a continuous extension to ﬁ},
Q

and for all « € (0,1)
Co(Q) = {u cC0Q): —

&

whose norms are defined, respectively, by

has a a-Holder continuous extension to ﬁ},

|u(z)/dg () —uly)/da(y)|
|z —y|*
The embedding C(2) — C%(Q) is compact for all a € (0,1). Unlike in
WyP(Q), the positive cone C2(Q); of C(Q) has a nonempty interior given
by

u
lullo.s = || 2| s Tellas = lullos +sup
Q' TFy

int(CY(Q) ) = {u cC'Q): aljlelg dlgg) > 0}

(equivalent characterization as in [18, Lemma 5.1]). By Proposition 2.3 and
[21, Theorem 1.1] we have the following:

Proposition 2.4. Let Hy hold, u € W3P(Q2) be a solution of (2.1). Then,

u € C¥(Q) for some o € (0, s].

The strong maximum principle and Hopf’s lemma for the p-Laplacian
have an analogue in the following result, see [10, Theorems 1.2, 1.5]:

Proposition 2.5. Let Hy hold, and ng € L>=(Q)4 be s.t. for a.e. x € Q and
allt >0

fla,t) = —no(x)tP~.
Then, for all u € W3 ()1 \ {0} solution of (2.1) we have u € int(C(Q) ).
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We define an energy functional for problem (2.1) by setting for all u €
Wor(9)

P

Dp(u) = lull” _ / F(x,u)dz.
p Q

By Ho, it is easily seen that &, € C1(W;"F(Q)) with Gateaux derivative given

for all u, o € W3'P(Q) by

(@) (u), ) = (—A)3u, ) — /Q s u)pda.

So, u € WP (Q) is a solution of (2.1) if it is a critical point of Py,
denoted u € K(®g). For all definitions and classical results of critical point
theory, including elementary Morse theory, we refer to [31]. Since we are going
to work with truncations, we shall need the following equivalence principle
for Sobolev and Holder local minimizers of @, respectively, see [22, Theorem
1.1] (this is in fact a nonlocal, nonlinear version of the classical result of [4]):

Proposition 2.6. Let Hy hold, u € WP(Q). Then, the following are equiva-
lent:
(i) there exists p > 0 s.t. Po(u+v) = Pg(u) for all v e WP (Q), ||v]| < p;
(ii) there exists o > 0 s.t. ®o(u+v) = Pg(u) for all v € WP(Q) N C2Q),
[v]lo,s < 0

Contrary to many works in this area, we are not going to use much of
the spectral properties of the leading operator (—A);. We only recall that

the principal eigenvalue A\; > 0 of (—=A)? in W*(Q) is characterized by
]|

wewg @\ {0} [ullb’

A= (2.3)

the infimum being attained at a one-dimensional eigenspace. We denote i, €
int(C%(Q)+) the unique positive, LP-normalized eigenfunction (see [25]). We
will use the following technical lemma:

Lemma 2.7. Let & € L>°(Q) be s.t. §o < Ay in Q, & # A1. Then, there exists
o >0 s.t. for allu € W3*(2)

= [ €@l do > oful?.
Proof. Equivalently, we prove that for all u € W5 (Q), |Jul =1

ull? / eo(@)|ulP dz > o
Q

Arguing by contradiction, assume that there exists a sequence (uy,) in W3 (Q)
s.t. ||un|| =1 for all n € N and

lim [||un||h/go(x)\unv’dx - 0.
n Q
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Since (u,,) is bounded, passing if necessary to a subsequence we have u,, — u
in Wg'P(Q), u, — u in LP(Q). By (2.3) we have

0< ull” = Al
<lulP = | €l da
Q

<tim [luall = | &(@lunl? az] o (24

Besides, since u, — u in LP(€2) we have

[ @l dz =tim [ go(a)funpdo =1,
Q n Q

hence u # 0. So, u is a principal eigenfunction. By simplicity of A;, there
exists 7 # 0 s.t. u = 7. Since 41 € int(C?(Q),), we deduce |u| > 0 in Q,
SO

/kawwmn<xmwg
Q
against (2.4). O

We conclude this section by presenting a weak comparison result for
positive sub-supersolutions of (2.1). This will play a crucial role in the proof
of existence of extremal constant sign solutions (see Sect. 4 below), but it
also is of independent interest:

Theorem 2.8. Let Hy hold and assume that
f(z,t)

t— o1

is decreasing in (0,00) for a.e. x € Q. Let u,v € int(C%(Q),) be a subsolution
and a supersolution, respectively, of (2.1). Then, u < v in €.

Proof. Since u,v € int(C%(Q)4), we can find C > 1 s.t. in Q

1< e

C " dg’dg
hence u/v,v/u € L (). We argue by contradiction, assuming that [Qg| > 0,
where

Qo={z€Q: ulx)>v(z)}.

Define ug, vy € LP(RY), p € LY(RY) by setting
Up = UXQy, V0 = VX, P = (uP —vP)T =ub —ol.

In the following lines, we will identify the functions ¢/uP~t, ¢ /vP~! with the
0O-extensions of such functions to RY. We aim at using ¢/uP~!, p/vP~1 as
test functions in (2.1), so we need to check that these functions belong in
WyP(Q). First we note that there exists M > 0 s.t. in RY

P ¥

0 2, 2
= uP*l’ vpfl

gMU(),
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hence ¢ /uP~1, ¢ /vP~t € LP(RY), and both vanish in Q¢. Moreover, we claim
that there exists C' > 0 s.t. for all z,y € RV

s = 2] < Cffuto) = ul) |+ oa) — o)
(2.5)

Indeed, fix 2,y € RY. By symmetry, we only consider the following cases:

o(r) o(y) ‘
wt(z) wrl(y)l’

(a) if z,y € Qo and u(x) > u(y), then by Lagrange’s theorem we have

u;p(f()x) N u:’p(iy()y)‘ - ‘“(x) uifp(lf)> uly) + uﬁp(fl@,)\
< (o) =) + | 5505 - S+ iy — i
< (u(w) — uly)) + W (o) )
< (ula) = uly)) + p A0 )
+ o= 1o 2 A0 ) gy

< plul) —uly) + plo(z) - v(y)l,

while using the boundedness of u/v, v/u we derive

S5t~ | = ey )~ ey oW
< 10(e) = o) + | i = oot + - )
<o) vl + W i) ) 0
< o(o) = vly)| +p ;”_1<y)} (u(w) ~ u(y)
+Cutp - )0 )
< 0(0) = )] + Clu(o) = ) + 5D o) — o)

< Clu(z) — u(y)| + Clo(z) — v(y)l;
(b) if x € Qo, y ¢ Qo, then
plx)  ¢y) ’: uP(z) — vP(z)
wl(z)  url(y) ur—!(z)
max{uP~ 1(5(}) vP~(z)} e
=p[(u(x)—u(y)) (u(y) —v(
< plu@) — uy)| + plo(z) —v(y)|,

QQ
=
=
=
/—\
\_/
@
—
8
N
=
[



220 Page 10 of 32 A. Tannizzotto and R. Livrea MJOM

and similarly

p) _ely) w2 — u (@) — v(u):
o 1(z) ori(yy| S @) —u@)l+ Clo@) —v)l;

(c) if z,y ¢ Qo, finally, then
p(x) = ¢(y) = 0.
In all cases, (2.5) holds. Hence, by integrating we have
// (@)  ely) p  dedy
RNy | UPTH (@) wPTH(y) | | — gV P

so p/uP~t € WP(Q) 4. Similarly we see that ¢/vP~ € WJP(Q) . The next
step comnsists in proving that for all z,y € RY

< C(llull” + [lol7),

. L plx) ey ) — plx) ey

306 =) | = ~ i) S e |55~ 5o )
(2.6)

where we have set j,(a) = |a|P~2a for all a € R. First, we rephrase (2.6) as

A+B<C+D,

where

A= jyfow) — o) [ 00 bl) ]

1) oy

. vg () 5 (y)
B = jp(u(e) —u) | 505~ )
C = jp(v(e) = v(y) (o) = v0(y)); D = jp(ulx) = u(y)) (uo(w) — uo(y)):

As above, we consider three cases:

(a) if z,y € Qp, then we apply a discrete Picone’s inequality:

. c? d
Jp(a —b) {F - szl} <le—dfP

for all a,b > 0, ¢,d > 0 (see [3, Proposition 2.2]), to get
. uP(x uP (y
A= jyfole) —v(y)) o) W)

v =L(z) o (y)
< Ju(z) —u(y)” = D,

and similarly B < C
(b) if x € Qo, y & Qo, then v(y)/v(x) = u(y)/u(x), hence

uP(z) — vP(x)

( vP~1(x)
= in(1 = 2w () — (@)
P v(x)
<p(1 = LY () ()
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(c) if x,y ¢ Qo, then
A=B=C=D=0.
Integrating (2.6), we immediately get

(a0, =F5) < ((=a)u—25). 2.7)

Now recall that v and v are a sub- and a supersolution, respectively, of (2.1),
so testing with ¢/uP™t p/vP~1 € WP (), and applying the monotonicity
assumption we have

/ flz,u)

((~2);u,

= o uP ?)(up—vp)dx
< ofif 71])( P —oP)dx

/ f(z,v)
P
<<—A>Z“ - 1>
against (2.7). Thus u < v in Q. O

Remark 2.9. Theorem 2.8 is a partial analogue for the fractional p-Laplacian
of the classical results of [5,12]. Similar results in the fractional setting were
obtained in [24] for p = 2, in [3] for any p > 1 and a pure power reaction, and
in [32] for Robin boundary condition. In our case, we make a close connection
to the regularity result of [21] in assuming that both u,v € int(C?(Q),),
which allows for a simpler proof. We note, en passant, that by applying
Theorem 2.8 twice one can easily prove that, under the same monotonicity
assumption, problem (2.1) has at most one solution.

3. Constant Sign Solutions
This section is devoted to the existence of positive and negative solutions of
(1.1). Here we assume the following hypotheses on the perturbation g:
t
H; g: QxR — Risa Carathéodory function, we set G(x,t) = / g(x,7)dr
0

for all (z,t) € R, and
(i) there exist ¢; > 0, r € (p,pf) s.t. for a.e. z € Rand all t € R

lg(@, )] < ex (14 [t71);
(ii) uniformly for a.e. z € Q

lim L(I’ ) =

t—oo P ’
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N(r —
(iii) there exist o, > 0, with max {q, M} < B < pk s.t. uni-
ps
formly for a.e. z € 2
t)t — pG(x,t
lim inf 9z, )t = pGl 1) 2 C2;

t—o0 tﬂ
(iv) there exist n1,m3 € L®(Q)4 st. o < A1 in Q, o Z A\, and
uniformly for a.e. x € Q

gla,t)

<1

g(z, 1)

t—0 |t|17*2t
(v) there exists € L>®(Q)4 s.t. 0 < A1 in Q, 6 # A, and uniformly
for a.e. x € Q

—n1(x) < lim inf < ne(2);

t—0 |t\P*2t

G(z,t) o 0(x)

i T

Hypothesis Hy (i) is a subcritical growth condition, useful in obtaining com-
pactness properties for the energy functional. Hypothesis (ii) forces for g(z, -)
a (p — 1)-superlinear growth at oo, tempered by an asymptotic condition
of Ambrosetti-Rabinowitz type (iii) (this was first introduced in [8] for the
Laplacian). By (iv), g(x,-) is (p — 1)-linear at zero and by (v) it is at most
(p — 1)-linear at —oo, thus exhibiting an asymmetric behavior. For simplic-
ity, we assume in both cases that possible (p — 1)-linear behaviors have no
resonance with the principal eigenvalue in all of €.

Ezample 3.1. The following autonomous mapping g € C(R) clearly satisfies
Hll

g(t) = alt|P~?t+ ()",
with a € (0, A1), r € (p,p}) (set § =r in (iii)).
Fix A > 0 and set for all (z,t) € Q@ x R

t
iz, t) = )\|t\q_2t +g(x,t), Fx(z,t) = /0 fnlz,7)dr.

Clearly, by H; we see that f) satisfies Hy. So, we can define an energy
functional @) € C1 (WS (Q)) for problem (1.1) by setting for allu € W ()

—W— T, u)dr
(I))\(’LL)— D /QF)\(, )d .

By H; (iv), we easily see that fy(-,0) =0 in Q, so 0 € K(®,) for all A > 0,
i.e, (1.1) always admits the trivial solution.

To detect constant sign solutions, we define two truncated energy func-
tionals. Set for all (x,t) € 2 x R

FE@,t) = fa(a, £t5), FE(a,t) = / [, 7)dr,

and for all u € W (Q)

P
O (u) = ™ _ / Fif (2, u)de.
b Q
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We first focus on positive solutions, starting with a crucial compactness prop-
erty, see [30, Definition 5.14 (b)]:

Lemma 3.2. Let Hy hold. Then, ® € CY(W;P(Q2)) satisfies the Cerami (C)-
condition.

Proof. As in Sect. 2 we see that & € C1(W;P(Q2)) with derivative given for
all u, p € W5P(2) by
(@) w)) = (=B we) = [ Frmueda,

Let (uy) be a sequence in WP(€2) s.t. (@3 (uy,)) is bounded in R and (1 +
un)(®F) (un) — 0 in W= (Q). Then, there exist C > 0 and a sequence
(€n) with g, — 0T, s.t. foralln € N

||Un||p _/F+($ ” )dx’ <C (3 1)
A y Yn X .
Q
and for all ¢ € WP (Q2)
el
A Ded ‘\ _Enllll 3.2
(=805 = [ St ambota] < 30 2
First we prove that

u, — 0in W5 (Q). (3.3)

Choose ¢ = —u,, € W3P(Q) in (3.2), then by Lemma 2.1 (ii) we have for all
neN

Ju [I” < {(=A)5 wn, —uy,)

Enllug, |l
< (z,u Ndx + —2 K¢

and the latter tends to () as n — o0o. Next we prove that
(u}) is bounded in WP (Q). (3.4)
y (3.1) we have for all n € N

lewn ||P — / pFy (2, u,) dz < Ch.
Q
Besides, by inequality (2.2) and Lemma 2.1 (i) we have for all n € N

(=2)5 un, urd) < JlunlP~Hlusd < unl P,

n

which along with (3.2) with ¢ = u;} € W;P(Q) yields
—|lunl? + /Q (@ un)u) de < ey,
Adding the inequalities above and recalling the definition of f;\r, we have
/Q ol = pGouf)] do < A(2 = 1) Jut g + .
By H; (iii) we can find K > 0 s.t. for a.e. x € Q and all ¢t > K
gla, )t = pG(x,t) > St
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Also recalling Hy (i), we can find C' > 0 s.t. for all m € N
[ ety = pGtai)] do > F s - C:
By the previous relations and Hélder’s inequality, we have
i 15 < C (3 +1)
< O[A(u,t)ﬁ de] e e
< (il + 1),

which by ¢ < 3 implies that (u;}) is bounded in L#(f2), and hence in L9(12).
In H; (i) we may assume § < r < p¥, so we can find 7 € [0,1) s.t.

1 1-7 n T
ro B8 pr
By the interpolation inequality, boundedness of (u;}) in L?(Q2), and the em-
bedding WP (Q) < LP: (Q) we have
e < g N5~ a1, < Cllat |7

Test (3.2) with ¢ = u,} € W;P(Q) and apply Lemma 2.1 (ii) to get

[P < Al (19 + / oz, u )ut do + e
Q

N

< / 1 [U: + (UI)T} de+C
Q
SO+ llug llr + Nl I17)
SO flug [+ llwf 7). (3.5)
We note that, by Hy (iii),

1 PSs N —ps

— < (1—

r ( 7—)]\7(7"—;))—'_T Np
ps Nr — Np — psr

Nor—p) T Npr—p)
which by r < p? implies
7r Nr— Np—psr  Nr — Np— psr
b No-p  Ne-p)
and hence 7r < p. So, from (3.5) we see that (u;}) is bounded in W;"(Q).

(up,
By (3.3), (3.4) (uy,) is bounded in W"(€). Passing to a subsequence,
we may assume that u, — w in Wy (), u, — u in L"(Q). Testing (3.2)

with ¢ = u, —u € W5(2), and applying Holder’s inequality, we have
(=A)p un, up — u)

P
Enllun — u|

<)\/ uw ) (uy, —u dx+/ x,ul) (U, —u)dz +
Q( ) ) Qg( ) ) T+ ]

< Al lun = ullg + Cllun — ully + luf 1177 lun = ullr + €n),




MJOM Four Solutions for Fractional p-Laplacian Equations Page 15 of 32 220

and the latter tends to 0 as n — oco. By the (5);-property of (=A)7, we

finally have u, — u in Wy P(2). Thus, @) satisfies (C). O

Now we can prove the existence of two positive solutions for A > 0 small
enough:

Lemma 3.3. Let Hy hold. Then, there exists A\* > 0 s.t. for all A € (0,\*)
problem (1.1) has at least two positive solutions uy,vy € int(C2(Q) ).

Proof. Fix A > 0 (to be better determined later). We will seek the first
positive solution by applying the mountain pass theorem. First, we claim
that there exists p > 0 s.t.

leHlf ¥ (u) =my > 0. (3.6)
ull=p

Indeed, by H; (iv) and Lemma 2.7, there exists o > 0 s.t. for all u € W ()

full = | @)l de > olul
Now fix ¢ € (0,0)1). By Hy (i) (iv) we can find C. > 0 s.t. for a.e. x € Q
and all t >0

na(x) +¢

G(z,t) < tP 4+ C.t".

Set 0/ =00 —¢/A; > 0. For all u € W;""(Q) we have 0 < ut < |u| in ©, so by
the estimates above, (2.3), and the embeddings of W’ (§2) we have

P () +e€
ot (u >7||u|| — Zlut q—/ LS utP + C.(u™)"| da
f > 5 =ty = | [ @ ety

1 A p—a 3
= P P _ 2 q o r_ = p
> |l / m(@)ful de] = 017 Cellully ~ ~lul}
o’ )\|Q\ -

2 e = 22 e — = bl
p qAy

where for all ¢ > 0 we have set
g’ )\|Q\ %

h(t) =
p gA]

—Ct" P,

Clearly, we have h € C1(0,0), h(t) — —oc as t — 0, oo (recall that ¢ < p <
). So there is p > 0 s.t.

h(p) = max h(t).

t>0

We can detect p > 0 by setting h'(p) = 0, which gives

Amf?’(p—q)] .
CqAf (r —p)
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In turn, that implies
a=p et
Al (p— q)]
q )
qa(r —p)A

and the latter tends to o’/p > 0 as A — 0. So there exists A* > 0 s.t. for all
A€ (0,0%)

/\|Q|q”] : [Cz(or—_qp)}z’;_oﬂ

O./

h(p) = E—

qA

ont oY (u) = h(p)p? > 0,
ull=p

which proves (3.6). Let @y € int(C%(Q)4) be as in Sect. 2, then we have

lim @7 (7d;) = —oo. (3.7)

T—00

Indeed, by H; (i) (ii), for any M > 0 we can find Cp; > 0 s.t. for a.e. z € Q
and all t > 0

G(z,t) > MtP — Cyy.

So, for all 7 > 0 we have
e o ax A
¥ (rin) < il - Z2anlg - [ (M0(@)r - Car) do
p q Q
A EDY
< (5 = M) = = il — Ol

an the latter tends to —oo as 7 — oo, as soon as we choose M > A\ /p. By
(3.6), (3.7) <I>;\r exhibits a mountain pass geometry, while by Lemma 3.2 it sat-
isfies (C). By the mountain pass theorem (see for instance
[31, Theorem 5.40]) there exists uy € K(®}) s.t.

O (uy) = my.

By (3.6) we have uy # 0. Testing (1)’ (us) = 0 with —uy € WP(Q)
and recalling Lemma 2.1 (ii), we have

i [P < (=A)p ug, —ul)
- /Q f5 (@ uy)(—u) da =0,
souy € WP ()4 \ {0}. That in turn implies that uy solves (1.1). Since fy

satisfies Hg, by Proposition 2.4 we have uy € C%(Q). Further, by H; (ii) (iv)
we can find C > 0 s.t. forae. z € Qand allt >0

fa(z,t) = —CtPL,

By Proposition 2.5 we have u, € int(C%(Q)).
Now we seek a second positive solution. By H; (iv) we can find d,¢ > 0
s.t. for a.e. x € Q and all ¢ € [0, ]

G(z,t) = —ctP.
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Since 41 € int(C2(2),), for all 7 > 0 small enough we have 0 < 7i; < 4§
in €, so

. TP A9 .
Y (ri1) < — | llP — =@l + erP|lan b

e (& +C>7-P _ 57-‘17

p q
and the latter is negative for all 7 > 0 small enough. So, by (3.6) we have
inf @ (u) <0< my. (3.8)
lull<p

Since @ € C1(W;?(9)) is sequentially weakly Ls.c., there exists v} €
B,(0) s.t.

@ (v;) = inf @ (u).

By (3.6) and (3.8) we have [|v4 || < p, so vy € K(®7) is a local minimizer
of ®1 (not a global one, due to (3.7)). Besides, since

DY (v4) <0 <my < O (uyg),

we deduce vy # 0,u. Arguing as above, we conclude that vy € int(C?(2);)
solves (1.1) and complete the proof. O

The existence of a negative solution is achieved by combining trunca-
tions and direct methods. Notably, this holds for any A > 0:

Lemma 3.4. Let Hy hold. Then, for all X > 0 problem (1.1) has at least one
negative solution u_ € —int(C%(Q)4).

Proof. Fix A > 0 and recall the definition of ® € C'(W;"?(£2)). We prove
first that ® is coercive. Indeed, by Hy (i) (v), for any € > 0 we can find
C.>0st.forae.ze€Qandallt<0

0
Gla,t) < %wﬂ e
Besides, by Lemma 2.7 we can find o > 0 s.t. for all u € W;"*(Q)
full? = [ 6@l dz > ol
Q

So, recalling that 0 < v~ < |u| in 2 and using (2.3), we have

O Y T P I
¥ (@) > 50— 2y - [ [Ty e a

e\ lull?
(e 2
> (o- )M —cp)
and the latter tends to co as ||u]| — oo, as soon as we choose £ < gA;. Also,
®) is sequentially weakly l.s.c. in W (€2), so there exists u_ € W;*(Q) s.t.

O (u_) = uev‘i/rslffp(g) O (u) =m_. (3.9)
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By H; (iv) we can find ¢,0 > 0 s.t. for a.e. z € Q and all t € [, 0]
G(z,t) = —clt|.

Since 7 € int(C%(Q)4), for all 7 > 0 small enough we have —§ <
—7u1 < 01in €, so
P

- 3 cp AT Pllg, |IP
Oy (=rin) s il = = =llnllg + el

A AT
= (S +e)m =l
p q

and the latter is negative for all 7 > 0 small enough. So we deduce m_ < 0,
hence by (3.9) we have u_ # 0. Testing (@) (u_) = 0 with u™ € W5"(Q)
and recalling Lemma 2.1 (ii), we have

[u P < {(=A); u—, uT)
= / fy (z,u_)ut dz =0,
Q

sou_ € —W5P(Q)4 \ {0}. Arguing as in the proof of Lemma 3.3 and apply-
ing Propositions 2.4 and 2.5, we see that u_ € —int(C%(Q),) is a negative
solution of (1.1). O

Combining Lemmas 3.3 and 3.4, we achieve our result on constant sign
solutions:

Theorem 3.5. Let Hy hold. Then, there exists \* > 0 s.t. for alliz\ € (0,1%)
problem (1.1) has at least two positive solutions u, vy € int(C%(Q)4) and a
negative solution u_ € —int(C%(Q)4).

Remark 3.6. We briefly outline that multiple constant sign solutions could be
ensured under an alternative set of assumptions involving asymmetric reac-
tions (see for instance [19]). In particular, the pure power term |u|?~2u can be
replaced by any Carathéodory mapping h : @ x R — R with (p — 1)-sublinear
growth at +oo and satisfying a kind of reverse Ambrosetti-Rabinowitz con-
dition at 0. Moreover, the subcritical growth condition H; (i) on g(z,-) can
be weakened to a 'quasi-critical’ one, namely, one may assume

g(z,t)
t—oo (Pi—1

= 0 uniformly for a.e. x € Q.

In such a case, however, a quasi-monotonicity condition must be required for
the whole reaction fy to retrieve the (C)-condition.

4. Extremal Constant Sign Solutions and Nodal Solution

In this section we get more precise information on constant sign solutions
of (1.1), proving the existence of a smallest positive and a biggest negative
solution, then we exploit such information to detect a nodal solution. To do
so, we need to strengthen a bit our hypotheses on the perturbation g:
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¢
H; g: QxR — Risa Carathéodory function, we set G(x,t) = / g(x,7)dr
0

for all (z,t) € R, and
(i) there exist ¢1 > 0, r € (p,p) s.t. for a.e. z € Rand all t € R

lg(@, )] < ex (L4 [t1);

(ii) uniformly for a.e. x € Q

G(x,t
lim ﬂ = 00;
t—o00 tpP
N(r —
(iii) there exist ¢, 8 > 0, with max{q, M} < B < pi s.t. uni-
ps
formly for a.e. x € Q
G(x,t
lim inf 9z )t = pGla, ) = Co;
t—o00 B8
(iv) uniformly for a.e. x € Q
o 9 ) _ ;
t—0 |t[P—2¢

(v) there exists 8 € L>®(Q)4 s.t. 0 < Ay in Q, 0 # Ay, and uniformly
for a.e. x € Q2

lim su ;
t—>—oop |t|p = P

Gla,t) _ 8)

(vi) there exist 6; > 0 s.t. for a.e. z € Q and all || < 4y
g(z,t)t > 0.

Clearly Hy (i)—(v) imply Hj, so all results of Sects. 2 and 3 still hold. In
addition, we assume that g(z,-) is (p — 1)-superlinear at 0 (see (iv)) and
satisfies a local sign condition near zero (see (vi)).

Ezxample 4.1. The following autonomous mapping g € C'(R) satisfies Hy:

=2t ift < —1
g(t)z{"

[t|" =2t ift>—
with 1 <y <p<r <pl(set f=rin (iii)).

Taking A > 0 even smaller if necessary, problem (1.1) admits extremal
constant sign solutions. Unlike in [15] (where the reaction is (p — 1)-linear
at 0 without resonance with the principal eigenvalue), the result is obtained
by constructing a sub-supersolution pair by means of auxiliary problems and
using the comparison result of Theorem 2.8:

Lemma 4.2. Let Hy hold. Then, there exists A > 0 s.t. for all A € (0, \y)
problem (1.1) admits

(i) a smallest positive solution wy € int(C2(Q)1), |[wy|leo < 15

(ii) a biggest negative solution w_ € —int(C?(Q),), [[w_|leo < 1.
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Proof. We prove (i). First we consider the following torsion problem:
{(—A)gvzl in 0 (1)
v=0 in Q°.

By direct variational methods (minimizatiori) and Proposition 2.5, we
see that (4.1) has a unique solution v € int(C?(2),). Fix ¢ € (0, ||v]|157),
then by Hy (i) (iv) we can find C; > 0 s.t. for a.e. x € Q and all ¢t > 0

glx,t) <etP™t + O™ L

We claim that there exists A, > 0 with the following property: for all A €
(0, A\s) there is 7 € (0,01/]|v]|s0) s.t.

Mrolligt +ellrollBst + Cellrollsgt < w771 (4.2)

Arguing by contradiction, let ()\,) be a sequence s.t. A, — 0% and for all
neN, 7€ (0,61/||v]co)

7 Aol + el|Tul|B + Ceflrollic
Then, letting n — co and dividing by 7P~ > 0 we have
1< eloll5st + Cer Pl
Now, letting 7 — 07 and recalling that » > p we get
1< el
a contradiction. So (4.2) is achieved. Now fix A € (0,A,), 7 € (0,61/||v]lo0)
satisfying (4.2), and set
U= T1v € int(C2(Q) ).
Then, by (4.1) and the estimate on f we have weakly in
(-A)yu = TPt
> Mall it +ellalist + Cellallss?
> Al + g(x, ),
i.e., @€ int(C2(Q)4) is a (strict) supersolution of (1.1) satisfying 0 < 7 < d;
" Q.For all k € N set u;, = t1/k Gint(Cg(§)+) (with @, defined as in Sect.
2). Clearly, u;, — 0 uniformly in 2, so for all ¥ € N big enough we have
w;, < W (in particular, 0 < w;, < d1) in Q, and \ul 7 < A in Q. By Hy (vi)
and the inequalities above, we have weakly in

< /\gz_l + g(z,uy).

So, for all k € N big enough u,, € int(C?(2),) is a (strict) subsolution
of (1.1) s.t. wy, <@ in €, namely (uy,u) is a sub-supersolution pair of (1.1).
By Proposition 2.2, the set

S(uy,w) = {w € WP (Q) : wis a solution of (1.1), u, < w < in Q}
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has a smallest element wy, € W;"?(€2). By Propositions 2.4 and 2.5 we have
wy, € int(C2(2)1). The sequence (wy) is relatively compact in WyP(€2).
Indeed, for all k € N we have wy, € §(0,u), and the latter is a compact set
in W3P(Q2) (Proposition 2.2 again). Thus, passing to a subsequence we have
wy, — wi in WP (Q), w, — wy in LP(Q), and wi(z) — wy(z) for a.e. z €
(in particular, 0 < w4 < 41 in 2). We claim that

wy # 0. (4.3)
We argue by contradiction, assuming that w; — 0 in W3 (). Again
we consider an auxiliary problem:

{(—A)S b=A0)""! inQ

p

=0 in Q°, (44)

with A € (0,\,) as above. Since ¢ < p, by direct variational methods and

Proposition 2.5 we see that (4.4) has a solution 9 € int(CY(Q)). By
[15, Remark 3.6], passing to a subsequence we also have wy — 0 in C2(€Q),
in particular wy — 0 uniformly in Q. So, let k¥ € N be large enough s.t.
0 < wg < 67 in Q. By Hy (vi) we have weakly in

(—A), wy, = )\wgfl + g(x,wg) > )\wgfl,

i.e., wg € int(C%(Q)y4) is a supersolution of (4.4). Clearly, the mapping
t— —

tp—a
is decreasing in (0,00), so by Theorem 2.8 we have ¢ < wy in . Letting
k — oo we get ¥ < 0 in Q, a contradiction. Thus, (4.3) is proved.

By strong convergence and (4.3), we see that w,. € Wi (Q)\{0} solves
(1.1), hence as above we deduce wy € int(C%(Q),). Besides, from w; < u
we deduce that in 2

O<’LU+<51.

We prove now that w_ is the smallest positive solution of (1.1). Let u €
WP () + \ {0} be another positive solution of (1.1), then u € int(C2(€2),).
So we can find k € N s.t. in {2 we have

g, = % < u.
Set
@ = min{u,u}.

By [15, Lemma 3.1], & € W;*(f2) is a supersolution of (1.1), so (uy,u) is a
sub-supersolution pair. By Proposition 2.2 there exists a solution

v € S(uy, @) C S(uy, ).
In particular, in €2 we have
wg <v<u<u.

Letting k£ — oo, we have w < u in Q.
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The existence (ii) of a biggest negative solution w_ € —int(C?(Q2), ) s.t.
|lw—]lec < 01 is proved in a similar way. O

Remark 4.3. For alternative hypotheses to Hy see [15] where (as already
mentioned) extremal constant sign solutions are detected for (p — 1)-linear
reactions at 0. Also, in [30] (dealing with the local case s = 1) a different
set of assumptions is proposed to find a biggest negative solution, namely, a
(p — 1)-linear behavior of g(z,-) near 0 with a global sign condition.

In what follows, we seek a fourth nontrivial solution of (1.1) under
hypotheses Hy, for A > 0 small enough. Set

A = min{\*, A\, } > 0, (4.5)

with A* > 0 as in Theorem 3.5 and A, > 0 as in Lemma 4.2. Without loss
of generality we may assume that for all A € (0, \) that ux € +int(C%(Q),)
are the extremal constant sign solutions given by Lemma 4.2, in particular
vy = uy in Q. Set for all (z,t) € @ xR

u_(z) ift<u_(x)

Kz, t) =qt ifu_(z) <t<ug(z)

uy(z) it > ug(x).

Accordingly, for all A > 0 set

fx(ﬂc t) = Alr(, )|k, 1) + g(@, 5(z, 1),

NER) /foT

Further, set for all u € W3"P(

i _||u||p_ o
by(u) = 1 /Qm,)d.

Lemma 4.4. Let Hy hold. Then,

(i) @y € CHWSP(Q)) is coercive and satisfies the Palais-Smale (PS)-
condition; -
(ii) if u e K(®,), then u_ < u < uy in Q and u € C2(Q) solves (1.1).

Proof. We prove (i). By Hy (i) we see that fr 1 QxR — R satisfies Hy, so
o, € CHWP(Q)) with derivative given for all u, ¢ € WP (Q) by
@) = () u.e) = [ Aleweds, (1.6

It is easily seen that @) is coercive in WP(Q). Indeed, since uy € C9(Q),
the mapping x is bounded in X R, hence by Hy (i) fy is bounded as well.
So, there exists C' > 0 s.t. for a.e. x € Q and all t € R

F(x,t) < CJt].
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So, for all u € W;*(2) we have

- P
Dy (u) > ul® / Clu| dx
p Q
[ef”
> = Cllull;
p

and the latter tends to co as ||ul| — oc.

Next we prove that @ satisfies (PS). Let (u,) be a sequence in WP (Q)
s.t. [®x(un)| < C forall n € N, and &, (u,,) — 0 in W' (Q). By coercivity,
(up) is bounded in WP (£2). Passing to a subsequence, we have u,, — u in
W5 (Q), up — w in L' (2). By (4.6) we have for all n € N and ¢ € W;*(Q)

(D)5, ) = /2 (@, un)pdz + o(1). 47)

Testing (4.7) with ¢ = u,, —u € W3*(Q2) we have

(=A)3 i, un —u) = /Qf,\(z,un)(un —u)dz + o(1)
< Cllup = ully +o(1),

and the latter tends to 0 as n — oo. By the () -property of (—A)3, we
deduce that u, — u in WP (Q), so ®, satisfies (PS).

Now we prove (ii). Let u € K(®,). First we see that u < uy in Q.
Testing (4.7) with (u — uy )t € WSP(Q), and recalling the definition of fy,

we have

(=AY, (- up)F) = /Q @) —uy)* de

S
p?

- / M) + g, up)] (u - uy )+ da

= ((=A)p up, (u—uy)™).
Arguing as in the proof of [15, Lemma 3.2], we see that

[(u—up) " [P < C{(=A)pu— (=A)j uy, (u—us)™) =0,

hence (u —uy )" = 0. Similarly, we prove that u > u_ in Q. Again by the
definition of fy, we see that weakly in 2

(=A),u= fa(z,u),
i.e., u is a solution of (1.1). By Proposition 2.4, we have u € C%(Q). O

By Hj (iv), it is easily seen that 0 € K ((i> »). Without loss of generality,
we may assume that 0 is an isolated critical point, i.e., that there exists a
neighborhood U of 0 s.t.

K(®\)NU = {0}.

Thus, we may compute the critical groups of ®, at 0
(see [31, Definition 6.43]):
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Lemma 4.5. Let Hy hold. Then, for all A >0, k € N
Cr(®4,0) = 0.

Proof. Preliminarily we establish some precise estimates on Fy. First, by Hy
(i) (iv), for all € > 0 we can find C; > 0 s.t. for a.e. z € Qand all t € R

G(z,t) = —¢|t|P — C|t|".
So, for all u_(z) <t < uy(z) we have
Gz, 1) > —et]” — Cc max{|Jut [loo, [[u-[lo}"7P[t]" = =CIt[".

Then, for any A > 0 we get

Balat) > 217 - CleP. (48)
Now, fix p € (¢,p). By Ha (i) we have
pEs @) = Falayt)e > [ S1el + O]+ 6] = T +C(1+ )]l

> —Cu(1+[t]"),

with €, > 0 depending on p. The latter inequality implies

I3 _
htminf“ k(x’t)tr @Ot (4.9)
— 00

uniformly for a.e. z € Q. Besides, by Hy (iv) (vi) we can find ¢ € (0,d1] s.t.
for a.e. z € Q and all |[t] < J we have both

lg(z, )| < |tP~Y, G(x,t) > 0.

We claim that, by taking § > 0 even smaller if necessary, for a.e. x € 2 and
all 0 < |t| < & we have

wF(z,t) — fa(z, )t > 0. (4.10)
Indeed, pick z € Q, t € (0, ] and distinguish two cases:
(a) if t > uq(x), then
- u4 (@) t
Fi(x,t) :/0 AT+ g(z, 7)] dr + /qu(w) [Ny (2)17 + fa,uyg(z))] dr

= 20 @)+ Gl (@) + s (@) 4 g ()] (¢ - s 2):
(b) if 0 <t < uy(zx), then simply

F\(z,t) = Ay G(x,1t).
q
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In any case, we have
- - A
pEA (1) = fala, )t = | D )7 + Gl (e, 1)

+ [As(a, )7 + g(, k2, 1)) [(8 = ug (2)" 1]
> Mq—)\ﬁ(m‘,t)q - [)\f@(x,t)q_l + g(xm(x,t))]fi(at)

- (% - 1))\n(x,t)q — g(z, k(2 1))k (2, t)

> Cr6(z, )T — Cak(z,t),
with C7,Cy > 0 (recall that pu > ¢). Here we have used the equality
(t —us(2)" —t = —r(z,1),

holding for all ¢ > 0, along with G(z,t) > 0 and the relations in (a), (b).
Since p > ¢ and k(zx,t) < t, for all ¢ > 0 small enough we deduce

pF(z,t) — fala, t)t > 0.
Similarly, we deal with ¢ € [—6,0), thus proving (4.10). Combining (4.9) and
(4.10), we find C' > 0 s.t. for a.e. x € Q and all t € R
pEs(z,t) — falx, t)t > —C|t[". (4.11)
Armed with the estimates above, we can describe the behavior of ®, near 0.
First, fix p > 0 s.t.
K(®3) N B,(0) = {0}.

For any v € WJ'P(Q) \ {0} s.t. ®5(v) = 0, the mapping 7 — ®,(7v) is C* in
(0,00) and, by the chain rule, we have

L aa(r)| = (@), 0) — s 0)

= (1= BYlolP + [ [0t - o ope] ao
> (1= 2ol — cir,

where we have used (4.11). Since p < p < r, the latter is positive whenever
|[v]| > 0 is small enough. So, taking p > 0 even smaller if necessary, for all
v € B,(0)\ {0} s.t. @x(v) = 0 we have

d -
- @A(m)‘ > 0. (4.12)

Now consider u € B,(0)NC?(€2)\{0}. Since uy € +int(CY(Q)4), for all T > 0
small enough we have ux — 7u € +int(C?(Q),), in particular u_ < Tu < uy
in €. So, by (4.8) we have

- p A
B (ru) < = lufl? — / [Slrul? = Clrup| do
p Qtq

ul[P A
= [, cpug] e — 2 pupgre
p q
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and the latter is negative for all 7 > 0 small enough (depending on u). The
same holds for all u € B,(0) \ {0} by density (see [14, Theorem 6]), so we
may set
7 (u) =inf {7 >0: Dy (Tu) > 0} >0. (4.13)
Define the closed set
D ={ueB,0): Py (u) < 0},

which is nonempty due to (4.13). We claim that D is contractible
(see [31, Definition 6.22]). First we prove that, for all w € D\ {0} and all

€ [0,1], we have Tu € D. Arguing by contradiction, let uw € D, 79 € (0,1)
s.t.

(i))\(’rou) > 0.

Since ®y(u) < 0, by the mean value theorem we can find 71 € (79, 1] s.t.
®y(mu) = 0. Set

7, =min {7 € (10,1] : Py (Tu) = 0}.

Then 7 > 79 and <i>>\(7u) > 0 for all 7 € [r9,72), which by monotonicity
implies

d =~
— & <0.
dr A(TU) T=To 0
Besides, by (4.12) with v = mu € B,(0) \ {0} and the chain rule we have
d - 1d -
By --29% 0
dr A(Tw) r=rs T2 dT A(T) =

a contradiction. So D is star-shaped, hence contractible by [31, Remark 6.23].
Now set

Do = {u € B,(0)\ {0} : ®x(u) <0}, Eg={ue B,(0)\{0}: ®x(u) >0},

so that Dy UEy = B,(0 )\{O} We prove now that DO is contractible. Indeed,
for all u € Ey, by (4. 13) there exists 7(u) € (0,1) s.

Py (7(u)u) = 0.
By (4.12) and the implicit function theorem, 7(u) € (0, 1) is unique and the
map 7 : Ey — (0, 1) is continuous. So, set for all u € B,(0) \ {0}

. u ifue Do
J(u) = .

T(u)u if u € Ey.
The map j : (B,(0)\ {0}) — Dy is continuous. Indeed, avoiding trivial cases,
let (uy) be a sequence in Ey s.t. u,, — u in WP (Q2), for some u € Dy. Then
we have @, (u) = 0, hence by uniqueness 7(u,) — 1, which in turn implies

liinj(un) =u=ju).

Recalling that j (u) = u for all u € Dy, we conclude that j is a retraction of
B,(0)\{0} onto Dy. Since W;"* () is infinite-dimensional, then B,(0)\{0} is
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contractible, hence Dy is contractible as well. Finally, by the excision property
of critical groups and [31, Propositions 6.24, 6.25], we have for all k € N

Cr(®y,0) = Hy(D, Do) = Hy(D,*) =0,
which proves the assertion. O

We can finally prove our multiplicity result:

Theorem 4.6. Let Hy hold. Then, there exists X > 0 s.t. for all A € (0,))
problem (1.1) has at least four nontrivial solutions: uy,vy € int(CY(Q),),
u_ € —int(C%(Q)4), and @ € C2(Q) nodal.

Proof. Once again we remark that hypotheses Hy imply Hy, so let A*, A\, >0
be defined by Theorem 3.5 and Lemma 4.2, respectively, and A > 0 by (4.5).
As above, we assume that uy € +int(C%(Q),) are the extremal constant
sign solutions of (1.1) and vy > wy in Q, and accordingly define NS
CY(WJP(Q)). Finally, without loss of generality we assume that K (®,) is a
finite set.

First we prove that uy is a local minimizer of ®y. Indeed, set for all
(x,t) e QxR

t
(@ t) = ala,tt), Fi (1) = / i (e.r) dr

and for all u € WP (Q)
o =1 [ e

Arguing as in Lemma 4.4 we see that 7 € C(W;P(Q)) is coercive,
satisfies (PS), and whenever u € K(®}) we have that u € C%(Q) solves (1.1)
and 0 < u < uy in Q. So, there exists a4 € WP (Q) s.t.

oY (iy) = inf  ®F(u) =1ny.
f = it 8 =

Using Hy (iv) as in Lemma 3.3 (precisely, see (3.8)) we see that m. <0,
hence @4 # 0. Once again, Propositions 2.4, 2.5 imply that @ € int(C?(Q2), ).
So, i turns out to be a positive solution of (1.1) s.t. 44 < uy in Q, which
by extremality implies @4 = u.. Then, for all u € Wi (Q)Nint(CY(Q) 1) we
have

O (u) = O (u) > OF (uy) = Pa(uy),

in particular u, is a C?(€)-local minimizer of ®y. By Proposition 2.6, u. is
also a WP (Q)-local minimizer of @, as claimed.
Similarly, we see that u_ € —int(C%(Q),) is a local minimizer of ®,.
Recalling that K(®,) is finite, by a topological version of the moun-
tain pass theorem (see [31, Theorem 6.99, Proposition 6.100]) we deduce the
existence of @ € K(®)) s.t. @ # ux and

C1 (P, @) # 0. (4.14)



220 Page 28 of 32 A. Tannizzotto and R. Livrea MJOM

Comparing (4.14) with Lemma 4.5, we see that @ # 0. Besides, by Lemma
4.4 1€ CY(2)\ {0} solves (1.1) and u— < @ < uy in 2. Then, @ must change
sign in €). Indeed, assuming by contradiction that @ > 0, then by Proposition
2.5 we would have @ € int(C%(Q)4) with @ < uy and @ # uy, a contradiction
to Lemma 4.2. Similarly, if o < 0 in 2, we reach a contradiction.

Thus, we have proved the existence of four solutions of (1.1) (beside 0):
ug, vy € int(C%(Q)4), u_ € —int(C2(Q),), and @ € C?(Q) nodal. O

Remark 4.7. Again we recall some alternative assumptions to Hs, under
which existence of a nodal solution can be achieved. For instance, arguing as
in [30] one could require a linear behavior of g(z,t) as t — 07, together with
a global sign condition. As in [19], one could assume a quasi-critical growth
with a quasi-monotonicity condition on fy(z,-) (see Remark 3.6). Finally, as
in [15], one can assume a different condition of the type

f)\(l‘7t) >\

= N2

R e

uniformly for a.e. x € Q, where Ao > \; denotes the second variational
eigenvalue of (—A)S in WP (Q) (this argument is based on a variational
characterization of Ay proved in [2]).
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