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Abstract: We consider a nonlinear parametric Robin problem. In the reaction, there are two terms, one critical
and the other locally defined. Using cut-off techniques, together with variational tools and critical groups, we
show that, for all small values of the parameter, the problem has at least three nontrivial smooth solutions
all with sign information, which converge to zero in C'(Q) as the parameter A — 0*.
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1 Introduction

Let Q ¢ RN be a bounded domain with C2-boundary 0Q. In this paper, we study the nonlinear parametric
Robin problem

~div(a(Du(2))) + &2)|u(2)P~*u(z) = Mf(z, u(2)) + k(2)lu@)P 2u(z) inQ,
ou 2, _ 0 50 (1.1)
on. +B@ P u = on 0Q,

where A > 0 is the parameter, 1 < p < +00 and

b= NN—Q ifp <N,
+oo ifN<p

is the critical Sobolev exponent related to p.

The map a: RY — RY involved in the definition of the differential operator is continuous and strictly
monotone (hence maximal monotone too) and satisfies certain other regularity and growth properties which
are listed in hypotheses H(a) below. These conditions on a( - ) are general enough to incorporate in our frame-
work many nonlinear differential operators of interest and also permit the use of the nonlinear regularity
theory of Lieberman [7]. The operator u — div a((Du)) is not in general homogeneous and thus complicates
the analysis of (1.1). The potential function &(z) € L*°(Q).

In the reaction (right-hand side of (1.1)), we have two interesting features. One is the presence of the
critical term k(z)|u(z)[P*~2u(z). The second distinguishing feature of the reaction is that the parametric pertur-
bation Af(z, u(z)) is only locally defined in x € R. More precisely, the function f(z, x) is Carathéodory (that is,
forall x € R, the function z — f(z, x) is measurable, and fora.a. z € Q, the function x — f(z, x) is continuous),
and the conditions on f{(z, - ) concern only its behavior near zero.
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In the boundary condition, (;’T”a denotes the conormal derivative corresponding to the map a(-). This
normal derivative is understood through the nonlinear Green identity [2, p.210], and if u € C1(Q), then
5’—;‘“ = (a(Du), n)gr~, with n(-) being the outward unit normal on 0Q. The boundary coefficient f(z) > O for
all z € 0Q, and when 8 = 0, we have the usual Neumann problem.

Using cut-off techniques, together with variational methods based on the critical point theory and critical
groups, we show that, forall A > 0 small, problem (1.1) has at least three nontrivial smooth solutions, all with
sign information: a positive solution, a negative solution and a nodal (i.e. sign-changing) solution. Moreover,
we show that these solutions converge to zero in C*(Q) as A — 0*.

In the past, problems with a reaction which is only locally defined in R were studied under the assump-
tion that the function exhibits symmetry (i.e., it is odd in the x-variable). Such a hypothesis permits the use
of a variant of the symmetric mountain pass theorem. This line of research was initiated with the work of
Wang [21], who considered a semilinear Dirichlet problem driven by the Laplacian and a reaction of the
form A|x|972x + f(z, x), A > O (a parameter), 1 < g < +oo, and f € C°(Q, [-6, 0]) is odd and (g — 1)-sublinear
near zero. Later, this work was extended by Li and Wang [8], who considered Schrédinger equations and
produced nodal solutions. More recently, Papageorgiou and Radulescu [13] and Papageorgiou, Radulescu
and Repovs [19] studied nonlinear Robin problems under a symmetry condition in the reaction. None of the
aforementioned works had a critical term in the reaction.

For other types of operators with lower-order terms, see also [5, 6, 9, 10, 15-17]

2 Mathematical background. Hypotheses

The main spaces in the analysis of problem (1.1) are the Sobolev space W?(Q), the Banach space C*(Q) and
the boundary Lebesgue spaces L7(0Q) (1 < g < +00).
By || - lw.r(q), we denote the norm of W'-P(Q) defined by

lullwer) = (1l gy + 1DUIL, )P forallu e WP(Q).
The Banach space C'(Q) is ordered by the closed convex cone
C,={ueCQ):u(z)>0forallz e Q}.
This cone has a nonempty interior given by
D, ={ueC,:u(z)>0forallz e Q}.

On 0Q, we consider the (N - 1)-dimensional Hausdorff (surface) measure o(-). Using this measure, we can
define in the usual way the boundary Lebesgue spaces L7(0Q), 1 < g < +oco. We know that there exists a con-
tinuous linear map yo: WHP(Q) — LP(0Q), known as the “trace map”, such that

Yo(w) = ujpq forallu e WHP(Q) n C(Q).

So, the trace map extends the notion of boundary values to all Sobolev functions. We know that

imyo = WP (50Q) (% +I% - 1) and keryo = WiP(Q).

Moreover, yo(-) is compact into L9(9Q) for all g € [1, %[ if p < N, and into L1(9Q) for all q € [1, +0co]
ifp > N.

In what follows, for notational simplicity, we drop the use of trace map y,(-). All restrictions of Sobolev
functions on 0Q are understood in the sense of traces.

The hypotheses on the map a(- ) are taken from [12]. So, let € C1(]0, +oo[) with I(t) > Oforall t > 0, and
assume that

N ll(t)t p-1 s-1 , 4p-1
0<cC< 10 <co and ctP7 <Il(t) <[t + P

forall t > 0, some constants ¢y, ¢ >0and 1 <s < p.
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Using I(-) we can introduce the conditions on the map a(-).
H(a): a(y) = ao(ly|)y for ally € RN with ag(y) > 0 forall t > 0 and
(i) ao € C*(J0, +oo[), t — ao(t)tis strictly increasing on ]0, +o0o[, ao(t)t — 0 as t — 0* and

ay(tt
m
t—0* ao(t)

(ii) there exists a constant c3 > O such that

[Va(y)| < QM forally € RM\ {0};

Iyl

(iii) we have
I(lyl)
Iyl

(iv) if Go(¢t) = f; ap(s)s ds, then there exist 1 < T < g < p and constants ¢4, ¢5 > 0 such that

(Va(y)¢, Hpn = |&? forally e RV \ {0} and all & € RY;

cat? < ap()t? —1Go(t) forallt >0,

t—o+ t4
t — Go(t'/9) is convex on ]0, +0o[.

Remark 2.1. Hypotheses H(a) (i), (ii), (iii) come from the nonlinear regularity theory of Lieberman [7] and
the nonlinear maximum principle of Pucci and Serrin [20]. Hypothesis H(a) (iv) is motivated by the particular
needs of our problem (1.1). However, this condition is not restrictive as the examples below illustrate.

The following properties of the map a( - ) follow easily from hypotheses H(a) [12].

Lemma 1. If hypotheses H(a) (i), (ii), (iii) hold, then

(@) themapy — a(y) is continuous and strictly monotone,

(b) law)| < cellylst + lylP~1] forally € RN, some constant cg > 0,

(© (a), ey = 3% lylP forally € RV,

It is clear (see hypothesis H(a) (i)) that the primitive t — G(t) is strictly convex and strictly increasing. We
set G(y) = Go(ly]) for all y € RN, Then we have

VG(y) = G’(|y|)ﬁ = ao(yly = a(y) forally e RV \ {0}.

So, G(-) is the primitive of a(-). Therefore, G(-) is strictly convex (see Lemma 1 (a)), and since G(0) = 0, we
have
G(y) < (a(y),y)ry forally e RN, (2.1)

Then Lemma 1 and (2.1) above lead to the following growth estimates for the primitive G(-).
Corollary 1. If hypotheses H(a) (1), (ii), (iii) hold, then
C1
p(p-1)

We present some characteristic maps a( - ) which satisfy hypotheses H(a) [12]. These examples illustrate that
our framework is broad.

lyIP < G(y) < c7[1+|ylP] forally € RN and some constant c; > 0.

Examples. (a) a(y) = |y[P~2y, 1 < p < +oo. This map corresponds to the p-Laplace operator A, defined by
A, = div(|DulP~?Du) forallu e WP(Q).
(b) a(y) = |ylP~2y + |y|?72y, 1 < q < p. This map corresponds to the (p, q)-Laplace operator defined by
Apu+ADgqu  forallu e WhP(Q).

Such operators arise in many physical applications [12].
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() aly)=[1+ |y|2]pr%zy, 1 < p < +00. This map corresponds to the extended capillary differential operator
defined by
-2
div([1 + [Dul?]7 Du) forallu e WP(Q).

(d) ay) =lyP2y[1+ W], 1 < p < +00. This map corresponds to the differential operator

|DulP~2

1,p
11 IDuIPDu> forallu e W+P(Q),

u— Apu+ div(

which arises in problems of plasticity theory [1].

Next we introduce our hypotheses on the potential function (- ) and on the coefficients k(- ) and S(-).
Ho: ¢, k € L®°(Q), and there exist two constants c., m, > 0 such that c.é(z) — k(z) > m, > Ofora.a.z € Q.
H(B): B € C>*(0Q) for some 0 < a < 1, and B(z) = 0 for all z € 0Q.

Remark 1. We can have f = 0, and this corresponds to the Neumann problem.

We will also need some facts about the nonlinear eigenvalue problem

~Mu(z) + E@)ul?u(z) = Aluz)"2u(z) inQ,
0 (2.2)

u g 2)|u r—Zu O on )Q
anr ( )| | ’

where 1 < r < +00 and 5—,2‘, = |Du|"2(Du, n)gv for all u € C1(Q). Also, & € L°(Q) and f € C%*(0Q) with
a €]0,1[and B(z) > O forall z € 0Q.

We know (see [11]) that (2.2) has the smallest eigenvalue A4 (r, &, B), which is isolated and simple. More-
over, the eigenfunctions of A, (r, £, B) have fixed sign. By ii1(r, £, ), we denote the positive, L"-normalized
(i.e., a1 (r, &, B)llr() = 1) eigenfunction corresponding to A; (, £, B). The nonlinear regularity theory [7] and
the nonlinear Hopf theorem [20, p. 120] imply i1 (r, £, B) € D,.

Let A: WHP(Q) — WLP(Q)* be the nonlinear operator defined by

(A(u), hy = J(a(Du),Dh)]RN dz forallu,h e WhP(Q).
Q

From [3, Problem 2.192], we have the following result.

Proposition 1. If hypotheses H(a) (i), (ii), (iii) hold, then A(-) is bounded, continuous, monotone and of type
(S),, that s, the following implication holds: “if u, X uin WLP(Q) and lim sup,,_, , o, (A(Un), un — u) < 0, then
this implies u, — uin WHP(Q)”.

Next let us introduce the notion of critical group. So, let X be a Banach space and ¢ € C LX;R), c € R, and
let us define the sets

Kyp={ueX:¢'(u)=0} (critical setof p),

p-={ueX:p)<ch

If (Y, Y>) is a topological pair such that Y, ¢ Y; € X, by Hx(Y1, Y>) (k € Np), we denote the k-th relative sin-
gular homology group with integer coefficients. Recall that Hy(Y1, Y2) = 0 for k € N™. Let u € K, beisolated,
and set ¢ = @(u). Then the critical groups of ¢ at u are defined by

Cr(p,u) = Hi(p°nU, o n U\ {u}) forall k € N,

where U is a neighborhood of u such that K, n ¢ n U = {u}. The excision property of a singular homol-
ogy group implies that the above definition of critical groups is independent of the choice of the isolating
neighborhood U.

We also present the notation which we will use in this paper. For x € R, we set x* = max{+x, 0}. Then,
for u € WHP(Q), we define u*(z) = u(z)* for all z € Q. We know that

ut e WHP(Q), u=ut-u, |u=u"+u.
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Also, ifu, v e WHP(Q) and u(z) < v(z) for a.a. z € Q, then we define
[u,v] = {h e WHP(Q) : u(2) < h(z) < v(z) fora.a. z € Q}.

By |- |y, we denote the Lebesgue measure on RV,
Finally, let us state our hypotheses on the reaction f(z, x).
H(f): Letf: Q x R — R be a Carathéodory function such that f(z, 0) = 0 for a.a. z € Q and
(i) foreveryp > 0, there exists a positive function a, € L*(Q) such that

If(z, X)| < ap(z) fora.a.ze Qandall x| <p,

(ii) if 1 < 79 < q < p (see hypothesis H(a) (iv)), we have

li fiz, ) = +o0o uniformly for a.a. z € Q,
x—0 |x]|9-2x
li fz.0 0 uniformly fora.a.z € Q,

X—0 |x|To—2x
(iii) if F(z, x) = jg f(z, x) ds and 1y < T < g (see hypothesis H(f) (ii) above), then

0 < liminf TF(z, x) - flz, X)x

uniformly for a.a. z € Q.
x—0 [x|P

Remark 2. We stress that no global growth conditions are imposed on f(z, - ), only conditions concerning its
behavior near zero. Moreover, we do not impose any sign on condition f(z, - ). The conditions on f(z, - ) are
minimal.

Given any 7o > 0, we can find 50 € ]0, 1[ such that
Ifiz, )] < x|t forallz e Q, all |x| < 4,
flz, X)x 2 fjp|x|? fora.a.z € Q, all |x| < b0, (2.3)
IXIP > c,|x|P" forall|x| <8y (seehypothesis Hy, and recall that p < p*). (2.4)
Now let 6 € ]0, 30], and consider a cut-off function n € C.(R) satisfying
suppn < [-6,0], nli-e/2,6/27=1 and O<np<1lon]-0,0[. (2.5)
Using this cut-off function, we introduce the following modification of the reaction of problem (1.1):
fa(z, x) = Az, X) + k@)IxXIP 72 x] + (1 = n(0)(&(2) - &)|x|P~x (2.6)

with € > 0.
Evidently, f 2 is a Carathéodory function, and we have

Ifa(z, x)| < cg[l + [x|P~'] fora.a.z e Qandall x € R, with cg > O constant. 2.7)

We will use this modification to introduce a new nonlinear parametric Robin problem for which we will gen-
erate three nontrivial solutions with sign information and show that, for A > 0 small, these are also solutions
of (1.1). To this end, we consider the parametric Robin problem

—div(a(Du(2))) + &2)|u(z)P~?u(z) = fa(z, u(z)) inQ,

ou (2.8)
+B@)uP?u=0 on 0Q.
ong

In what follows, we work on (2.8) and at the end pass to our problem (1.1).
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3 Constant sign solutions for problem (2.8)

In this section, we study the existence and properties of constant sign solutions for problem (2.8), A > 0.

Proposition 2. If hypotheses H(a), Ho, H(B) and H(f) hold, then, for every A > 0, problem (2.8) has two nontriv-
ial constant sign solutions uy € [0,0] N D, and v, € [-0,0] N (-D.).

Proof. From (2.5) and (2.6), we see that
falz, £0)(0) = [é(z) — €]0P < &(2)0P fora.a.z € Q. (3.1)
Then we consider the following truncation of f Az, )

falz,xt) ifx<6,

. 3.2
falz,0) if6<x. (3:2)

d:{(z, X) = {

Clearly, &j{( -, -) is a Carathéodory function. We set ﬁj{(z, X) = f; &;(z, s) ds and consider the C!-functional
@y : WHP(Q) —> R defined by

@ (u) = 1yp(u) - J-f);{(z, u)dz forallu e WhP(Q),
p Q
with y,: WHP(Q) — R defined by
Yp(u) = JpG(Du) dz + I &2)|ulP dz + J B)|ulP do forallu e WHP(Q).
Q Q 20

Corollary 1, (2.4), (3.2) and hypotheses Ho and H(B) imply that ¢; (-) is coercive.

Also, using the Sobolev embedding theorem and the compactness of the trace map, we infer that ([)j{( -)
is sequentially weakly lower semicontinuous.

So, by the Weierstrass—Tonelli theorem, we can find u; € WP (Q) such that

@r(up) = inf[@](u) : u e WHP(Q)]. (3.3)
Letu € ]0, g]. We have
7500 < B 18110100 + 2 1Bl 0(00) - ATout - (sce (2.5), (26),(2:3) and hypothesis Ho
= cop - c10Afopu? for some constants cg, c19 > O.
Since 1o > 0 is arbitrary, we choose it big so that

Gi() <0 = @j(ur) <0=¢;(0) (see(3.3))
= up +0.

From (3.3), we have

(@D () =0 = (A(iL), h) + jf(z)mw’*zam dz + j B@)urP2urh do = ij(z, uohdz  (3.4)
Q 0Q Q

forallh e WHP(Q).
In (3.4), we choose h = —u; € W"P(Q). Then

%IIDu;IIIL’p(Q) + j &(z)(uy)P dz <0 (see(3.2), Lemma 2.1 (c) and hypothesis H(f))
P Q
= culluylwir) <0 for some constant c1; >0 (see hypothesis Ho)

= up =0, uy#0.
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Also in (3.4), we choose h = (uy — 0)* € WP(Q). Then we have

(A, (- 0)') + j £ - 0) dz + j By - 6)* do
Q 0Q

= Jf,\(z, O)hdz (see(3.2))

Q
< Jf(z)@p‘lh dz (see(3.1))
Q
< (A®), (i - 0)") + j £2)6° (up - 6)* dz + j B8 (uy - 6)" do

Q 30
(since A(0) = 0 and B > O; see hypothesis H(B))
= u) <0 (seeProposition 1).
We have proved (see (3.1))
upy€[0,0], up#0, uy#6. (3.5)
From (3.2), (3.4) and (3.5), we infer that

—div(a(Dua(2))) + &2)ur(2)P! = fa(z, ua(2)) inQ,

(3.6)
our + B(z)uff1 =0 on 9Q.
ong

From (2.7) and [14, Proposition 2.10], we have u, € L*®(Q). Then the nonlinear regularity theory of Lieber-
man [7, p. 320] implies u, € C, \ {0}. Let p = [luallz=(q). On account of (2.3) and (2.4), we can find ép > 0 big
enough so that

falz,x) + é’pxp‘l >0 fora.a.zeQ,allx ¢ [0,p]. (3.7)

From (3.6) and (3.7), we have

diva(Dua(2)) < [lI€lleq) + .§'p]u,1(z)1"‘1 fora.a.z € Q
= up €D, (see[20,pp.111,120]).

To produce a negative solution, we consider the Carathéodory function
. hi(z,-0) ifx < -6,
di(z0) = A,\(z ) ifx
flz,—x7) ifx>-6.
We set f);(z, X) = fg d;(z, s) ds and consider the C!-functional o) WP (Q) — R defined by
Py (u) = I—l)yp(u) - Jﬁi(z, u)dz forallu e WhP(Q).

Q

Reasoning as above, via the direct method of the calculus of variations, we produce a solution v, of problem
(2.8) such that v; € [-0, 0] n (=D,). O

Next we show that these solutions converge to zero in C1(Q) as A — 0*.
Proposition 3. If hypotheses H(a), Ho, H(8) and H(f) hold, then uy — 0 and vy — 0in C}(Q) as A — 0*.
Proof. From the proof of Proposition 2, we know that

uy €[0,0)nD, and vye[-0,0]n(-D,) forallA> 0. (3.8)

The nonlinear regularity theory of Lieberman [7] implies that we can find a € ]0, 1[ and a constant c15 > 0
such that uy € C%(Q) and |lullcre(q) < 12 forallA > 0. Let A, — 0%, and set uy, = uy, foralln € N. Then the
compact embedding of C%(Q) into C1(Q) implies that, at least for a subsequence, we have (see (3.8))

Up = uy, — ilp in CY(Q), 1o €[0,0]NnC;. (3.9)
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For every n € IN, we have

(A(uyp), h) + J .{(z)uﬁflh dz + J’ ,B(z)uﬁ*lh do = IfAn(Z’ up)hdz
Q 20 Q

forall h ¢ WEP(Q) (see (3.2) and (3.8)).
Passing to the limit as n — +co and using (3.9) and (3.1), we obtain

(Auo), h) + J Eul " hdz + j Bl hdo = J k@i " - &)@ hdz  (3.10)
Q 20 Q
forall h e WHP(Q) (recall that A,, — 07).
Note that tip # 6. Indeed, if tip = 6, then we choose h = 1ij in (3.10) and obtain £6”|Q|y < 0 (see (2.5)),
a contradiction.
Also, suppose that tip # 0. Then we can find an open ball B ¢ Q such that tip(z) > 0 for all z € B. We have

(iip(2))P > ¢, (iip(2))P" forallz € B (recall that 6 < &y, and see (2.4)),
= &2)(lip(2))P = &z)c. (lip(2))P” > k(z)(lip(2))P” forallz € B (see hypothesis Hy),
= J (o) [k(2) (1o (2))P" - &(z)(iip(2))P] dz < O (see hypothesis Hy and (2.5), and recall that iy # 6).
Q
In (3.10), we choose h = iip(z) € WP(Q). Using Lemma 2.1 (c) and hypothesis H(S), we obtain
C1

ﬁnnaou’zﬂ(m < j Nt [k(2)(t0(2))” - &(2)(lo(2))"] dz < O,
Q

a contradiction. Therefore, we infer that iy = 0, so finally we have u; — 0in C*(Q) as A — 0*. Similarly, we
show that vy — 0in C1(Q) as A — 0*. O

Now we will show that problem (2.8) has extremal constant sign solutions; that is, there is the smallest
positive solution u; € D, and the biggest negative solution v; € D, for problem (2.8), A > 0.
We introduce the two sets
S} = set of positive solutions of (2.8) in [0, 6],
S} = set of negative solutions of (2.8) in [0, 0].

Fix A >0, po > A1(q, &, B) > 0 with & = 6—155, B= éﬁ (see hypothesis H(a) (iv)) and r € ]B, 8*[. Then, on
account of hypothesis H(f) (i), (ii), we can find c13 = c13(A, r) > 0 such that

Az, X)x + k(2)|x[P" > po|x|? — cy3|x|” fora.a.z e Q, all |x| < 6. (3.11)
We now consider the nonlinear Robin problem

—div(a(Du(2))) + &2)u(z)’u(z) = polu(2)1? *u(z) - c13lu(z)"*u(z) inQ,

3.12)
u p-2,, _ Q (
on, +B@)uPu=0 on 0Q.
Proposition 4. If hypotheses H(a) and H(B) hold, ¢ € L*(Q), & > 0, then problem (3.12) admits a unique pos-
itive solution iy € D,, and since the problem is odd, then v, = —iiy € (-D,) is the unique negative solution

of (3.12).

Proof. Consider the C!-functional é;: W?(Q) — R defined by
. 1 c
e\(u) = EYP(M) - %Ollwllzq(g) + %”quHZr(Q) forallu e Wl’p(Q)-

Since g < p < r, we see that é,(-) is coercive. Also, it is sequentially weakly lower semicontinuous. So, we
can find iy € WYP(Q) such that
ér(ip) = inf{éa(u) : u e WHP(Q)}. (3.13)
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Hypothesis H(a) (iv) implies that, given ¢ > c5, we can find § € ]0, 1[ such that
GWy) < glqu for all |y| < 6. (3.14)

Let t € ]0, 1[ be small such that, for ii; = @i,(q, &, B) € D,, we have 0 < tii;(z) < § and |tDii; (z)| < § for all
z € Q. Since g < p and § < 1, we have

J ¢ N 1 N 1 ) c R R
ex(tin) < CIDUENyqy + ¢ | §@(E) dz + [ Bt do+ ety - E2yeisf - (see (3.14)
Q 0Q

ctd . . < c N
= 7["Du1”zq(g) + j &zyud dz + J B(z)af do - uo] + %trllulllz,(m
Q 0Q

ct? - s = C13 R
= 7[/11((1, &, B) — pol + Tt’lIulllz,(Q)
= c14t" — c15t?  for some constants c14, c15 > O.
Recall that g < p < r. So, choosing t € ]0, 1[ even smaller if necessary, we have

éi(tiy) <0 = é,(i1y) <0 =2¢,(0) (see(3.13))

= u, + 0.

From (3.13), we have

(@) =0 — (@, ) + [ @ 2mhdz + [ fNaP2ahdo
Q 20
- J[yo(a;)q-l ~ 3@}y hdz forallh e WP (Q). (3.15)
Q

Choosing h = —ii; € WP(Q) in (3.15), we obtain iy > 0, i1y # O.

So, 1, is a positive solution of problem (3.12). Moreover, the nonlinear regularity theory [7] and the
nonlinear maximum principle [20] imply @, € D,.

Finally, using hypothesis H(a) (iv) (in particular, the convexity of t — Go(t'/9)) and reasoning as in the
proof of [12, Proposition 2.7], we show that iiy € D, is the unique solution of problem (3.12).

Since problem (3.12) is odd, then V) = i1y € (-D,) is the unique negative solution of (3.12). O

We are ready to produce extremal constant sign solutions for problem (2.8), A > 0.

Proposition 5. If hypotheses H(a), Ho, H(B) and H(f) hold and A > 0, then problem (2.8) admits the smallest
positive solution uy € D, and the biggest negative solution vy € (-=D.).

Proof. We know that @ # St < [0, 6] n D, (see Proposition 2).
First we show that
up<u forallu e Sj. (3.16)

To this end, let u € Sj{ c [0, 0] nD,, and consider the Carathéodory function iy: Q — R defined by (see
(3.11))

(3.17)

. Ho(x*)Tt — cy3(x*) ! if x < u(z),
irz,x) =
po(u(2))77! - ci3(u2)) ! ifu(z) < x.

We set I(z, x) = fg ix(z, s) ds and consider the C!-functional j;: W'P(Q) — R defined by

ja(u) = %yp(u) - JIA(Z, u)dz forallu e WHP(Q).
Q

From 3.17 and hypothesis Hy, we see that j,(-) is coercive. Also, it his sequentially weakly semicontinuous.
So, we can find ii € WP(Q) such that

ja(ia) = inf{ja(u) : u € WHP(Q)}. (3.18)
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As in the proof of Proposition 4, using hypothesis H(a) (iv), we show that, for t € ]0, 1[ small and with
iy = ti1(q, &, B) € D, we have
ja(tiy) <0 = ja(lia) <0 =ja(0) (see(3.18))
= u, # 0. (3.19)

From (3.18), we have

j() =0 = (A, hy + je(znaup-zam dz+ j BEElP2izh do = j iz ahdz  (3.20)
Q 0Q Q

forall h e WLP(Q).
In (3.20), first we choose h = —ii; € WbP(Q). Using Lemma 1 (c) and hypotheses Hy and H(B), we obtain

c16||ﬁX||p <0 for some constant c1¢ > 0

= U3 >0, uy#0 (see(3.19)).

Next, in (3.20), we choose h = (iiy — u)* € WHP(Q). We obtain

(A, (i - W) + j«,f(z)a';‘l(m ) dz+ j B (i) - u)* do
0Q

J[youq Lo e Y@y -uwtdo (see(3.17))
k)
I[Af(z u) + k(z)uP @y - u)t (see (3.11))
)
=(A

(w), (G —u)™) j &2u@y-uw)*dz + J B2)u(iiy —u)* do  (sinceu € S3),
Q 0Q
= Uy <u.

So, we have proved that
uy € [0,u], 1ux+0O. (3.21)

From (3.17), (3.20) and (3.21), it follows that 11, is a positive solution of (3.12), which implies iiy = iy € D,
(see Proposition 4). Invoking [4, Lemma 3.10, p. 178], we can find a sequence {u,} < ST < [0, 8 n D,] such
that inf,>1 u, = inf Sj{. For every n € IN, we have

(A(uy), hy + J &l hdz + J Bul  hdo = Jf,\(z, up)hdz (3.22)
Q 30 )

forallh e WHP(Q).

From Lieberman [7], we know that there exist a € ]0, 1[ and a constant c17 > O such that u, € C>%(Q)
and [[unllcre(q) < c17 for all n € N. The compact embedding of C1-%(Q) into C1(Q), implies that, at least for
a subsequence, we have u, — uj in C(l)(Q). So, if we pass to the limit as n — +oco in (3.22), we obtain

(AW, by + J S Thdz + J B@)ul)P hdo = ij(z, uw)hdz (3.23)
Q 0Q Q

forall h e WLP(Q).
Also, from (3.16), we deduce

lp<uy = uy #0. (3.24)

From (3.23) and (3.24), it follows that u; € S} and u; = inf S}. Similarly, working with S;, we obtain v} € S;
and v = sup S). In this case, for vy = - € [-6,0]n(-Dy),wehavev < vy forallv € S3- O
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4 Nodal solutions of problem (2.8)

In this section, using the extremal constant sign solutions produced in Proposition 5, we will prove the
existence of nodal solutions.

So, let uy € [0,60] n D, and vy € [0, 8] N (-D,) be two extremal constant sign solutions for problem
(2.8), A > 0 from Proposition 5. Using these solutions, we truncate the reaction f 1(z, -). So, we introduce the
Carathéodory function

faz, Vi) ifx < vi(2),
(2, %) = 1 falz, %) ifv;(2) < x < uj(2), (4.1)

falz, ui(2) ifx > uj(2).
We also consider the positive and negative truncations of 7(z, - ), namely the Carathéodory functions

73(z, x) = 1Az, £x7). (4.2)
We set

X X
Ta(z, x) = J%/\(z, s)ds, Ti(z,x)= Ji’,\(z, s)ds
0 0
and consider the C!-functionals ), 1/3;{ : WHP(Q) — R defined by

R 1 R -, 1 .
Diw = yp(w) —i Ty w) dz, 500 = yp(w) —J Tz, u) dz

forallu e WHP(Q).
In our method of proof, we will use critical groups in order to distinguish between solutions of (2.8). For
this reason, we will need the following result which improves [12, Proposition 3.7].

Proposition 6. If hypotheses H(a), Ho, H(B) and H(f) hold and A > 0, then Ck(l]),\, 0) =0 forallk € Ng

Proof. Givenfjp > 0andr > p, on account of hypotheses H(f) (i), (ii), of (2.6) and of (4.1), we can find a con-
stant c1g = c18(n) such that

Ta(z, x) = fiolx|9 — c1glx|” fora.a.z e Qandall x € R. (4.3)
Corollary 1 and hypothesis H(a) (iv) imply that
G(y) < c19[lyl? + [ylP] for some constant c19 > 0, all y € RV, (4.4)
Then, for every u € WHP(Q) and every ¢t > 0, using (4.3) and (4.4), we have
Yaltu) < coolt?ullfysp gy + 1l q) + €Tl 0)] = Notluly q)- (4.5)

Recall that 1o > 0 is arbitrary and g < p < r. Hence, from (4.5), we see that we can find t* > 0 such that
l/]A(tu) < Oforall t € ]0, t*[. We introduce the numbers

f1 = sup{t € [0, 1] : Y (tu) < 0},

; _ |inflte(o,1]: PYa(tu) = 0} if {t € [0, 1] : YPa(tu) = O} # 0, (4.6)
2 1 otherwise.

Claim: ; < f,. We argue by contradiction. So, suppose that £, < ;. From hypothesis H(f) (iii), (2.6) and (4.1),
we see that, given €9 > 0, we can find a constant ¢2; = ¢1(g9) > 0 such that

Ta(z, x) = Talz, X)x = —go|x|P = c21|x[P" fora.a.z e Qandall x € R.
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Since f, < f1, we can find € ]0, 1[ such that }(tu) = 0. Then we have

E(%J;A(tu)> f:(zﬁj\(fu),fu) (by the chain rule)

t= - ~ -~ -~ -~ -~ -~
= (P} (Eu), tu) - TPa(tu)  (since Pa(fu) = 0)
= (), y) - ha(y) (setting y = fu)

p P’
2 [c22 = €olllully, gy = C23lullyrp(q)

for some constants c,;, ¢3 > 0 (recall that 7 < p).
Recalling that £y > 0 is arbitrary, we can choose €y € ]0, ¢»2[ and obtain

o d - » P
(ge9ran) = calByun) - sl

withy = u, ca4 = c22 — €9 > 0.
Since p < p*, for some p € ]0, 1[ small and for O < |ur»(q) < p, we have

~d -
1.‘(al,b,1(tu))t:f >0 (4.7)
for £ € 10, 1[ with P, (fu) = 0.
From (4.6), we have
Pa(tu) =0 = Pa(tu) >0 forallt e iy, £, + 6] with & € 10, 1 — £5]. (4.8)

We introduce the set Ej = {t € 1£, + 8, {1] : Pa(tu) = 0} and

(4.9)

oo infEy ifEy+0,
1 if Ey = 0.

Evidently, t* > £, + § (see (4.8), (4.9)). Since P (t*u) = 0, from (4.7), we can find &' € ]0, {1 — £, — 8[ such
that
Pa(tu) <0 forallt e ]t* — &', t[. (4.10)

From (4.8) and (4.10), we see that there exists to € |, + 8, t* — 8'[ such that l/]A(tou) = 0 (Bolzano’s theorem).
This contradicts (4.9), so the claim is true.
If {1 < &5, then we have 1, (tu) = O for all ¢ € )¢y, £,[, which contradicts (4.7). It follows that £; = f,. Let
t(u) = t; = £,. We have A X
Ya(tu) <0 forall t € ]0, t(w)[,

Pt =0,
Ya(tu) >0 forall t e 1E(u), 1].

Therefore, the map u — #(u) = {(wu, u € Bp \ {0} (Bp ={ue WhP(Q): lullwreq) < p}, p > 0) is continuous.
Also, we have
f(Bp \ {0}) < (1/12 n Bp) \ {0}, fl(l/)/?ﬂf}p)\{o} = idl(g@gan)\{O}‘

It follows that (113/? N B,) \ {0} is a retract of B, \ {0}.
The set Bp \ {0}, contractible and a retract of a contractible space, is itself a contractible. Therefore,

9 n B,) \ {0} is contractible. (4.11)
Moreover, using the deformation h: [0, 1] x (113/? nB,) — lﬁg N B, defined by h(t, u) = (1 - t)u, we see that
9 n B, is contractible. (4.12)
Then (4.11), (4.12) and [18, Propositions 6.1.30 and 6.1.31] imply

Hie($8 N By, (PN B,)\{0}) =0 forall k € Ny
= Ci(y,0)=0 forall k € No. O
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Now we are ready to generate nodal solutions for problem (2.8).
Proposition 7. Ifhypotheses H(a), Ho, H(B8) and H(f) hold and A > 0, then problem (2.8) admits a nodal solution
ya € vy, u3] n CHQ).
Proof. Using (4.1), (4.2) and the nonlinear regularity theory, we check easily that
Ky, € Vi1 n CH(Q), Ky < [0,u31n CH(Q), Ky < [v3, 010 CH(Q).
Then the extremity of u} and v; implies

Ky, € Vi uilnCH(Q), Ky =1{0,u3} Ky ={0,vi}. (4.13)
Clearly, l,bj{( -) is coercive (see (4.1), (4.2) and hypothesis Hyp). Also, it is sequentially weakly lower semicon-
tinuous. So, we can find i} € WP (Q) such that

Pi@}) = inf{h (W) : u e WHP(Q)}. (4.14)
Using (3.11) and reasoning as in the proof of Proposition 4, we show that
Pi@;) <0=195(0) = u@} #0. (4.15)
From (4.14), we have iy € K!ﬁ = {0, uj} (see (4.13)). Therefore (see (4.15)),
iy =uy €[0,0]nD,. (4.16)
Note that
Palc, = Pilc, (see (4.1), (4.2))
= uj; isalocal C'-minimizer of J)A (see (4.14) and (4.16))
= uj is alocal W'P(Q)-minimizer of y, (4.17)
(see [14, Proposition 2.12]). In a similar fashion, using this time the functional l,b;, we show that
v} is alocal W'P(Q)-minimizer of i),. (4.18)

We may assume that @A(v;) < lﬁA(u;). The reasoning is similar if the opposite inequality holds, using this
time (4.18) instead of (4.17).

From (4.13), it is clear that we may assume that Ky, is finite (otherwise, we already have an infinity of
nodal solutions, and so we are done). Then, using (4.17) and [18, Theorem 5.7.6], we can find p € ]0, 1[ small
such that

Pa(vy) < hauy) < inf{Pa) : lu - ujlwir) = p} = 1ia, v - ufllwio) > p. (4.19)
Recall that 1,@ 1(-) is coercive. Hence

1ﬁ;l satisfies the Palais—Smale condition (4.20)

(see [18, Proposition 5.1.15]). Then (4.19) and (4.20) permit the use of the mountain pass theorem. So, we
can find y, € WHP(Q) such that

yae Ky <lvi,iyln CH(Q) (see(4.13)), 1ix < Pa(ya). (4.21)
From (4.19) and (4.21), it follows that

ya ¢ {uy, vyl (4.22)
Theorem 6.5.8 of Papageorgiou, Radulescu and Repovs [18] implies
C1(Pa, y2) # 0. (4.23)
On the other hand, from Proposition 6, we have
Cr(p,0) =0 forall k € No. (4.24)
Comparing (4.23) and (4.24), we will infer that
ya#0. (4.25)

Then, from (4.21), (4.22) and (4.25), we conclude that y; € [v}, u;] n C'(Q) is a nodal solution of (2.8). O
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5 Multiplicity theorem for problem (1.1)

In this section, using the analysis for problem (2.8) conducted in the previous two sections, we prove a mul-
tiplicity theorem for problem (1.1) when A > O is small. Moreover, we provide sign information for all the
solutions produced.

Let uj € D, and vj € (-D,) be the extremal constant sign solutions and y; € [uy, vi]n C 1(Q) the nodal
solution for problem (2.8), A > O (see Propositions 5 and 7). Then, on account of Proposition 3, we have the
following result.

Proposition 8. If hypotheses H(a), Ho, H(B) and H(f) hold, then u}, v}, yx — 0in C*(Q) as A — 0*.
Proposition 8 and (2.6) lead at once to the following multiplicity theorem for problem (1.1).

Theorem 5.1. If hypotheses H(a), Ho, H(B) and H(f) hold, then, for all A > O small, problem (1.1) has at least
three nontrivial smooth solutions

ure€D,, vae(-Dy), yrelvi,ualnCHQ) nodal;

moreover, uy, vy, ya — 0in C1(Q) as A — 0*.
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