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Abstract
The existence of positive weak solutions to a singular quasilinear elliptic system in the whole
space is established via suitable a priori estimates and Schauder’s fixed point theorem.
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1 Introduction

In this paper, we consider the following system of quasilinear elliptic equations:

—Apu=ay(x)f(u,v) in RN,
_Apzv =ax(x)g(u,v) in RN, (P)
u,v>0 in RN,

where N > 3,1 < p; < N, while A, denotes the p;-Laplace differential operator. Nonlin-
earities f, g : Rt x R™ — R™ are continuous and fulfill the condition

(Hy ¢) There exist m;, M; > 0,1 = 1,2, such that

mis® < f(s,1) < Mys® (1 +1P1),
matP? < g(s, 1) < My(1 4 52)1P2
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forall s, € RT, with =1 < a1, o <0 < a2, B1,

ap+a<pi—1, fi+pr<pr—1, (1.1
as well as
23 pi .
Bi < “Zmin{p; — 1, pf — p1}, @ < L min{ps — 1, p} — pa}.
P P
Here, p} denotes the critical Sobolev exponent corresponding to p;, namely p¥ := %

Coefficients ¢; : RY — R satisfy the assumption
(Hg) a;(x) > O ae.in RY and ¢; € L'(RN) N L% (RN), where

1 1

Lomom 1o m e
1 Pq P '¢) P> Py

Let D1-Pi (RN) be the closure of Cy° (RY) with respect to the norm

||w||D1yp1(RN) = [IVwll Lri -
Recall [12, Theorem 8.3] that
DLPRNY = {w e LP RY) : |Vw| € L ([RN)}.

Moreover, if w € D7 (RV), then w vanishes at infinity, i.e., the set {x € RN :w(x) > k}
has finite measure for all £ > 0; see [12, p. 201].

A pair (u,v) € DVPIRN) x DVP2(RN) is called a (weak) solution to (P) provided
u,v > 0ae. inRY and

Sy IVulP=2VuVedx = [py ai f(u, v)gdx,

Jev IVOIP22VoVY dx = [y azg(u, v)¥r dx

for every (¢, ) € DMPI(RN) x DLP2(RN).

The most interesting aspect of the work probably lies in the fact that both f and g can
exhibit singularities through RY, which, without loss of generality, are located at zero. Indeed,
—1 < aj, B2 < 0 by (Hy ). It represents a serious difficulty to overcome and is rarely
handled in the literature.

As far as we know, singular systems in the whole space have been investigated only
for p 1= g := 2, essentially exploiting the linearity of involved differential operators. In
such a context, [3,4,17] treat the so-called Gierer—Meinhardt system, which arises from
the mathematical modeling of important biochemical processes. Nevertheless, even in the
semilinear case, (P) cannot be reduced to Gierer-Meinhardt’s case once (Hy ) is assumed.
The situation looks quite different when a bounded domain takes the place of R": many
singular systems fitting the framework of (P) have been studied, and meaningful contributions
are already available [1,6-11,13-16].

Here, variational methods do not work, at least in a direct way, because the Euler function
associated with problem (P) is not well defined. A similar comment holds for sub-super-
solution techniques, which are usually employed in the case of bounded domains. Hence, we
were naturally led to apply fixed point results. An a priori estimate in L®°(RY) x L®(R")
for solutions of (P) is first established (cf. Theorem 3.4) by a Moser’s type iteration procedure
and an adequate truncation, which, due to singular terms, require a specific treatment. We
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next perturb (P) by introducing a parameter ¢ > 0. This produces the family of regularized
systems

—Apu=ay(x)fu+ev) in RY,
—Apv =ay(x)gu,v+¢) in RY, (P,)
u,v>0 in RV,

whose study yields useful information on the original problem. In fact, the previous L*°-
boundedness still holds for solutions to (P, ), regardless of €. Thus, via Schauder’s fixed point
theorem, we get a solution (u,, v¢) lying inside a rectangle given by positive lower bounds,
where ¢ does not appear, and positive upper bounds, that may instead depend on ¢. Finally,
letting ¢ — 07 and using the (S)-property of the negative p-Laplacian in D7 (RV) (see
Lemma 3.3) yield a weak solution to (P); cf. Theorem 5.1.
The rest of this paper is organized as follows: Section 2 deals with preliminary results.
An a priori estimate of solutions to (P) is proven in Sect. 3, while the next one treats system
(P:). Section 5 contains our existence result for problem (P).

2 Preliminaries

Let © € RY be a measurable set, let 7 € R, and let w, z € L?(RY). We write m(2) for
the Lebesgue measure of ©, while 1+ := max{£¢, 0}, Q(w < 1) := {x € Q : w(x) < 1},
lwlp := lwlzr@wy). The meaning of 2(w > 1), etc. is analogous. By definition, w < z iff
w(x) < z(x)ae. in RV,

Given 1 < g < p, neither L?(RY) < L9(R") nor the reverse embedding holds true.
However, the situation looks better for functions belonging to L'(RV). Indeed (see also [2,
p- 93D,

Proposition 2.1 Suppose p > 1 and w € LY@®Y)y N LP(RN). Then w € L1(RY) whatever
q €11, pl.

Proof Thanks to Holder’s inequality, with exponents p/q and p/(p — g), and Chebyshev’s
inequality, one has

lwid :/ |w|qu+/ |w|9dx
RN (jw|<1) RN (Jw]>1)

q/p
5/ Jwl dx + (/ |w|de) (@ (jw| > )]~/
RN (Jw|<1) RN (jw|>1)

q/p I-q/p
5/ |w|dx+</ lepdx> (/ |w|pdx>
RN RN RN

= llwllt + llwll}.

This completes the proof. O
The summability properties of a; collected below will be exploited throughout the paper.
Remark 2.1 Let assumption (H,) be fulfilled. Then, for any i = 1, 2,

(1) a; € LD (RN).
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1584 S. A. Marano et al.

(o) a; € LY (RN), where y; := 1/(1 — t;), with

o) + 1 o +1
= ]* +,873k’ tz::%—'_ﬂz* N
P P> P 1)
(3) a; € L% (RN), for §; := 1/(1 — s;) and
ap +1 B2+ 1
S1 = s N2 = -
P %)

(ia) ai € L5 (RN), where & € 1p}/(p} — pi). Gil-

To verify (j1)—(ja), we simply note that {; > max{( p;‘)’ , Vi, 6i, &} and apply Proposition
2.1.

Let us next show that the operator —A , is of type (S) in D17 (RY).

Proposition 2.2 If1 < p < N and {u,} € D"P(RV) satisfies

up—u in DHPRY), 2.1
lim sup(—A,,u,,, Uy — u> <0, 2.2)
n—oo

then u,, — u in D-P(RN).

Proof By monotonicity, one has
<—Apu,, —(=Apu), uy — u) >0 VneN,
which evidently entails
lim inf (= Apun — (A pu), up —u) = 0.

Via (2.1)-(2.2), we then get

lim sup (— A puy, — (—Apu), uy, — u) < 0.
n—oo

Therefore,

lim (IVun|P =2V, — [Vu|P~*Vu) (Vu, — Vu)dx = 0. (2.3)
N

n—oo R

Since [18, Lemma A.0.5] yields
/ (IVunP">Vu, — [VulP"2Vu) (Vu, — Vu) dx
RN

|V (up—w)|? :
Cp fRN (IVun\Z—\VMu\‘)Z—P dx if 1 <p<?2,

VneNlN,
Cp Jan IV(uy —u)|Pdx  otherwise

the desired conclusion, namely

lim IV(u, —u)|? dx =0,
N

n—oo R
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directly follows from (2.3) once p > 2. If 1 < p < 2, then Holder’s inequality and (2.1)
lead to

v —u)|P 2-p)
/ IV — w)|? dx :/ Vo O (Vi + Va5 dx
RN

p2=p)

RY (|Vun| + [Vul) 2

2—p

P
IV (un — w)|? 2 )T
Vu, Yuh?
: (/]RN (IVun| + [Vul)?=» dx) (/RNU Ul + [Vul)fdx

14
\v/ _ 2 2
§C</ |V u)|2 dx) , neN,
RrY (|Vug| + [Vul)==P

with appropriate C > 0. Now, the argument goes on as before. O

3 Boundedness of solutions

The main result of this section, Theorem 3.4 below, provides an L®(RN)—a priori estimate
for weak solutions to (P). Its proof will be performed into three steps.

Lemma 3.1 (LI’? (RN)—uniform boundedness) There exists p > 0 such that
max { ;. olly;} < o G.1)
for every (u,v) € DLPYRN) x DVP2(RN) solving problem (P).

Proof Multiply both equations in (P) by u and v, respectively, integrate over RY, and use
(Hy ) to arrive at

IV =/ alifw,v)udst]/
RN

aru® (1 + P dx,
RN

”VU”% 2/ arg(u, v)vdx < MZ/ ar(1 + u®2)vP2t1 dx.
RN RN

Through the embedding D!+ (RN) < v (RN), besides Holder’s inequality, we obtain
g g
1 1
1Vully) < My (llals Tl S5+ a5 )92 )
< Cvulgt (lalls + a1V el51)
cf. also Remark 2.1. Likewise,
IVoll5E < Calvollz (laslls, + lazll, IVuls:)
Thus, a fortiori,
i
Ivall i~ = < € (lalls + a1V 0I5
N
IVl < €2 (lazlls, + llazll I Vul ). (3.2)
which imply
IVallpy ™+ 19wl

= €1 (llarllsy + Narll 199151) + €2 (llazlls, + llazll, 1 Vull37)
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1586 S. A. Marano et al.

Rewriting this inequality as
1— 1-
”Vu”?t)zl (”VM”PI —a—a2 C2||612”y2> + ||VU||]’5;12 (”VU”pZ Bi— C] ”al ”)/1)

< Cillaills, + C2llazlls,,
(3.3)
four situations may occur. If

pi—l—aj—a p2—1=B1—p2
IVullpy 77 < Callazlly, s IVl T < Cilailly,

then (3.1) follows from (jp) of Remark 2.1, conditions (1.1), and the embedding
DLPi(RN) < LPi (RV). Assume next that

—1— —1—B;—
Va5 177 S Collaallyy s VOl P72 5 gy, - (3.4)
Thanks to (3.3), one has
—1—
IVulle (V| 5~ =7 — Callazlly,) < Cillaills, + Callazlls,.

whence, on account of (3.4),

C1 llaills, + Callazlls,

l—a;—an
[Vullh ™ < @ + C2llazlly,
Vel
Cillarlls +Cz||a2||s
< 1 2 + Callazlly, -
lazllya™ i

A similar inequality holds true for v. So, (3.1) is achieved reasoning as before. Finally, if
IVullfi =77 < Gollaally, . (VIR P > Cpllaly, (3.5)
then (3.2) and (3.5) entail
19015717 < €2 [llaalls, + laally, (Callaally,) T |
By (1.1) again, we thus get
max{[|Vullp,, Vvl p,} = C3,
where C3 > 0. This yields (3.1), because DLriRY) — LP (RN). The last case, i.e.,
IVullpi ™77 > Colaally, s IVIRET T < Clllaally,
is analogous. O
To shorten notation, write
PLPi RN = {w e DVPI(RY) :w > 0 ae.in RV}

Lemma 3.2 (Truncation) Let (1, v) € DVPL(RN) x DLP2(RN) be a weak solution of (P).
Then

/ |VulP' 2VuVedx < M, / ar(1 4 v"Hedx, (3.6)

RN (u>1) RN (u>1)

/ Vo2 2VuVy dx < M2/ ar(1 + u®)y dx (3.7)
RN (v>1) RN (v>1)

forall (¢, ) € DLPYRN) L x DLP2RN)Y .

@ Springer



Singular quasilinear elliptic systems in RN 1587

Proof Pick a C! cutoff function 7 : R — [0, 1] such that

[0 ifr<o0,

and, given § > 0, define ns(1) := n (51). If w € D7 (RV), then
nsow e DR, V(s ow) = (nf ow)Vuw, (3.8)
as a standard verification shows.

Now, fix (¢, ) € DI (RN)Jr x phr2 (RN)+. Multiply the first equation in (P) by
(ns o u)e, integrate over R¥ and use (H f.g) to achieve

/RN IVulP' 2VuV((ns o u)g) dx < M, /RN aru® (1 + vP)(ns o u)p dx.
By (3.8), we have
/ |VulP'=2VuV ((ns o u)p) dx
RN
= f [VulP' (n§ o u)p dx —|—/ (s o u)|Vu|P' >VuVedx,
RN RN
while 05 ou > 0in RY . Therefore,

/RN(ng ou)|VulP' "2VuVedx < M; /RN aru® (1 +vP) (s o u)p dx.
Letting § — 0T produces (3.6). The proof of (3.7) is similar. ]
Lemma 3.3 (Moser’s iteration) There exists R > 0 such that
max{llull Lo, IvlliLe@y} < R, (3.9
where
Q =RVwu>1) and Q=R >1),
for every (u,v) € DLPIRN) x DLP2(RN) solving problem (P).

Proof Given w € L”(21), we shall write |[w/||,, in place of ||w| zr(g,) Wwhen no confusion
can arise. Observe that m(€21) < +oo and define, provided M > 1,

upy (x) ;= min{u(x), M}, x e RN,

Choosing ¢ := u”"™" with « > 0, in (3.6) gives

(kp1+1) u';,fl|Vu|p1_2VuVuM dx
Qi (us<M)
< M1/ ar(1+ vPyusP ™+ dx. (3.10)
Q)
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1588 S. A. Marano et al.

Through the Sobolev embedding theorem, one has

(kp1+1) Wy P IV ulP VUV dx
Q(u<M)

1
=(pr+1) (|Vulu*)P dx = %/ VU P dx
Q(u<M) ( + PV Jo, w<m)

1
= P v = o P
Gt D7t Jo, (et D7

for appropriate C; > 0. By Remark 2.1, Holder’s inequality entails
/ ar(1+ vﬁl)ukmﬂdx < / ar (1 + vPHur+lgy
Q) Q

+1
= (llarlle + llarlle Iol5% ) el
Hence, (3.10) becomes

/cp1+1

1 +1
Gy 5 = € (el + Dl IS ) el

(kp1+DE

Since u(x) = Mlim up (x) ae in RY, using the Fatou lemma we get
— 00

kpr+1 +1 +1
Pt < 2 (e + e 158 ) el

K+ D
namely
1) NG =
nik 1 K 1
lllgerp = €3 o) (1 105 ) ™ el 77 e G.11)

where C3 > 0, while

1

. l . K +1 Kk+1
10e) = (k+Dpr’ o= [(Kpl + 1)1/"‘] .

Let us next verify that
(k+ Dpf > (kpr + D& Vi eRY,
which clearly means

1 kpr+1
- < 1 - 7*,
3 (x + D py

kp1+1
(K+1)p

holds true, because - 5 < 1-— p— ; see Remark 2.1. Now, Moser’s iteration can start. If there

k eRY. (3.12)

Indeed, the function «

is increasing on ]RJr and tends to 2L p rask — 00. S0, (3.12)

exists a sequence {«,} C R(_)" fulfilling
Jm iy = 400, lullge, +1p; =1 ¥n e N
then ||ul| (@) < 1. Otherwise, with appropriate ko > 0, one has

||u||(K+1)p* > 1 forany k > ko, besides ||u||(K0+])p* <1. (3.13)
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Inequality (3.12) evidently forces ~<22LEL 1 pick | > kg such that (k1 p; + )& =
(KO+1)p] E] 1

(ko + 1) p}, set k := k1 in (3.11), and use (3.13) to arrive at

n(k1 Kkppit+l
(GERNIE
el s = € Vo) (1+ ||v||f’,';) lu ||(K;11;’;,
(k1)
< 1o (k) (1 n ||v||f;1;> . (3.14)

Choose next kp > ko satisfying (k2 p1 + 1)5{ = (k1 + 1) p}. From (3.11), written for x := x>,
as well as (3.13)—(3.14), it follows

Ky p1+1

(kg +1)
ey = 3P tea) (14 004 )7l (21

n(k2)
< C;](KZ)O'(KZ) (1 + ||v||§%) el Gey+1) p7
n(k2)+n (k1)

By induction, we construct a sequence {k,} < (ko, +00) enjoying the properties below:

(knp1 + D& = (kn—1 + Dp], nel; (3.15)
"0k 1 Bi Yo k)
el = €= " TTote (1+1015)) (3.16)
i=1
for all n € N. A simple computation based on (3.15) yields
n 1 n—1 p* i
K +1_(x0+1)< ) +— ( p ) ,
" 51 P/l ; Plfi
where p’: E;, > 1 due to (j4) of Remark 2.1. Hence,
1
K,,+1:c*(p‘> as n — oo, 3.17)
Plél

with appropriate C* > 0. Further, if C4 > 0 satisfies

<Cs, teR],

t+1 ﬁ
(tp1 + DM
(cf. [5, p. 116]), then

1
ki + 1 G+
no(la —H[(K p1+1)1/p1:|
1

1 n
_ ﬁ ki +1 el AR - CZ;:1 WoE]
it | LGipr +DY/p -

Consequently, (3.16) becomes

1

i > ki)
Yo (ki i +1 i=11Ki
||”||(kn+l)p* < C =1 1(Ki) C 1+ “v”ﬂL .
1 P
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I\ N
Since, by (3.17), both e, +1 — +ooand by = A (Z251) ", while (3.1) entails [[v] 5 < .
n 1
there exists a constant Cs > 0 such that

lulle,+1)pr = Cs Vn €N,

whence |[u||L= @) < Cs. Thus, in either case, |lu|  >@,) < R, with R := max{l, Cs}. A
similar argument applies to v. O

Using (3.9), besides the definition of sets £2;, we immediately infer the following
Theorem 3.4 Under assumptions (Hy o) and (H,), one has
max{||ulloo, lVlloc} = R (3.18)

Sfor every weak solution (u, v) € DLPIRN) x DLP2(RN) 10 problem (P). Here, R is given
by Lemma 3.3.

4 The regularized system
Assertion (j;) of Remark 2.1 ensures that a; € Lwi )/(RN ). Therefore, thanks to Minty—
Browder’s theorem [2, Theorem V.16], the equation

— Apw; =ai(x) in RY 4.1
possesses a unique solution w; € DLPi(RN)Y, i = 1, 2. Moreover,

e w; > 0,and

o w; € L®°RN).

Indeed, testing (4.1) with ¢ := w;" yields w; > 0, because a@; > 0 by (H,). Through the
strong maximum principle, we obtain

ess infp (yyw; > 0 foranyr >0, x € RV,

Hence, w; > 0. Moser’s iteration technique then produces w; € L®(RM).
Next, fix € € ]0, 1[ and define

(u,v) = ([ml(R + l)al]ﬁwl, [m2(R + 1)’32]P2%1w2) ;

1 1
(e, V) = ([Mlé‘“l(l + RPY =T wy, [MaeP2(1 + R%2)] 7277 wz) ; “4.2)
where R > 0 comes from Lemma 3.3, as well as
Kei={@2) e LI@RY) x LE@®Y) tu =21 =7, v <22 < T

Obviously, K; is bounded, convex, closed in L”1 (RV) x LP3(RY). Given (z1, 22) € K,
write
Zi == min{z;, R}, i=1,2. (4.3)

Since, on account of (4.3), hypothesis (H ,) entails
aimi(R+ D" < a1 fGi+6 %) < aMs® (1 4+ R,
amy(R+ 1P < arg(Z1, % + ) < axMa(1+ R*)sP, 4.4)
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while, recalling Remark 2.1, a; € L(”?)’(RN), the functions

x> a1 () f@1(x) +&,220), x> ax(x)g@1(x), 22(x) + )

belong to D~LPIRN) and D1 P2(RN), respectively. Consequently, by Minty—Browder’s
theorem again, there exists a unique weak solution (u, v,) of the problem

—Apu=a(x)f(Z1(x)+eZ(x)) in RY,
—Ap,v =ay(x)g(Z1(x), Z2(x) + &) in RY, (4.5)

Ug, Ve >0 in RV,

Let 7 : K, — LPT(RN) X Lpé(RN) be defined by 7(z1,22) = (ug, ve) for every
(21, 22) € K.

Lemma 4.1 One hasu < u, <u,and v < ve < ;. So, in particular, T (KCp) C K.

Proof Via (4.2), (4.1), (4.5), and (4.4), we get
(—Apu— (—Apug), (w—u)™t)
= (Mg Iy (R )P w0y — (= A pyue). (e — u)®)
= A@N ap ((mi(R+ D" — fG1+€,2)) (u—u) dx <0,
while Lemma A.0.5 of [18] furnishes
(—Apju = (=Apue), (w—ue)™)

= /N (IVul”' =V — Vi |" Vi) V(u — up) Tdx > 0.
R

Now, arguing as in the proof of Proposition 2.2, one has (1 — us)t =0,ie,u < u,. The
remaining inequalities can be verified similarly. O

Lemma 4.2 The operator T is continuous and compact.
Proof Pick a sequence {(z1.,, 22.n)} C K, such that
(Z1ms 220) = (z1,22) in LPTRY) x LP2(RY).
If (up, vp) := T (21,0, 22,n) and (u, v) := 7 (21, 22), then
/ (Va2 Vi, Vip dx = / a1 f Grn+ . Fa)pdr, (4.6)
RN RN
f (V0|7 "20, Vi dx = f 028G Fan + )9 dr, @)
RN RN
/ IVulP Vv dx = / a1 fGr + e, ) dx,
RN RN

/ |Vv|p2’2VvV1//dx:/ arg(Z1, %2 + &)Y dx
RN RN
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1592 S. A. Marano et al.

for every (¢, ¥) € DLPIRYN) x DLP2(RN). Set ¢ := u,, in (4.6). From (4.4), it follows
after using Holder’s inequality,

||Vun||£} = /N a1 f(Z1,n + &, 220Uy dx
R

§M1/ a18“1(1+R51)undx§CS/ aju, dx
RN RN
< Cellarllpiy lunll < Cellarllipiy I Villpy ¥n €N,

where C, := M;s¥ (1 + RP"). This actually means that {u«,} is bounded in DLPI(RN),
because p; > 1. By (4.7), an analogous conclusion holds for {v,}. Along subsequences if
necessary, we may thus assume

(ty, Vp)—(u, v) in DVPLRY) x DLP2 RN, 4.8)

So, {(un, vy)} converges strongly in L' (B,,) x L9 (B,) forany r; > Oandany 1 < ¢; < p;,
whence, up to subsequences again,

(Un, vp) = (u,v) ae.in RV, 4.9)
Now, combining Lemma 4.1 with Lebesgue’s dominated convergence theorem, we obtain
(tn, vy) — (u,v) in LPIRY) x LP2(RY), (4.10)

as desired. Let us finally verify that 7 (KC;) is relatively compact. If (u,,, v,) 1= 7 (21,4, 22,n)>
n € N, then (4.6)—(4.7) can be written. Hence, the previous argument yields a pair (u, v) €
LPT(RN) x LP2(RVN) fulfilling (4.10), possibly along a subsequence. This completes the
proof. O

Thanks to Lemmas 4.1-4.2, Schauder’s fixed point theorem applies, and there exists
(ug, ve) € KCg such that (ug, v.) = 7 (ug, ve). Through Theorem 3.4, we next arrive at

Theorem 4.3 Under hypotheses (Hy o) and (Hy), for every ¢ > 0 small, problem (Py) admits
a solution (ug, vg) € DVPLRN) x DIP2(RN) complying with (3.18).
5 Existence of solutions

We are now ready to establish the main result of this paper.

Theorem 5.1 Let (Hy ) and (Hy) be satisfied. Then, (P) has a weak solution (u,v) €
DLPYRN) x DVP2(RN), which is essentially bounded.

Proof Pick ¢ := % with n € N big enough. Theorem 4.3 gives a pair (u,, v,), where
U, :=u1 and v, := v1, such that

1
/ (Vi |P1 2V, Vip dx = / ar f (u + L v,,) pdx,
RN RN n
1
/ [V, P22V, Vi dx = / arg <u Un + 7> ¥ dx (5.1)
RN RN n

for every (¢, ¥) € DLPI@RN) x D-P2(RN), as well as (cf. Lemma 4.1)

O<u<wu, <R, O<v<v, <R. 5.2)
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Thanks to (Hy ), (5.2), and (H,), choosing ¢ := u,, ¥ := v, in (5.1) easily entails
IVun b} < le a1+ ofdx < MR A+ RPY a1y
RN
IVunllfE < ¢ [ a4 uuf ar < b+ RORF aal
RN

whence both {u,} € DLP1(RY) and {v,} € D}P2(RYN) are bounded. Along subsequences
if necessary, we thus have (4.8)—(4.9). Let us next show that
(tn,vp) — (u,v) stronglyin D"PL(RN) x DIP2(RVY). (5.3)

Testing the first equation in (5.1) with ¢ := u,, — u yields

1
/ [Vun | 2 Vu,V(u, — u)dx = / af (u,, + -, vn> (U, — u)dx. (5.4)
RN RN n

The right-hand side of (5.4) goes to zero as n — oo. Indeed, by (Hy ¢), (5.2), and (H,)
again,

<2M R + RPYay Vn €N,

1
arf (”n + Ev Un) (p —u)

so that, recalling (4.9), Lebesgue’s dominated convergence theorem applies. Through (5.4),

we obtain lim (—A, uy, u, —u) = 0. Likewise, (—=Ap,v,, v, —v) — 0asn — 00, and
n—oo

(5.3) directly follows from Proposition 2.2. On account of (5.1), besides (5.3), the final step

is to verify that

1
lim / af <un + —, vn> pdx = / ay f(u, v)pdx, (5.5)
n—oo JpN n RN
1
lim ag (un, v, + 7> Ydx = / arg(u, v)y dx (5.6)
n—>o0 JpN n RN

for all (¢, ¥) € DLPIRN) x DLP2(RV). If ¢ € DLPI(RY), then (jy) in Remark 2.1 gives
aip € L'(RN). Since, as before,

1
arf (”n + *»Un>‘p
n

assertion (5.5) stems from Lebesgue’s dominated convergence theorem. The proof of (5.6)
is similar at all. O

< MiR*" (1 + RPYaylgl|, neN,
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