Two nontrivial solutions for Robin problems
driven by a p—Laplacian operator
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Abstract By variational methods and critical point theorems, we show the existence
of two nontrivial solutions for a nonlinear elliptic problem under Robin condition
and when the nonlinearty satisfies the usual Ambrosetti-Rabinowitz condition.
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1 Introduction

In this paper we study the existence of two nontrivial weak solutions of following
nonlinear elliptic equation under Robin condition

—Apu+|ulP~2u=Af(x,u) in Q,
ey
%+ﬁ(x)|u|”’2u:0 on dQ,

where Q C RN (with N > 3) is a non-empty bounded open set with a smooth bound-
ary dQ, A is a positive real parameter and 1 < p < N. The differential operator in (1)
is described by the p-Laplacian, A,u = div(|Vu|P~>Vu). We assume f: Q@ xR — R,
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BeL>(dQ),B(x) >0ae.ondQ.In the boundary condition, ‘3—3 denotes the gener-
alized normal derivative defined by 3—3 = |Vul[P=2Vu-v(x), v(x) being the outward
unit normal at x € dQ.

A special case of our main result (see Theorem 6) can be given in the following
form.

Theorem 1. Let g: R — R be a nonnegative and continuous function such that there
exist positive constants ay, ay and s €|p, p*[ such that

lg(t)| < ay+ar|t|™" forallt € R,

and

lim @ = +-o0,

=0t T

Moreover, assume that there exist V > p and R > 0 such that

T
0< v/ g(t)dt <tg(t) forall T € Rwith|t|>R.
0

Then, there exists A > 0 such that for each A €)0, 4], the problem

—Apu+|ulP~2u=Ag(u) in Q,
)
%+ﬁ(x)|u|1”2u20 on 09,

has at least two nonnegative weak solutions.

The main novelty of our paper is that we apply a recent critical-points result to el-
liptic problems with p—Laplacian in the equation and with Robin conditions on the
boundary. There exist several existence results to problem (1), anyway our approach
is new and gives the existence of two nontrivial weak solutions. The assumptions on
the nonlinear term are easy to verify and so our results could be applied to several
problems of type (1).

Elliptic problems with Robin conditions have been studied by several authors by
applying different tools like fixed point theorems, sub and super-solution methods,
and critical point theory. We refer, without any claim to completeness, to the papers
[2,7,12,13, 14, 15] and the references therein.

Moreover, we observe that the derivation and application of critical point results
of that used here have been initiated by the works of Ricceri [16, 17] which were the
starting point of several generalizations in that direction for smooth and non-smooth
functionals, we refer only to some works of Marano-Motreanu [9, 10], and Bonanno
[3, 4] that inspired us in writing this paper.

The paper is organized as follows. In Section 2, we state the main definitions
and tools that we are going to need to prove our main results. Especially, we recall
the abstract critical point theorem of Bonanno-D’Agui [5], which is an appropriate
combination of the local minimum theorem obtained by Bonanno with the classical
and seminal Ambrosetti—-Rabinowitz theorem (see [1]), moreover we give a lemma
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about the relation of our perturbation concerning the Ambrosetti—-Rabinowitz con-
dition and the Palais-Smale condition (Lemma 1). Then, in Section 3, we are going
to prove our main result which gives an answer about the existence of solutions to
problem (1). To be more precise, we obtain the existence of two non-trivial solu-
tions of (1), see Theorem 3, and the proof is based on the abstract critical points
result stated in Section 2. Finally, in Section 4, we consider special problem in the
autonomous case, and give an example in order to show the applicability of our
results.

2 Preliminaries and basic notations

Let (X,] - ||) be a Banach space; its dual space is X* and the corresponding duality
pairing is denoted by (-,-). Let I : X — R be a Gateaux differentiable functional; we
say that [ satisfies the Palais-Smale condition, (in short (PS)—condition), if every
sequence {uy fnen € X such that {I(u,)},en C R is bounded, and I’ (1) — 0 in X*
as n — +oo, admits a strongly convergent subsequence in X.

LetA: X — X* be a functional. We say that A has S -property iff every sequence
{un}nen C X such that u, — u in X and limsup,,_, .. (Au,, u, —u) < 0 implies that
u, — uin X.

We consider the usual Sobolev space wlr (), endowed with the norm

= ([, s | vatoras)

and denote by (W' (Q))* its dual space.
Since 1 < p <N, p* = % and it is known that, for every u € W!?(Q) there
exists a constant 7 € R such that

”””LP*(Q) < T|ull, (3)
the constat 7 has been determined by Talenti (see [18]) and

1-1 N
rewint (220)7 (0w )
-p N _N
F(p)F(H—N p)
where I is the Euler function.

Fix s € [1, p*[, by Sobolev embedding theorem and Hélder’s inequality, for every
u € WHP(Q) we have that

P

7 lull, “)

ullzs) < T1€2|

where |Q2] denotes the Lebesgue measure of Q in R. On Q2 we consider the (N —
1)-dimensional Hausdorff (surface) measure o (). Using this measure, we can define
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in the usual way the “boundary” Lebesgue spaces LP(dQ) 1 < p < co. From the
theory of Sobolev spaces, we know that there exists a unique continuous linear map
% : WHP(Q) — LP(9R), known as the “trace map”, such that

W(u) =uy,, forallu e WP (Q)nC(Q).

Therefore we understand Y (u) as representing the “boundary values” of an arbitrary

N-1
(N_[zﬂ).

Sobolev function u. The trace map }p is compact into LT (92 forall n € [1,
Also, we have
imp = Wi (9Q), (p = LD, ke =W (@),

In the sequel, for the sake of notational simplicity, we drop the use of the trace map
Y. All restrictions of Sobolev functions u on dQ are defined in the sense of traces.
In studying problem (1) we rely on the negative p-Laplacian —A), : whr(Q) —
(WO1 7())*. It is well-known that the operator —A,, is continuous, bounded, pseu-
domonotone and has the S -property (see [6], [11]).

Throughout the sequel, we assume that the nonlinearity f: 2 xR — R is a
Carathéodory function i.e. f(-,¢) is measurable for every r € R, f(x,-) is continuous

for almost every x € Q and satisfies the subcritical growth condition and the usual
Ambrosetti-Rabinowitz condition (in short (AR)-condition).

(H) There exist two non negative constants aj, az, a constant s €] p, p*[ such that

|f(x,0)] < ai +aplt|" forall(x,r) € 2 xR.

Put F(x,1) = /(:f(x,g)dé for all (x,7) € Q xR.

(AR) There exist two constants 1> pand M > 0 such that, 0 < puF (x,1) <tf(x,t),
for all x € Q and for all |t| > M.

We consider the C!-functionals @, ¥ : W!”(Q) — R defined by

@) =l ++ [ olao)ldo. ©
and
W) = [ Flru(o)d ©

for all u € W' (), whose Gateaux derivatives at point u € W'?(Q) are given by

D' (u)(v) = /Q |Vu(x)[P~2Vu(x) - Vv(x)dx

+ /Q () [P~ 2u(x) v () dx + /a W) wdo,

and
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W) = [ Slxu(x)vndx,

for every v € WIP(Q). Put I = ® — AW, we observe that critical points of I, are
weak solutions of (1).
We recall that weak solution of problem (1) is any u € W17 (Q) such that

/Q |Vu(x)|P~2Vu(x) -Vv(x)dx—&—/_Q () [P~ 2u(x) v (x)dx

+ aQﬁ(x)|u(x)\1’_2u(x)v(x)dc7 = l/gf(xm(x))v(x)dx.

Finally, we recall the following two non-zero critical points theorem established
in [5] that we use to point out our results.

Theorem 2. Let X be a real Banach space and let @, ¥ : X — R be two functionals
of class C" such that i§f¢(u) = @(0) =¥(0) = 0. Assume that there are r € R and
i€ X, with0 < ®(ii) < r, such that

sup  ¥(u)

U —1(]—co,r] 1
€d1(]—o0,r]) <'1’(u)7 7

and, for each

A T sy ) |
ue P! (J—co,r])
the functional I = ® — AW satisfies the (PS)—condition and it is unbounded from
below.
Then, for each A € A, the functional I, admits at least two non-zero critical
points uy 1, uy o € X such that I(uy, 1) <0 <1(uy ).

3 Main Results

In this section, we present our main results. To be precise, we establish the existence
result of two non zero weak solutions of problem (1).
We have the following Lemma.

Lemma 1. Assume that conditions (H)-(AR) hold. Then I, satisfies the (PS)—condition.

Proof. Let {u,}nen C€W'P(Q) be a sequence such that {I; (i) },en C Ris bounded,
and [} (u,) — 0 in (W'P(Q))* as n — +eo. Simple calculations show that
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L () = (10 () | w1y ||| > el () — 15 () (24) (8)
= U (up) = AW () — D' (1) (1) + AW () (1)

(B 1)l (B 1) [ Bolutlrac

A G n(0) () () de
> (ﬁ— 1) a7 4+,

where C is a constant. If {u, },cN is not bounded, from (8) we obtain a contradiction.
Therefore {u, },eN is bounded in W17 (Q). Then, using a subsequence if necessary
we may assume that u, — u in W'"?(Q), u, — u in L'(Q) where [ € [1,p*[ and

Un — uin L1(98) for n € [1%[

Using (H) and the Holder inequality, we obtain that

lim [ f(x,un)(uy —u)dx =0, 9)
n—e [0
lim ﬁ(x)|un|p_2un(un —u)do =0, (10)
= /o0
and
lim/ |un|”72un(un—u)dx=0. an
n—o [0

Taking into account that such that /5 (u,) — 0 in X* as n — +oo, we have that

(I (n),ty — ) = (= Apty, Uy — 1) —&-/Q \un|”72un(un —u)dx

—|—/ B (x)|tn| P~ (g — u)d o — / e uy) (uy —u)dx — 0.
o0 Q
From (9), (10) and (11) one has
limsup(—Apup, u, —u) <O0.
n—soo

By the S -property of —A, in W' (Q) we have that u, — uin WP (Q). Hence I,
fulfills (PS)—condition. O

Put
_lel+p.oal,,

k A
2]

12)

where |0 Q| :/a do = 0(dQ) and B, = esssup f(x).
Q Q

Theorem 3. Assume that conditions (H) and (AR) hold. Moreover assume that
there are two positive constants ¢ and d, with d < c, such that
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a / F(x,d)dx
=P ZesP < Q 13
ajc A —=c o] T ; (13)
where a1, ay, s and k are given by (H) and (12) respectively.
P
Then, for each A € Ay := k‘/-?T‘lf d? ! , prob-

1
[ Flsaas' o T E
Q
lem (1) has at least two non-zero weak solutions.
Proof. Put @ and ¥ as in (5) and (6). It is well known that @ and ¥ satisfy all
regularity assumptions requested in Theorem 2.
Explicitly, we observe that from (13), one has A} # 0.

Consider the constant function #(x) = d € W'?(Q), taking into account (12) we
have

o ar _Kelr
om=" (/de+/mﬁ(x)do> < (1l +pulag) = T (4

On the other hand one has

¥ (u) :/(ZF(x,d)dx,

hence, we obtain

'-P(ﬁ)> PT? /QF(x,d)dx.

D) " ol dr

15)

P
Now, set r = % ‘QTI;' cP. Forallu € WHP(Q) such that u € @~ ! (]—oo, 7)), taking

(5) into account, one has that ||u|| < ( pr)% we have
1
@ (J=oo,r]) € {w e W'P(2) s ul < (pr)7 | 16)

From (H) follows

jof*

|F(x,t)| <aylt] +a,— forevery (x,t) € 2 xR. (17)
s
From (4), (16) and (17) one has
sup P(u) sup 1 Y(u)
ue P! (]—cor]) < llull<(pr)? (18)

r r
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ay .
sup (a5 el o)
llull<(pr)P

- r
L;l a2 s p*;x N
sup (@ TIQ| 7 [lull +=T°(2] 7 |u|
. Jull<(pr)?
.
Pt Lo g B8 s
a\T|Q| 7 (pr)r +2T%|Q| 7 (pr)r
- r

1-p s—p

P-p TPpr\ " a TPpr\ 7
= pT?|1Q| 7 |a pi e I’L
|7 S

a
= pT?|Q|F [alcl"’ + —ch—P} .
S

Therefore, from (13), (15), (18) we obtain condition (7) of Theorem 2. Moreover,
since 0 < d < ¢ and again by virtue of (13), we infer that

kd? < cP. (19)
Indeed, arguing by contradiction, if we assume that kd” > ¢” and using (17) we have
1 ayd+ 24° 1 /QF(x,d)dx
> — S >

“k dr ~ k| Q| dr ’
which contradicts (13). Then from (14), (19) we obtain that

— az
ajc! TP 4 =P
$

P(u) <r

By virtue of Lemma 1, for all fix A € A; the functional I, satisfies the (PS)—condition.
Using (AR)—condition, it is easy to prove that the functional /; is unbounded from

below. Moreover, inf @(u) = P(0) = ¥(0) = 0, therefore, all assumptions of
uewlr(Q)

Theorem 2 are satisfied. So, for all L € A C A problem (1) admits at least two
non-zero weak solutions. O

Finally, we point out the following result that we will use to obtain nonnegative
solutions for our problem (1).

Lemma 2. Let f : Q x R — R, assume that f(x,0) >0 fora.e. x € Q. Consider the
problem
—Apu+ |ulP2u=Af (x,u) in Q,
(20)
%+B(x)|u|”_2u=0 on Q.

where
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f(x,0), if t<0,
fr(x,t) = (21
flxn), if 1>0.

Then, the weak solutions of problem (20) are nonnegative weak solution of problem

(1).

Proof. 1f i € W!P(Q) is a weak solution of (20), choosing v =i~ = max{—u,0} €
WI*P(Q) as test function (see, for instance, [8, Lemma 7.6]), one has

/{ gy VAP /{ o T@Paxt [ placrao

—2 /{ gy LT <0,

that is # > 0 for a.e. x € . Then i is a nonnegative weak solution of problem (1)
Hence, our claim is proved. 0O

Now, we present our result on the existence of at least two nonnegative solutions.

Theorem 4. Ler f: Q X R — R be a continuous functions, f(x,0) >0 a. e. x €
Q. Assume that (H) and (AR)—condition hold. Moreover, there are two positive
constants ¢ and d, with d < c, such that

/_Q F(x,d)dx

1-p a sS—p
— <
e T TS HalT @

(22)

v
klQ| P ar 1 |
' 2 = a ——
" / F(x d)d)C’PTVLQ‘N acl P+ 2P
)
Q

(1) has at least two nonnegative solutions.

Then, foreach A € A; .= problem

Proof. Since all conditions of Theorem 3 are satisfied, then for each A € A; the
problem (1) admits at least two non zero weak solutions in W!” () and, taking
into account Lemma 2, they are also nonnegative. 0O

4 Some consequences

We point out a special case of Theorem 3 when the nonlinearity f does not depend
on x.

Theorem 5. Let f : R — R be a nonnegative continuous function such that (H) and
(AR)—condition hold. Moreover, assume that there are two positive constants ¢ and
d, with d < c, such that
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1F(d
arc' P+ %csfp < %% (23)
o kK dr 1 1
Then, for each A € Ay := S S C) My P e problem
—Apu+ |ulP2u=Af(u) in Q,
(24)

%—i—ﬁ(x)\bdp’zu:O on dQ,
has at least two nonnegative weak solutions.

Proof. Our aim is to apply Theorem 4. We observe that from condition (23) we
obtain condition (13) of Theorem 3 and moreover f(x,0) > 0 a.e. x € Q. Then, for

eachA € Ay := Tl’\k_(2|% %, T”IIQ\% alclﬂulrizcwf {problem (24) has at least two
P 14 s

nonnegative weak solutions. [

Finally, we want consider the case when the nonlinear term of problem (24) has a
(p — 1)-linearity at zero.

Theorem 6. Let f : R — R be a nonnegative continuous function such that the (H)
and (AR)—condition hold and

F(t
lim sup Q = oo, 25)
t—0t P
| 1

and put A* = ) —.
pTPIQIN o5 arc! =P 4 2 csp

Then, for each A € ]0,A*|, problem (24) admits at least two nonnegative weak
solutions.

* : 1 1
Proof. Put A € ]0,A*[, there is ¢ > 0 such that A < el ad T T From
P
. P N
(25) there is 0 < d < ¢ such that W% > % Hence, Theorem 5 guarantees
the conclusion. 0O

Example 1. Let p=3,N =4 and Q = B(0, 3%) and consider the function f : R — R
given by f(t) =t*+ 1.

Putting a; = 1, ap =5 and s = 5, we observe that conditions (H) holds. On the
other hand

t 5
F) = [(6*+ 15 =5+,

F(t 12 +5¢
limsup —< ) = lim —: = o0,
o+ P t—0+t St

and (AR)—condition is satisfied as a simple computation shows.
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Moreover, one has that

~
—~
w
Nt
~
—
o~
o Na
P

Z i ,
r(3)r(s)
S 1 . 1 .
u Cw 1
= su |
pT?|Q|% 20 ac P+ 2 = 31

3 03
Using Theorem 6, for each A € ] 0, 225# {, the problem
R
—Asu+|uju=A(t* +1) inQ,
94 B(x)|ulu = 0 on 9Q,

admits at least two nonnegative weak solutions.
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