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Abstract. — We consider a non-coercive vectorial boundary value problem with non smooth

coe‰cients and a drift term and we study the regularity of a solution u and its gradient in the frame-
work of suitable Morrey spaces.
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1. Introduction

In this paper we will study the regularity of a weak solution u of the following
homogeneous Dirichlet vectorial problem (under the Einstein’s convention over
repeated indices)

� q

qxj
M rs

ij ðxÞ
qur

qxi
� Ers

j ðxÞur

� �
¼ f sðxÞ in W

us ¼ 0 on qW;

8<
:ð1Þ

where s ¼ 1; 2; . . . ;N, with Nb 2, W is a bounded open subset of Rn, with n > 2,
Mrs

ij : W ! R are measurable and bounded entries of a symmetric, elliptic, non
(necessarily) diagonal matrix M. Concerning the tensor E ¼ ðErs

j ðxÞÞ and the
right-hand side f ¼ ð f sðxÞÞ, we assume that they belong to some suitable Morrey
spaces to be specified later on and we recover an estimate on the modulus of the
gradient Du of a solution u of problem (1) in the corresponding Morrey space, as
in the classical Morrey–Campanato’s theory.

The operator we are dealing with presents at least three di‰culties: it is a vec-
torial operator, it has non smooth coe‰cients and it is non coercive.

Namely, we will consider a weak solution u of the aforementioned linear
system with the coe‰cients of the principal part belonging to the space VMO
and, without assuming any further condition, we will prove the Morrey regular-
ity of Du and its fractional di¤erentiability by using the Campanato–Mingione
approach.

Concerning the existence of weak solution we point out that, already in the
case of one single equation, the main issue is due to the noncoercitivity of the
operator u ! �div½MðxÞ‘u� EðxÞu� and it can be overcome by assuming a



smallness condition on the k jEj kLn , as it was done by G. Stampacchia in his pio-
neering papers [53, 54].

In turn, the Morrey estimate obtained for jDuj allows us to extend to the
problem (1) the Calderon–Zygmund theory introduced in the paper [50] by G.
Mingione (see also [1]). The results we will prove extend to the vectorial Dirichlet
problem (1) those obtained in [11] in the scalar case (that is N ¼ 1).

In the framework of regularity theory of weak solutions the reader can also
refer to the following papers [5, 24, 29, 30, 31, 32, 33, 34, 35, 36, 51, 52, 16, 7,
8, 9, 10, 13, 18, 42, 44, 45, 27, 28].

2. Main notations, functions spaces and auxiliary lemmas

In this section, for reader’s convenience, we recall some useful properties of func-
tions spaces and we well use some lemmas that we are going to exploit.

Let W be a bounded open subset of Rn, n > 2, with a su‰ciently smooth
boundary qW and diameter dW and N a N, Nb 2.

Given x0 a Rn and r > 0, we denote by Bðx0; rÞ the ball centered at x0 with
radius r.

Definition 2.1 (Morrey space). Let pb 1 and 0a l < n. Lp;lðW;RNÞ is the
space of all functions u a LpðW;RNÞ such that

sup
x0 AW;0<radW

r�l

Z
WBBðx0; rÞ

jujp dx < þl:

Definition 2.2 (Fractional Sobolev space). Let t a �0; 1� and pb 1.
W t;pðW;RNÞ is the space of all functions u a LpðW;RNÞ such that

kukW t; pðW;RN Þ ¼ kukLpðW;RN Þ þ ½u�t;p;W < þl

where

½u�t;p;W ¼

�Z
W

Z
W

juðxÞ � uðyÞjp

jx� yjnþtp dx dy
�1

p

if t < 1

kDukLpðW;RN Þ if t ¼ 1:

8><
>:

Remark 2.3. Some well-known features of Morrey spaces, tacitly used through-
out the paper, are the following:

• Lp;lðWÞ 6� LpþeðWÞ, Ee > 0;

• if pb q and N�l
p

a
N�m
q

then Lp;lðW;RNÞ ,! Lq;mðW;RNÞ:

Moreover, we introduce the notion of VMO class for matrix-valued function.
Given a matrix-function w a L1ðW;RN 2Þ and r > 0, we define

Vðx; rÞC sup
0<rar

1

jWBBðx; rÞj

Z
WBBðx;rÞ

jwðyÞ � ðwÞWBBðx;rÞj dy
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where for any measurable subset B � Rn

ðwÞBC
1

jBj

Z
B

wðxÞ dx

denotes the average of a function w in B. We introduce the VMO-continuity
modulus for w

VðrÞC sup
x AW

Vðx; rÞ:

Definition 2.4 (Sarason VMO space). By VMO we denote the space of all
matrix-functions w a L1ðW;RN 2Þ such that

VðrÞ < þl for all 0 < ra dW and lim
r!0

VðrÞ ¼ 0:

We make the reader aware that in the sequel we will denote by c various pos-
itive constants depending only on the known data and whose values may vary
from one line to another.

Next lemma concerns the product between a tensor-valued function and a
vector-valued function belonging to Morrey spaces and it can be readily deduced
from Lemma 5.1 of [23].

Lemma 2.5. Let n� 2 < m < n, E a L2;mðW;RnN 2Þ and u a L2; nþ2ðW;RNÞ such
that Du a L2; nðW;RnNÞ for some n a ½0; n� 2½. Then

Eu a L2;mþn�nþ2ðW;RnNÞ

and moreover

kEukL2; mþn�nþ2ðW;RnNÞ aCkEk
L2; mðW;RnN 2 ÞðkDukL2; nðW;RnNÞ þ kukL2; 2þnðW;RN ÞÞ

for some C > 0 independent of u and E.

Finally, the last result we state is a Sobolev–Morrey embedding Lemma for
vector-valued functions whose proof follows applying component-wise Lemma
5.1 of [17].

Lemma 2.6. Assume that qW a C1. Let u a W 1;2
0 ðW;RNÞ such that Du a

L2; nðW;RnNÞ with n a �0; n� 2½.
Then

u a L2n; nðW;RNÞ where
1

2n
¼ 1

2
� 1

n� n
;

and moreover there exists a positive constant C depending on n, N, n such that

kukL2n ; nðW;RN Þ aCkDukL2ðW;RnN Þ:
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3. Statement of the main results

Let M : W ! Rn2N 2

be a matrix-function with measurable entries Mrs
ij ðxÞ such

that for a.e. x a W

Mrs
ij ðxÞ a LlðWÞBVMOðWÞð2Þ

for i; j ¼ 1; 2; . . . ; n and r; s ¼ 1; 2; . . . ;N,

ajxj2 aMrs
ij ðxÞxr

i x
s
j a bjxj2; Msr

ij ðxÞ ¼ Mrs
ji ðxÞ; for any x a RnN :ð3Þ

Let E : W ! RnN 2

be a matrix-valued function whose entries are the measur-
able functions Ers

i ðxÞ such that

Ers
i ðxÞ a L2;mðWÞ with n� 2 < m < n;ð4Þ

for i ¼ 1; . . . ; n r; s ¼ 1; . . . ;N.
Let f : W ! RN be a vector-valued function such that

f a L
2n
nþ2;

2l
nþ2ðW;RNÞ with 0 < l < n� 2:ð5Þ

Finally, given a vector-valued function u ¼ ðusÞs¼1;2;...;N , Du denotes its gradi-
ent, that is

DuC
�qus

qxi

�
s¼1;2;...;N; i¼1;2;...;n

C ðDiu
sÞs¼1;2;...;N; i¼1;2;...;n:

Definition 3.1. By a weak solution of the problem (1) we mean a function u
such that

u a W 1;2
0 ðW;RNÞZ

W

Mrs
ij ðxÞDiu

rDjj
s dx ¼

Z
W

Ers
j ðxÞurDjj

s dxþ
Z
W

f sjs dx

8><
>:ð6Þ

for all j a W
1;2
0 ðW;RNÞ:

Remark 3.2. We point out that the existence of a weak solution of the prob-
lem (1) can be ensured by assuming the additional hypotheses on the drift
term E a LnðW;RnN 2Þ and kEk

LnðW;RnN 2 Þ su‰ciently small, as it was done by G.

Stampacchia in the papers [53, 54].
More recently, T. Del Vecchio, M. R. Posteraro [22] and L. Boccardo [2] re-

trieved the results proved by G. Stampacchia, weakening also the assumptions on
the right-hand side, and without any smallness assumption on the norm of the
drift term (see also [3, 4]).

In the vectorial case (that is Nb 2), the smallness condition on kEk
LnðW;RnN 2 Þ

can be removed by assuming further ‘‘ad hoc’’ structural conditions for the prin-
cipal part and the first order term, which recall back the so called ‘‘Landes con-
dition’’ (see [12]).
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We also stress that, for some constants c > 0, one has

jEuja cðjEj
n
2 þ juj

2�
2 Þ

so that our lower order term falls in the case of ‘‘controlli limite’’ (see Campanato
[6, pages 122 and 125]).

Here we state a regularity result similar to Campanato’s one (see [6, page 91])
that can be proved for weak solutions of problem (1).

Theorem 3.3. Assume that conditions (3), (4), (5) hold and let u a W
1;2
0 ðW;RNÞ

be a weak solution of the problem (1). Then,

i) Du a L2;lðW;RnNÞ
ii) u a L2l;lðW;RNÞ where 1

2l
¼ 1

2
� 1

n� l

with corresponding norms estimates.

Remark 3.4. Observe that if jEj ¼ 0 then we retrieve the result of Theorem 8.V,
page 92 of [6].

Finally, we state a theorem on the fractional di¤erentiability of Du.

Theorem 3.5. Assume that hypotheses (3), (4), (5) and

Mrs
ij ðxÞ a C0;hðWÞ; 0 < ha 1

hold. Let u a W 1
0 ðW;RNÞ be a weak solution of (1). Then

Du a W t;2
locðW;RnNÞð7Þ

for every t a ½0; hd½ and for every d a 0;min 1; l2
� �

½
�

.

Moreover, for every couple of open subset W 0 �� W 00 �� W there exists a con-
stant c6 ¼ c6ða; b; n;N;W; kEk

L2; mðW;RnN 2 Þ; k f kL 2n
nþ2

; nl
nþ2ðW;RN Þ

Þ, independent of u, such
that

½Du�2W t; 2ðW 0;RnNÞ a c6

Z
W 00

jDuj2 dxþ kDuk2L2; lðW 00;RnNÞ

� �
:ð8Þ

Further details can also be found in [13, 14, 15, 19, 20, 21, 25, 26, 37, 38, 39,
40, 41, 43, 46, 47, 48, 49].

4. Proofs of Theorems 3.3 and 3.5

Proof of Theorem 3.3. Let u a W
1;2
0 ðW;RNÞ be a weak solution of the prob-

lem (1). Let x0 a W and R > 0 be such that BRðx0Þ �� W and v a W
1;2
0 ðBRðx0Þ;
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RNÞ be the solution of

DjðMsr
ij ðxÞDiv

rÞ ¼ 0 in BR

vs ¼ us on qBR; s ¼ 1; . . . ;N:

�
ð9Þ

Then the function

wðxÞ ¼ uðxÞ � vðxÞ; x a BRðx0Þ

is the unique weak solution of the vectorial problem

�DjðMsr
ij ðxÞDiw

rÞ ¼ �DjðEsr
j ðxÞurÞ þ f s in BR

ws ¼ 0 on qBR; s ¼ 1; . . . ;N:

�
ð10Þ

Choosing w as test function in the weak formulation of the problem (10)
and using hypothesis (3), Young’s and Sobolev’s inequality, for any s > 0 we
obtain

a

Z
BR

jDwj2 dxa 1

2a

XN
s¼1

Xn

j¼1

Z
BR

jEsr
j ðxÞurj2 dxþ a

2

XN
s¼1

Xn

j¼1

Z
BR

jDjw
sj2 dxð11Þ

þ CðsÞ
�Z

BR

j f j
2n
nþ2 dx

�nþ2
n þ sS

Z
BR

jDwj2 dx

a
1

2a

Z
BR

jEðxÞuj2 dxþ a

2

Z
BR

jDwj2 dx

þ CðsÞ
�Z

BR

j f j
2n
nþ2 dx

�nþ2
n þ sS

Z
BR

jDwj2 dx

where jEðxÞuj denotes the norm of tensor EðxÞu in RnN and S is the Sobolev’s
constant.

Choosing a suitable s > 0, we get

Z
BR

jDwj2 dxa c

Z
BR

jEðxÞuj2 dxþ
�Z

BR

j f j
2n
nþ2 dx

�nþ2
n

� �
:ð12Þ

On the other hand, in force of assumption (2), a solution v of the problem
(9) satisfies the Saint Venaint’s principle (see Theorem 5.1 of [46]), that is,
there exist two positive constants c ¼ cða; b; nÞ > 0 and g ¼ g

	
a
b
; n


a �0; 1½ such

that Z
Br

jDvj2 dxa c
�r
R

�n�2þ2g
Z
BR

jDvj2 dx; for all 0 < raR:ð13Þ

Therefore, by (12) and (13), we deduce for every 0 < raR
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Z
Br

jDuj2 dx ¼ c

Z
Br

jDvj2 dxþ c

Z
Br

jDwj2 dxð14Þ

a c
�r
R

�n�2þ2g
Z
BR

jDvj2 dxþ c

Z
BR

jEðxÞuj2 dx

þ c
�Z

BR

j f j
2n
nþ2 dx

�nþ2
n

a c
�r
R

�n�2þ2g
Z
BR

jDuj2 dxþ c

Z
BR

jEðxÞuj2 dx

þ c
�Z

BR

j f j
2n
nþ2 dx

�nþ2
n

:

Since u a W 1;2
0 ðW;RNÞ then u a L2� ðW;RNÞ � L2;2ðW;RNÞ and Du a L2ðW;

RnNÞ, consequently, by virtue of Lemma 2.5, one has

Eu a L2;m0ðW;RnNÞ with m0 ¼ m� nþ 2

and from (14) we obtainZ
Br

jDuj2 dxa c
�r
R

�n�2þ2g
Z
BR

jDuj2 dxð15Þ

þ ckEuk2L2; m0 ðW;RnN ÞR
m0 þ ck f k2

L
2n
nþ2

; nl
nþ2ðW;RN Þ

Rl

a c
�r
R

�n�2þ2g
Z
BR

jDuj2 dx

þ cðkEukL2; m0 ðW;RnNÞ; k f kL 2n
nþ2

; nl
nþ2ðW;RN Þ

ÞRm1

where

m1 ¼ minfm0; lg < n� 2:ð16Þ

Iterating the above inequality (see Campanato [6], Lemma 1.1, page 7), we
establish that

Du a L
2;m1
loc ðW;RnNÞ;

with the corresponding norm estimate

kDuk2
L

2; m1
loc

ðW;RnNÞ a c½kDuk2L2ðW;RnNÞ þ kEuk2L2; m0 ðW;RnN Þ þ k f k2
L

2n
nþ2

; nl
nþ2ðW;RN Þ

�ð17Þ

where c > 0 is independent of u, E and f .
Now, through an extension technique and successive standard ‘‘flattening and

covering’’ arguments (see the Appendix), we get the regularity of Du up to the
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boundary of W, with the norm estimate

kDuk2L2; m1 ðW;RnN Þ a c½kDukL2ðW;RnN Þ þ kEuk2L2; m0 ðW;RnN Þ þ k f k2
L

2n
nþ2

; 2l
nþ2ðW;RN Þ

�:ð18Þ

We now compare m0 with l.
If m0 b l then m1 ¼ l and the thesis follows. Otherwise m1 ¼ m0 and we can

apply Lemma 2.6 to the function u a W
1;2
0 ðW;RNÞ. Thus, since Du a L2;m1ðW;

RnNÞ we obtain

u a L2m1 ;m1ðW;RNÞ where
1

2m1
¼ 1

2
� 1

n� m1
:

On the other hand, L2m1 ;m1ðW;RNÞ is embedded into L2;2þm1ðW;RNÞ therefore
a new application of Lemma 2.5 gives us

Eu a L2;m0þm1ðW;RnNÞ

with the norm estimate

kEukL2; m0þm1 ðW;RnN Þ a ckEk
L2; mðW;RnN 2 ÞðkDukL2; m1 ðW;RnNÞ þ kukL2; 2þm1 ðW;RN ÞÞð19Þ

for some c > 0 independent of u and E.
Applying to (14) the improved norm estimate (19), we have

Z
Br

jDuj2 dxa c
�r
R

�n�2þ2g
Z
BR

jDuj2 dxþ ckEuk2L2; m0þm1 ðW;RnN ÞR
m0þm1ð20Þ

þ ck f k2
L

2n
nþ2

; nl
nþ2ðW;RN Þ

Rl

a c
�r
R

�n�2þ2g
Z
BR

jDuj2 dx

þ cðkEuk2L2; m0þm1 ðW;RnN Þ þ k f k2
L

2n
nþ2

; nl
nþ2ðW;RN Þ

ÞRm2

where

m2 ¼ minfm0 þ m1; lg < n� 2:

As in the previous step, Lemma 1.1 from [6], provides us the local regularity

Du a L
2;m2
loc ðW;RnNÞ

which can be extended up to the boundary of W, and we deduce that

Du a L2;m2ðW;RnNÞ
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with the corresponding estimate

kDuk2L2; m2 ðW;RnNÞ a c½kDuk2L2ðW;RnNÞ þ kEuk2L2; m0þm1 ðW;RnN Þ þ k f k2
L

2n
nþ2

; nl
nþ2ðW;RN Þ

�ð21Þ

where c > 0 is a constant independent of u, E and f .
Iterating the previous procedure and setting for every k ¼ 1; 2; . . .

mk ¼ minfm0 þ mk�1; lg < n� 2;ð22Þ

it follows

i) Eu a L2;m0þmkðW;RnNÞ, with the norm estimate

kEukL2; m0þmk ðW;RnN Þ a ckkEkk

L2; mðW;RnN 2 ÞðkDukL2; mk ðW;RnNÞ þ kukL2; 2þmk ðW;RN ÞÞ;

for some constant ck > 0 independent of u and E, and
ii) Z

Br

jDuj2 dxa c
�r
R

�n�2þ2g
Z
BR

jDuj2 dx

þ cðkEuk2L2; m0þmk ðW;RnNÞ þ k f k2
L

2n
nþ2

; nl
nþ2ðW;RN Þ

ÞRmkþ1

iii) Du a L2;mkþ1ðW;RnNÞ, with norm estimate

kDuk2L2; mkþ1 ðW;RnN Þ a c½kDuk2L2ðW;RnN Þ þ kEuk2L2; m0þmk ðW;RnN Þ þ k f k2
L

2n
nþ2

; 2l
nþ2ðW;RN Þ

�

for some constant c > 0 independent of u, E and f .

After a finite number of steps we will have m0 þ mk > l, which implies
mkþ1 ¼ l, and in turn Du a L2;lðW;RnNÞ.

Finally, a further application of Lemma 2.6 provides us

u a L2l;lðW;RNÞ

with 1
2l
¼ 1

2 � 1
n�l

. r

Proof of Theorem 3.5. We will exploit the method introduced in [50] (see
also [18]).

Let B �� W be a ball of radius R and let B̂B be the enlarged ball of radius 32R.
We shall denote by QinnðBÞ and QoutðBÞ the largest and the smallest cubes, con-
centric to B and with sides parallel to the coordinate axes, contained in B and
containing B respectively. If we put

Qinn ¼ QinnðBÞ; Qout ¼ QoutðBÞ

and

Q̂Qinn ¼ QinnðB̂BÞ; Q̂Qout ¼ QoutðB̂BÞ;
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we have the following inclusions

Qinn � B �� 4B �� Q̂Qinn � B̂B � Q̂Qoutð23Þ

(with kB we denote the ball with radius kR, k a N).
Let W 0 and W 00 be a couple of open subset such that W 0 �� W 00 �� W and

x0 a W 0. For any t a �0; 1½ (that will be chosen later) we fix h a R with 0 < jhjf
minf1; dðW 0; qW 00Þg such that, denoted with B ¼ Bðx0; jhjtÞ the ball centered in x0
and with radius jhjt, the outer cube of B, Q̂Qout is included in W 00.

Moreover, given a vector-valued function o : W ! RN and a real number h,
for any i ¼ 1; . . . ;N we define the finite di¤erence operator tih as

tihðoÞðxÞ ¼ oðxþ heiÞ � oðxÞ;

for x a W such that xþ hei a W, where feigi¼1;...;N denotes the canonical basis
of RN .

Let v a W 1;2ðB̂B;RNÞ be the unique weak solution to the problem

DjðMsr
ij ðxÞDiv

rÞ ¼ 0 in B̂B

vs ¼ us on qB̂B

�
s ¼ 1; . . . ;N;ð24Þ

and let v0 a W 1;2ð8B;RNÞ be the unique weak solution to the problem

DjðMsr
ij ðx0ÞDiv

r
0Þ ¼ 0 in 8B

vs0 ¼ vs on q8B

�
s ¼ 1; . . . ;N:ð25Þ

Then we have

Z
B

jtihðDuÞj2 dxa c

�Z
B

jtihðDv0Þj2 dxþ
Z
B̂B

jDu�Dvj2 dxð26Þ

þ
Z
8B

jDv�Dv0j2 dx
�
:

The first term and the third term in the right-hand side of (26) can be esti-
mated, respectively, as

Z
B

jtihðDv0Þj2 dxa cjhj2ð1�tÞ
Z
8B

jDv0 � z0j2 dx for all z0 a Rn;ð27Þ

and Z
8B

jDv�Dv0j2 dxa cjhj2ht
Z
B̂B

jDuj2 dxð28Þ

(see [50]).
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Finally, we have to estimateZ
B̂B

jDu�Dvj2 dx:

Let us observe that the function w ¼ v� u a W1;2
0 ðB̂B;RNÞ is the weak solution

to the equation

Dj½Msr
ij ðxÞDiðwr þ urÞ� ¼ 0; s ¼ 1; . . . ;N in B̂B;ð29Þ

whence, by assumption (3), we deduceZ
B̂B

jDu�Dvj2 dx ¼
Z
B̂B

jDwj2 dxð30Þ

a
1

a

Z
B̂B

M sr
ij ðxÞDiu

rDjw
s dxa

b

a

Z
B̂B

jDuj jDwj dx

a c
�
e

Z
B̂B

jDðu� vÞj2 dxþ CðeÞ
Z
B̂B

jDuj2 dx
�

with e, CðeÞ positive constants independent of the radius of B̂B.
In turn, for a su‰ciently small e, inequality (30) yields

Z
B̂B

jDu�Dvj2 dxa c

Z
B̂B

jDuj2 dx;ð31Þ

and the right hand side behaves as jhjtl thanks to Theorem 3.3.
From this point on, we gather together inequalities (26), (27), (28) and (31)

and we can argue as in the proof of Theorem 4 in [18], exploiting the method in-
troduced in [50]. r

5. Appendix

Now we prove the Morrey regularity of jDuj in W. For this purpose, we follow
the idea of G. M. Troianiello [55] adapted to the case of systems (cfr [47]).

We denote a vector of Rn by x ¼ ðx1; . . . ; xn�1; xnÞC ðx 0; xnÞ.
If y ¼ ðy 0; 0Þ we define

Bþ
r ðyÞ ¼ fx a Bðy; rÞ : xn > 0g;

GrðyÞ ¼ fx a Bðy; rÞ : xn ¼ 0g:

Fixed R1 > 0, let M̂MðxÞC ðM̂Mrs
ij ðxÞÞi; j¼1;...;n r; s¼1;...;N be a matrix-valued func-

tion and let ÊEðxÞC ðÊE rs
i ðxÞÞi¼1;...;n r; s¼1;...;N be a tensor and f̂f ðxÞC ð f̂f sðxÞÞs¼1;...;N

be a vector-valued function defined in W ¼ Bþ
R1
ðyÞ.
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We begin by investigating a solution of the problem

ûu a W 1;2ðBþ
R1
ðyÞ;RNÞ

ûujGR1
ðyÞ ¼ 0Z

Bþ
R1
ðyÞ

M̂Mrs
ij ðxÞDj ûu

rDij
s dx ¼

Z
Bþ
R1

ÊE rs
i ðxÞûurDij

s dxþ
Z
Bþ
R1

f̂f sjs dx

for all j a W
1;2
0 ðBþ

R1
ðyÞ;RNÞ:

8>>>>>><
>>>>>>:

ð32Þ

We state the following

Lemma 5.1. Assume that tensor M̂M, satisfies (2), (3), tensor ÊE and vector valued

function f̂f satisfy (4) and (5) respectively with W ¼ Bþ
R1
. Let m0 ¼ m� nþ 2 and let

ûu be a solution of problem (32).
Then, for every R a �0;R1½, we have

jDûuj a L2;m1ðBþ
R ;R

nNÞ with m1 ¼ minfl; m0g;

and there exists a positive constant c depending only on a, b, n, N, R1, such that

kDûuk2L2; m1 ðBþ
R
;RnN Þ a c½kDûuk2L2ðBþ

R1
;RnN Þ þ kÊEûuk2L2; m0 ðBþ

R1
;RnN Þð33Þ

þ k f̂f k2
L

2N
Nþ2

; 2l
Nþ2ðBþ

R1
;RN Þ

�:

Proof. We extend the tensors

M̂MðxÞC ðM̂Mrs
ij ðxÞÞi; j¼1;...;n r; s¼1;...;N ; ÊEðxÞC ðÊE rs

i ðxÞÞi¼1;...;n r; s¼1;...;N

and the vector valued functions

f̂f ðxÞC ð f̂f sðxÞÞs¼1;...;N ; ûuðxÞC ðûusðxÞÞs¼1;...;N

almost everywhere to BR1
ðyÞ by setting

Mrs
in ðx 0; xnÞ ¼

M̂Mrs
in ðx 0; xnÞ if xn > 0

�M̂Mrs
in ðx 0;�xnÞ if xn < 0

(

Mrs
ni ðx 0; xnÞ ¼

M̂Mrs
ni ðx 0; xnÞ if xn > 0

�M̂Mrs
ni ðx 0;�xnÞ if xn < 0

(

for i ¼ 1; . . . ; n� 1 and for r; s ¼ 1; . . . ;N;

Mrs
ij ðx 0; xnÞ ¼

M̂Mrs
ij ðx 0; xnÞ if xn > 0

M̂Mrs
ij ðx 0;�xnÞ if xn < 0

(

for all the remaining values of i; j and for r; s ¼ 1; . . . ;N;
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Ers
n ðx 0; xnÞ ¼

ÊE rs
n ðx 0; xnÞ if xn > 0

�ÊE rs
n ðx 0;�xnÞ if xn < 0

(

Ers
i ðx 0; xnÞ ¼

ÊE rs
i ðx 0; xnÞ if xn > 0

ÊE rs
i ðx 0;�xnÞ if xn < 0

(

for i ¼ 1; . . . ; n� 1;

for s ¼ 1; 2; . . . ;N

f sðx 0; xnÞ ¼
f̂f sðx 0; xnÞ if xn > 0

�f̂f sðx 0;�xnÞ if xn < 0

(

and finally for s ¼ 1; 2; . . . ;N

usðx 0; xnÞ ¼
ûusðx 0; xnÞ if xn > 0

�ûusðx 0;�xnÞ if xn < 0:

�

Note that the functions Mij satisfy (2) and (3), the tensor E and the vector valued
function f satisfy (4) and (5) respectively in BR1

ðyÞ, and u a W 1;2
0 ðBR1

ðyÞ;RNÞ.
Given a function vðxÞ, with x ¼ ðx 0; xnÞ a BR1

ðyÞ, we set

~vvðx 0; xnÞC vðx 0;�xnÞ:

Fixed a function v a C1
0 ðBR1

ðyÞ;RNÞ, we note that v� ~vv belongs in C1
0 ðBþ

R1
ðyÞ;

RNÞ. Therefore, simple calculations show thatZ
BR1

ðyÞ
MðxÞDuDv dx�

Z
BR1

ðyÞ
EðxÞuDv dxð34Þ

¼
Z
Bþ
R1

ðyÞ
M̂Mrs

ij ðxÞDûuDðv� ~vvÞ dx�
Z
Bþ
R1

ðyÞ
ÊE rs
i ðxÞûuDðv� ~vvÞ dx

¼
Z
Bþ
R1

ðyÞ
f̂f sðv� ~vvÞ dx ¼

Z
BR1

ðyÞ
fv dx

and by a density argument we prove that the function u is solution of the problem
(1) in W ¼ BR1

ðyÞ with Mrs
ij , E

rs
i and f s replaced by Mrs

ij , E
rs
i and f s, respectively.

Therefore u verifies (15) and hence (17) with W ¼ BR1
ðyÞ. Now, the Lemma fol-

lows by changing back the coordinates. r

Now we are able to prove the claimed global Morrey regularity of Du.
Since qW a C1, for each y a qW and d2 > 0, there is a ball BR0

ðyÞ and
a C1ðBR0

ðyÞÞ-di¤eomorphism L : BR0
ðyÞ ! Bd2R0

ð0Þ, which straighten qWB
BR0

ðyÞ and such that
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(1) LðyÞ ¼ 0
(2) Bþ

d1R0
ð0Þ � LðBR0

ðyÞBWÞ � Bþ
d2R0

ð0Þ for some 0 < d1 a d2.

Put R1 ¼ d1R0. If z a Bþ
R1
ð0ÞCBþ

R1
, we set

M̂Mrs
ij ðzÞ ¼ Mrs

hkðL�1ðzÞÞ qLi

qyh
ðL�1ðzÞÞ qLj

qyk
ðL�1ðzÞÞJðzÞð35Þ

ÊE rs
i ðzÞ ¼ Ers

h ðL�1ðzÞÞ qLi

qyh
ðL�1ðzÞÞJðzÞ

f̂f sðzÞ ¼ f sðL�1ðzÞÞJðzÞ
ûusðzÞ ¼ usðL�1ðzÞÞJðzÞ

ð36Þ

where z ¼ LðyÞ, y ¼ L�1ðzÞ and JðzÞ denotes the absolute value of the Jacobian
determinant of L�1 at z.

Let us observe that M̂Mrs
ij belong to LlðBþ

R1
ÞBVMO (see Lemma 2.1 of [46]),

ÊE rs
i belong to LnðBþ

R1
ÞBL2;mðBþ

R1
Þ.

Moreover, from the definition (35), it follows that

M̂Mrs
ij x

r
i x

s
j ¼ Mrs

hk

qLi

qyh

qLj

qyk
xr
i x

s
j Jb a

Xn

h¼1

�XN
r¼1

Xn

i¼1

qLi

qyh
xr
i

�2
min
Bþ
R1

Jb a 0jxj2

for all x a RnN .
Thus, a change of variables in (1) yields

ûu a W 1;2ðBþ
R1
;RNÞ

ûujGR1
ð0Þ ¼ 0Z

Bþ
R1

M̂Mrs
ij ðzÞDûuDj dz ¼

Z
Bþ
R1

ÊE rs
i ðzÞûuDj dzþ

Z
Bþ
R1

f̂f sj dz

for all j a W 1;2
0 ðBþ

R1
;RNÞ:

8>>>>>><
>>>>>>:

ð37Þ

To (37) we apply Lemma 5.1 and thus we get the membership of Dûu in
L2;m1ðBþ

R ;R
nNÞ, 0 < R < R1, with norm estimate (33).

We extend Dûu a.e. to BR setting Dûuðx 0; xnÞ ¼ Dûuðx 0;�xnÞ if xn < 0. Thus
Dûu a L2;m1ðBR;R

nNÞ.
As a consequence, since for some r > 0 BrðyÞBW � L�1ðBþ

R Þ, the matrix-
function DûuðLðyÞÞ, y a BrðyÞ belongs to L2;m1ðBrðyÞ;RnNÞ that is, by the chain
rule, Du belongs to L2;m1ðWBBrðyÞ;RnNÞ; thus, thanks to (36), by changing back
coordinates in (33), we deduce

kDuk2L2; m1 ðBrðyÞBWÞ a c½kDuk2L2ðW;RnNÞ þ kEuk2L2; m0 ðW;RnN Þ þ k f k2
L

2N
Nþ2

; 2l
Nþ2ðW;RN Þ

�:ð38Þ

Because qW is compact, there is a finite number of balls such as BrðyÞ, say
B1;B2; . . . ;Bm, which cover qW.
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Moreover, there exists an open set Wn
Sm

i¼1 Bi � H0 �� W such that H0;B
1;

B2; . . . ;Bm cover W.
If fgigi¼0;1;...;m is a partition of the unity relative to the above covering then it

turns out

kDukL2; m1 ðW;RnN Þ a c kDukL2; m1 ðH0;R
nNÞ þ

Xm
i¼1

kDukL2; m1 ðBm
r ðyÞBW;RnN Þ

" #
:ð39Þ

Then from (39) by joining together (38) and the interior estimate (33) we derive
the global Morrey estimate (18). r
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