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Abstract. This paper deals with the existence of nontrivial solutions
for a class of nonlinear elliptic equations driven by an anisotropic Lapla-
cian operator. In particular, the existence of two nontrivial solutions
is obtained, adapting a two critical point result to a suitable functional
framework that involves the anisotropic Sobolev spaces.

1. INTRODUCTION

Let © be a nonempty bounded open set of the real Euclidean space RY,
N > 2, with a boundary of class C!, f : 2 x R — R a function, § =
(p17p25 s apN)a ﬁe RN Put

p_:min{plapZ'--7pN} and p+:max{p17p2--'7p]\/}7 (11)

respectively the minimum and the maximum value of the anisotropic con-
figuration.
Let us consider the following problem

—Apu = Af(z,u) in Q,
(DY)
u=20 on 0f),
N
0 ou
where Apu = Z (‘
i1 82?@ (9%'1

erator and A € ]0, +o0].

i—2
pi ou

8.1‘2'

> is the anisotropic p—Laplacian op-

N
0
If p = 2, forall e = 1,...,N, we get Z—Q = Au, the usual Lapla-
i=1 Oz;
cian operator; if p is constant (that is p; = p for all i = 1,..., N) we get
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N p—2

Z 0 < Ou (‘9u> = Apu, which is the pseudo p—Laplacian operator
1 8951 8$1 c%:z

(see, for instance, [4, 14]).

Recently, anisotropic boundary value problems have been investigated by
many authors and, for an overview on these subjects, we refer to [16, 17, 18,
22, 23, 25, 27, 28, 29, 32, 34, 35, 36, 38| and references therein.

In particular, anisotropic differential problems find their applications in
many field of applied sciences. For instance, the study of an epidemic disease
in heterogeneous habitat is expressed by an anisotropic nonlinear system. In-
deed, anisotropic operators model phenomena in which partial differential
derivatives vary with direction. For more details about these arguments, we
refer to [2, 5, 6, 46] and references therein.

In order to study problem (Df), the functional framework is based on the
theory of anisotropic Sobolev space, which was developed in [40, 41, 44] and
references therein.

In [7], the authors prove a sufficient condition for the global L*°— bounded-
ness of solutions for some class of anisotropic differential problems and under
suitable conditions on the exponents p;. The global boundedness of the solu-
tions is a combination of the original idea by Stampacchia with Sobolev-type
inequality (see [38, 42, 44, 45]).

In [28], the authors study the following quasilinear elliptic problem

—Agzu= P! in Q,
u >0 in Q,

u=20 on 0f),

where Q C RY, (N > 2), m = (m1,ma,...,my), m; > 1 for all i =
1,2,...N, and p > 1. They give two results on the existence of at least
one solution for the given problem, by applying respectively constrained
minimization methods and mountain pass theorem. Moreover, nonexistence
results are obtained in the critical case in domains with a specific geometric
property.

In [34, 35, 36], the authors study nonhomogeneous anisotropic problem in
the case when the indexes of the operator are continuous functions, i.e. they



EXISTENCE OF TWO POSITIVE SOLUTIONS... 3

consider the following anisotropic p(x)—Laplacian operator

N () —2
o | ou ™2 gy
=1

69@

We observe that if p;(x) = p(x) for all « = 1,..., N, the operator (1.2)
becomes the pseudo—p(x)—Laplacian operator (see, for instance, [13]).
The study of nonlinear elliptic problems involving operators of the type
p(z)—Laplacian is based on the theory of generalized Lebegue-Sobolev spaces
(see for instance [21], [26], [31] and [37] for an overview on this subject).
In particular, boundary value problems with variable exponent have been
studied, for example, by [3, 11, 19, 24, 26, 33, 47].

Here and in the sequel, we suppose that p~ > N. The aim of this paper is
to establish the existence of at least two nontrivial solutions for the problem

(Df), by using variational methods. Precisely, under suitable assumptions
on the nonlinearity f, we obtain the existence of two non-zero solutions to
problem (DY) (see Theorem 3.1). Our main tool is a two non-zero critical
points theorem (Theorem 2.1) established in [10]. Such critical point result
is an appropriate combination of the local minimum theorem obtained in [8],
with the classical and seminal Ambrosetti-Rabinowitz theorem (see [1]). As
a way of example, here a very special case of our main result is presented
(see Remark 4.2).

Theorem 1.1. There is n* > 0 such that, for each n €]0,n*[, the problem

—Apu = nu®P 2 4 woin Q,

u=20 on 02

has at least two positive weak solutions.

This paper is organized as follows. In Section 2, some definitions and re-
sults on anisotropic framework are collected. Precisely, an exact constant of
the compact embedding of T/VO1 P(Q) in C°() is pointed out (see Proposition
2.1) owing to the classical Talenti result (see [43]) and its consequence is em-
phasized (see Proposition 2.2). Moreover, the Palais-Smale condition of the
energy functional associated to the problem (Df) is proved (see Lemma 2.1)
and the abstract critical points theorem (Theorem 2.1) is recalled. Finally,
conditions on f in order to obtain nonnegative solutions (see Lemma 2.2) as
well as positive solutions (see Lemma 2.3) are highlighted. The latter result
is based on a strong maximum principle established in [20].
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In Section 3, our main result, Theorem 3.1, is established. It ensures the
existence of two non-zero solutions by requiring a suitable behaviour of the
nonlinearity f (see condition (3.2)) together with the Ambrosetti-Rabinowitz
condition. Its consequence (Theorem 3.2) in order to obtain two positive so-
lutions is established. Finally, in Section 4, the autonomous case is studied.
In particular, it is shown that the (p~ — 1)—sublinearity of f at 0 and the
Ambrosetti-Rabinowitz condition ensure the existence of two positive solu-
tions (see Theorem 4.2). A study of combined effects of concave and convex
nonlinearities (see Theorem 4.3) is addressed and a concrete example is em-
phasized (see Example 4.1).

2. PRELIMINARIES AND BASIC NOTATIONS

In this section, we recall some preliminaries, basic definitions and proper-
ties.

Let (X, ||-||) be a Banach space, its dual space is X* and the corresponding
duality pairing is denoted by (-, -). Let I : X — R be a Gateaux differentiable
functional. We say that I satisfies the Palais-Smale condition, (in short
(PS)—condition), if any sequence {u,}neny € X such that

(Pl) {I(un)}neN is bounded,

(P2) {I'(un)}nen converges to 0 in X*

admits a convergent subsequence in X.
Denote by VVO1 P(Q) the closure of C§°(£2) with respect to the norm

g0, Z |

It is well known (see for instance [44]) that Wo P(()), with the respective
norm, is a Banach space.

We recall that, since p— > N, the space VVO1 P () is continuously embedded
in C°(2), such embedding is compact and one has

LPi(Q)

lullcog@y < mp-llullyy, (2.1)

(%)
for every u € Wol’p_ (©), where

1 _ 1—-L
_N P N N D —1 P %_%
" R [F<”2)] <p——N> = 22
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I' denotes the Gamma function and |Q2| is the Lebesgue measure of Q. In
particular, if Q is an N—dimensional ball, (2.2) is the best constant such
that (2.1) is verified (see [43, Formula (6b)]).

Now, we prove the following proposition that we will use later.
Proposition 2.1. One has
[ullco@y = To lullyrrg) - (2.3)

for each u € Wol’ﬁ(Q), where

W=D~ —1) Pi=p_
To=2 »  my,— max < |Q #»" 5. (2.4)

P<i<N

Moreover, the embedding of Wol’ﬁ(Q) in C°(Q2) is compact.

Proof. 1t is well known that I/VO1 7(()) is continuously embedded in C°() (see
for instance [41, Lemma 2]) and such embedding is compact (see [5, Lemma
2.2]). Here, we prove again such a property in order to have in addition a

precise embedding constant, that is (2.4). To this end, fix u € Wol’ﬁ(Q). In

ou p

particular, one has € LPi(Q)) and then

ou

T
owing to Holder inequality we obtain that

Pi
€ Lr (). Ifp; >p,
1
P p— pi—p_
/ dx < |Qf pir™ </
Q Q

pi o
dw) .
Clearly, if p; = p~ immediately one has
1

([ ) ([ o )

Hence, one has
1

(/Q g dm) T o (/Q

for all i = 1,...,N and u € Wy" (Q), for which (2.1) can be applied,
ensuring the embedding of Wol’p(ﬂ) in CY(Q).

ou
695,-

ou
81‘Z‘

ou
8.7}1'

ou
6:@

ou
8.%

) 1
Di Pi
dx .

ou
895,;

ou
O:Ui

pi o
dx) , (2.5)
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Now, we recall the following elementary inequalities that we are using

below.
N o\ 1/2 N N vy N 1
(Z |a] ) < ail; (Z |ai]> <57 JagV7;
= =1 =1 i=1
N N
(Z |az'|)p < o(N=1)(p—1) Z la; P,
=1 i=1

where a¢; e R, i =1,..., N and p > 1.
So, one has

N
I g = 1900y = (Z

=1

ot

ox;

g

Hence, from (2.5) one has

6331
N
(N=1)(p~—1)
[ (2 >/

ou
69@

ou
8@-

- 1/p~
dx) =
i=1

_ N -\ U/p~
(N-1)(p~-1) ou 1P
=2 - E d <

S~

i=1
_ 1/p—
@-16"-1 N ou P\
S ([ |oele) <
=1 [¢) 895,
CENCEY o o
p — u Pg
ZQIW (/ o dx) <
o |0;
(N-1)(p~ —1) QO
<2 P max Pzp =
- 1<z<N{| | / 0x;
(N-1)(p— —1) QO
=2 P max Pzp
1<’<N{| | 8961 LPZ(Q)’
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that is,

N-Dp~—1) -
ol gy <27 ma (905}l

Hence, from (2.1), taking also into account that the embedding of VVO1 ’

in C°(2) is compact, the conclusion is obtained.

A consequence of previous proposition is the following property.
Proposition 2.2. Fiz r > 0. Then for each u € Wol’ﬁ(Q) such that

N ou

1
;pz oz;

<r,
LPi(£)

one has )
”uHCO(Q) < Tmax{rl/l’ ;Tl/p+}7

N
where T =T} Zpil/pi and Ty is given in (2.4).

i=1
Pi
Proof. From our assumption one has - ’ o <rforalli=1,..
i1l i)

that is ’ a% Lvi (@) < (pir)'/?i for all i = 1,..., N. Therefore, one has

N il ou N

2] < Sl
i—1 1 9Tillori) 3o

So, taking Proposition 2.1 into account, one has

N
[ullco@ <To )y (pir)/P <

LPi(Q) i=1

Z )P max{pt/PT 1Py

that is the conclusion.

()

0

Throughout the sequel, we suppose that f : @ x R — R is an L!-

Carathéodory function, i.e.:
(1) z+— f(x,§) is measurable for every £ € R;
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(2) & f(x,€) is continuous for almost every x € ;
(3) for every s > 0 there is a function Iy € L'(£2) such that

sup | f(z,§)] < ls(x)

l€I<s

for a.e. z € Q.
Put

F(x,t) = /Otf(x,g)dﬁ for all (z,t) € Q x R.

We assume also that the nonlinearity f satisfies the following Ambrosetti-
Rabinowitz condition:

(AR) There exist constants p > pt and M > 0 such that, 0 < pF(x,t) <
tf(z,t) for all x € Q and for all |t| > M.

We recall that u : © — R is a weak solution of problem (Df) ifu e WO1 7(Q)
satisfies the following condition

s

for all v € Wol’ﬁ(Q).
Finally, we define the functionals ®, ¥ : WO1 P(2) — R by setting, for every
u e Wy (@),

Pi=2 9y v

Ou D = /Q £, u(z))o(z)de,

8:1:1-

ou
8.%'1'

idm, U (u) ::/QF(ar,u(a:))dx. (2.6)

N
1
D(u) = ;p/ﬂ

Clearly, ® and ¥ are Gateaux differentiable functionals whose Géateaux
derivatives at the point u € WO1 P(Q) are given by

N
{UCEDY /Q

' (u) () = /Q f (@ u(z)o(z)de

for every v € Wol’ﬁ(Q).
We observe that the critical points in VVO1 P(Q) of the functional I, = & —\¥
are precisely the weak solutions of problem (DY).

Pi=2 Gy Qv
X )

ou
89@1-
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Now we prove the following lemma.

Lemma 2.1. Assume that the (AR)— condition holds. Then I satisfies the
(PS)—condition and it is unbounded from below.

Proof. Let {un }nen C WO1 P (Q) be a sequence which satisfies conditions (P;)
and (P2). Our aim is to prove that it admits a subsequence which is strongly

convergent in W& P (). To this end, first, we verify that it is bounded in
W, P(Q). Indeed, from (AR)—condition one has

[ Gt = 0] =

= (WF (2, un () — f (2, un(x))un(2)] dz+
{xeQ:|un (z)|>M}

¥ F (2, un(2)) — £ (2, un(2) um(2)] dir <
{zeQ:|un(z)|<M}

F(x, &) — , dx <

< maxe|l<m [[LF(I’,§) - f($,£>£] |Q|’ that iS,

/Q WF (2, un(2)) — (@ un(2))un(@)]de < C1 ¥neN  (27)

for some constant C.
Moreover, we have

M1
In(up) = [Zm

pi

ouy,
8:&-

—)\/QF(x,un(:r))da:] >

LPi(Q)

1 oL | Dug ||
> | — = )\/ F(x,up(z))dx|, that is,
[?ﬁ; Ozi |l Jo
i N Ou., ||P?
wly(uy) + )\/ wF (z, up(x))dx > — =
Q p+; i | i (o)
and N
AOuy P72 uy, Ou
, . . n n n . _
(o)) =3 LGl G Gedn = [ feua@)un(a)ds
N pi
= Z Oun - A/ f(z,up(x))uy (z)dz, that is,
i—1 0z {| i (o) Q
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Ouy, ||?
o0x;

= (03w ) ) [ Fa ) ()

3

Hence, it follows that

LPi(Q

Ouy [P
8901-

LPi(Q)

(1%

=1

< T (tm) — (T4 (1) m) + A /Q WF (2, un (2))dz — A /Q £ tn (1))t ()

Therefore, taking (P;) and (2.7) into account, one has

(2%

1
p =1

Ouy, ||?

OF < G — (I (un); un) +AC1 = —(I§(un); un) +Cs,

LPi(Q)

for which, since — (I} (un); un) < (T4 (Un); un)| < T4 (un)]l« ||un||W1 () One
has

(2%

+
p =1

Ouy, [P
8:1/‘1'

< I3 ) s lltn 1.7y +C5 - ¥n € N. (2.8)
LPi(Q)

As usual, we denoted
L5
17560l = sup {3 (w), )] - 0 € Wo (), ol =1}

Now, arguing by a contradiction, assume that {||un||W1,ﬁ(Q)} is not bounded.
0
Since, possibly by renaming the appropriate subsequence, one has

lim

o H'U,nHWOLﬁ(Q) = +00,

from (2.8) it follows that

N i
© 1 2 : Ouy,
pt — || Ox; || 1p; C
=1 LPi () / 3
llwnll < I3 Cun l[wnll 7
nllw 7o) (V)
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Hence, taking (P») into account, one has

N
g
pt : Ox; i
im i=t LIS g, (2.9)
n—+00 ||un||WD1,ﬁ(Q)
Ouy, ||?

< Hu"HWOl’ﬁ(Q) Vn € N (by

N
1
Therefore, one has < — 1)
P ; 0% |l Ly (o)

renaming the sequence), from which, by renaming again the sequence in a
such way that HunHW > 1, one has
Ouy, ||P
aIEi

P(Q)
ou, ||
0@-

p-i-

Lri() M

1/p;
<< - >/p a7, <
LPi(Q) p—pt Wo (@) —
N + o\ WP
< max{ (2 (-2 lwnll )% 5
p—pt p—pt W (@)

N + A\ VP N
Ol < Nmaq (2 ) (2 il 0y =
P (Q) p—pt pw—pt @

— || Ox;
Wa7(Q)’

c4uunu 1
Hunuwg,ﬁ o < Callun|

o L

LPi(Q

Oouy,
(91‘1

1/p~
Wy ()’
p’ p
So that, one has

ARA(ON

Junl? ) < C? VneN,
0

for which {HU”HWL”(Q)} is bounded and this is absurd.
0

In conclusion, the sequence {uy, },en which satisfies (P;) and (P,) is bounded
in VVO1 P(Q), for which our first claim is verified.
Next, we verify that {u, },en admits a subsequence which is strongly con-

vergent in Wol’ﬁ(Q). Since Wol’ﬁ(Q) is reflexive (see [5, Remark 2.1]), {up }nen
admits a subsequence which converges weakly to some u € VVO1 P(Q). Clearly,
since the embedding of I/VO1 P(Q) in C°(Q) is compact (see Proposition 2.1),
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the renamed sequence {uy, }nen converges strongly to u in C°(Q). First, we
prove that one has

(@ (up); up — u) — 0. (2.10)
Indeed, we have
(D (up); un — w) = (I5(un);up — u) + )\/ f(z,upn)(uy, — w)dz. So, since
one has ¢
[z, up)(uy — u)de < / C(up — u)de,

Q
being f(z, u,(z)) < maxje <, f(z,§) since [lug|co < [Jup —ullco+||ullco <k,
and
(I} )0 — 1) < [ )t — ) < T )]
the condition (2.10) is proved.
Moreover, one has

(@' (u); un — u) =0, (2.11)

since ®’(u) is a linear operator in Wol’ﬁ(Q) and u, = u in Wol’ﬁ(Q). Hence,
from (2.10) and (2.11) one has

(@ (up) — @' (u); up — u) — 0. (2.12)
Now, put
ow "% w dv 1
A; —/ —dx; B; 7./42‘
0= [ [on] gt B0 = A

forallt =1,..., N and for all w,v € Wol’ﬁ(Q). From (2.12), one has
(Bi(un) — Bi(u);up —u) -0, Vi=1,...,N. (2.13)

Observe that one has
(Bi(un) = Bi(u); up — u) =
= (Bi(un); un) — (Bi(un); w) — (Bi(u); un) + (Bi(u); u) =

= ‘ ) — (Bi(un); u) — (Bi(u); un) =
8331‘ Lri(@) axz Lri(@) ) 7 s Un
_( ou, ’8u >2+2’8un ou B
al‘l ) 82@ LPi(Q) 8.75% LPi(Q) (%Z LPi(Q)

Lri(Q
—(Bi(un); u) = (Bi(u); un) =
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‘ Ouy, ‘ ou ?
= - -
Ox; LPi(Q) Ox; LPi(Q)
Oouy, ou
+] ~ (B ) +
( Oz || i () 1192i || Loi ()
ou ou
+ - = (Bi(u); un) | -
( 0i || s o 1 9%l 1o (@)
Moreover, one has
Ouy, ou
(B0 < | 52 o
tlles(@) 19Tl Lrs @)
ou, ou
and [(B;(u); un)| < . 5 .
Li |l Lpi () Li |l Lpi ()

Indeed, by Holder inequality, the first inequality follows from steps below
ouy, pi=2 ou,, Ou

P piz: . i
<L) ) LG -
~ | Ja \|0x; o \|0z;

|| 9up pi—l ou
Ox; LPi () Ox; LPi(Q)

and the second is established in the same way. So, it follows

2
(Bi(un) — B(w)sun — ) > | || 22 Ou ,
LPi(Q)

(9% Lpi(Q) N ’ 8.’,1:'@
Vi=1,..,N. (2.14)

for which, taking (2.13) into accont, one has

ouy,
81’@

ou
8.%'

lim ’
n—-+o0o

L7i(Q) B ‘ ()

From [15, Proposition II1.30], taking into account that LPi(2) is uniformly
convex, one has

ouy, B ou

=0, Vi=1,..N. (2.15)

lim ’
LPi(Q)

n—-+o00

Hence, one has
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Ouy,
li = 2.1
n—1>I-1:loo Z H 8,172 axl LPi () 07 ( 6)
that is,
Al = gy =0 217

and our claim is proved.

Finally, standard computations show that from (AR)—condition we ob-
tain that the functional I is unbounded from below. More precisely, from
(AR)—condition there are two constants A > 0 and B > 0 such that

F(z,t) > Att — B, VY(x,t) e QxR

(see for instance [39]). Fix u € Wol’ﬁ(Q), nonnegative and u # 0, and h > 1,
then one has

8]7/* Di
Iy (hi) = 1 / Fla, hi(z))dz <
Z-z:;pz axz LPi(Q) Q
ou ||?

iy}
Sh’ﬁzf

Z —)\/Ahu“—Bda;:
> o 1y~ A )

= Dih?" — W\A [ |a|*dz — AB|Q| = D1h?" — Doh#* — D3, with Dy > 0,
Dy >0, D3 > 0.
Hence,

lim I/\(hﬂ) = —00

h—+o0

and the proof is complete.
O

Remark 2.1. We recall that @' is called an (S)+—map if for every sequence

{un} € W,P(Q) such that u, = w and limsup(®' (u,), u, — u) < 0 one
n—-+o0o

has u, — w in Wol’p(Q). So, arguing as in the proof of Lemma 2.1, it is

easy to verify that ® is an (S);—map. We also recall that, under different

assumptions on p, such a property for ® has been proved in [12, Lemma 2].

Our main tool is a two non-zero critical points theorem established in
[10]. It is a consequence of a local minimum theorem obtained in [8] (see
also [9]) and the classical Ambrosetti-Rabinowitz theorem established in [1].
We recall it here for convenience of the reader.
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Theorem 2.1. ([10, Theorem 2.1] ) Let X be a real Banach space and let
®, ¥: X — R be two functionals of class C* such that igl(f@(u) = ®(0) =

U(0) = 0. Assume that there are r € R and u € X, with 0 < ®(a) < r, such
that

sup U (u)
u€d—1(]—o0,r]) V()
" < B(a)’ (2.18)
and, for each
d(u) r
A=
A€ U(a)’ sup U(u) |’

ue®—1(]—oo,r])
the functional I = ® — AV satisfies the (PS)— condition and it is unbounded
from below.
Then, for each A € A, the functional I admits at least two non-zero
critical points uy 1, ux2 € X such that I(uy1) <0 < I(uyz2).

Finally, we point out the following results in order to the sign of solutions
that we will use in the next sections. To this end, put

ot f(x,0), if t<0, ( |
x,t) = 2.19
f(z,t), if t>0,

for all (x,t) € Q x R and denote by (Di,ﬁ) the problem having f* as
nonlinear term.

The first result allows to obtain nonnegative solutions. Precisely, we have
the following.

Lemma 2.2. Assume that

f(x,0) >0 for ae. x €.
Then, any weak solutioﬂn of the problem (Diﬁ) 1s nonnegative and it is also
a weak solution of (DY).

Proof. Let u be a weak solution of problem
—Aju=X\f"(z,u) in Q,

u=20 on Of).
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So, one has

>

for all v € VVO1 P (©). We claim that @ is a nonnegative function. To this

Pim2 9 Ov

" ox; 8xidm - )‘/Qer(x?ﬂ(ﬁ))v(l“)d%

830@-

end, put 4~ = min{u,0}. Clearly, one has u~ € Wol’ﬁ(Q) (see, for instance,
[30, Lemma 7.6]). Moreover, setting A = {z € Q : u(zr) < 0}, taking into
account that @ is a weak solution and choosing v = 4™, one has

N D N D=2 A a——
ou |V ou |’ ou ou
< dr = =
EN:/ ou |"* du ou
o im1 QO 8.%2 8.%‘Z 835@ -

= o a(x))a (x)dx = o a(z))a (x)dx =
_A/Qf<,<>> (2)d A/Afum (2)d

= )\/Af(x,O)a_(x)d:L“ <0,

that is,
N .
6— Di
E / Y dr = 0.
= Ja| 0w

Hence, one has

7 |Pi
/ 08 ™ e =0 foralli =1, .. N,
4 | Oz
for Whiad’l_ . oa P P
/ Y da::/ Y da:—i—/ al de=0foralli=1,...N
ol Ox; A |0z oA | O;
and hence )
—— |Pi o
(/ ou dx)p —Oforalli=1,..N.
l Oz
It follows N )

i=1
so that u~(z) = 0 in Q and so u(x) > 0 in 2. Hence, our claim is proved.
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Moreover, @ is a weak solution for (D’g). Indeed, one has

8u8v —)\/f+ i(2))o(x)ds =

Z

T\ /Q f (@, a(@))o(@)da

for all v € VVO1 P (€2), and the conclusion is achieved.

8:01

O

The next result allows to obtain positive solutions. It is based on the strong
maximum principle established in [20] and here, since p~ > N > 2, the
degenerate case is applied.

Lemma 2.3. Assume that

flx,t) >0 for ae. x €8, for all t>0.

Then, any non-zero weak solution of the problem (Df er) 18 positive and it
is also a weak solution of (DY).
Proof. Let u be a non-zero weak solution of problem (D’; f+) Owing to

Proposition 2.1 and Lemma 2.2 it is bounded and nonnegative in 2 and it
is also a weak solution of (DY). Therefore, taking also our assumption into

account, one has
u P2 ou 82}
= x)dx >

for all v € Wol’ﬁ(Q), with v > 0 in Q. So, in particular, one has

a |’ da v

dr >0

for all v € C§°(€2), with v > 0 in 2. Hence, all assumptions of [20, Corollary

4.4] are verified and the function @ is positive in Q.
O

Remark 2.2. We observe that the conclusion of Lemma 2.1 also holds for
the functional Iy associated to the function f*, defined as before and with
f(x,0) >0 in Q, by requiring:
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(ART) There exist constants p > p™ and M > 0 such that, 0 < pF(x,t) <
tf(z,t) for all x € Q and for all t > M.

Indeed, given a (PS)—sequence {u,}, one has

/Q [MF+(x,un(x)) — f+(a:,un(x))un(:c)] dr =

_ F (@, tn(2)) — (2, (@) ()] do
{z€Qiupn(x)>M}

+ [WF (2, un () = f (2, un(2))un(2)] do+
{z€Q:0<uy (z)<M}

+ [1f(z,0)un(z) — f(z,0)un(z)] dz <
{zeQiun (x)<0}

F(z,8) — f(x, &) dut
{zeﬂ:ogun(x)<M}0£n58§D](\/[[u (x 5) f(x f)ﬂ €z

! /{xeﬂ;un( )<0} [(M o 1)]0(1:7 O)un(SU)] dr <

< maxg<e<nr [F(x,€) — f(x,€)E] 9, that is.

/Q (WF* (@, un(2)) — [ (2, un(2))un ()] do < C Vn € N

for some constant C;. At this point the same proof of Lemma 2.1 ensures
the conclusion.

3. MAIN RESULTS

In this section, we present our main results. First, we point out an ex-
istence result of at least two non-zero weak solutions, that is Theorem 3.1,
which is based on the two critical points theorem, Theorem 2.1. Next, we
point out a consequence, Theorem 3.2, that ensures the existence of two
positive weak solutions.

Put
R := supdist(x, 9Q);
e
simple calculations show that there is xg € Q such that B(zg, R) C Q and
we denote by

w2

v
- _ R
r+%)

the measure of the N-dimensional ball of radius R.

N

9

wg = |B(xo, R)| =
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Finally, we set

e

=1

1

2N 1 .
WR N max {Tp ;TP }
which depends on T' as given in Propositition 2.2, computed in turn by the

Talenti constant (see (2.2) and (2.4)).
Theorem 3.1. Assume that the (AR)—condition holds and there are two

positive constants ¢ and d, with max {dp_ ; dp+} < min {cp_ s Pt }, such that

F(z,t) >0, forall (x,t)€Qx][0,d, (3.1)
and
max F(z,§)dx / n F(z,d)dx
Q l€I<c <K B(z0,%) (3.2)
min {ci‘f ; cp+} max {dpf - drt } '
Then, for each
Ae =
1 ] max {dp_;dp+} 1 min {cp_;cp+ }
—. Y 1~ 1] —. + )
max {T7 517"} K / F(a,dyde "SI [ R, €)de
B(z0, %) Q l§l<e

problem (Df) has at least two non-zero weak solutions.

Proof. Put ® and VU as in (2.6). It is well known that ® and VU satisfy all
regularity assumptions requested in Theorem 2.1 and, moreover, one has
inf  ®(u) = P(0) = ¥(0) = 0. Our aim is to verify condition (2.18). To
ueWy 7(Q)
. AV AN o . . .
this end, put r = min{ (T) ; (—) } where T' is defined in Proposition

T
2.2, and fix

0 if x € Q\ B(xo, R),

- 2d )

u(x) = E(R_‘$_$D|) if xEB(xO,R)\B(xo,§)7
d ifxEB(ato,g).

Clearly, u € W(}’ﬁ (). Moreover, for all u € W&’ﬁ (Q) such that u €
@1 (]—00,7]), from Proposition 2.2 one has

lu(z)| < Tmax{rl/p_;rl/p+} =c forall xze€Q.
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So,

\Il(u):/QF(ac,u(az))dazg ergiicF(:c,f)dx,

for all u € X such that u € @71 (]—o0,7]). Hence,
sup U(u) < | max F(z,§&)dz.
ued—1(]—o0,r)) Q lf<e

Therefore, one has

sup W (u) max F'(z,§)dx
u€d=1(]—o0,r)) Q l€l<e

" —omin{ ()" (5)" )

max F'(x,&)dz
Q l§l<e (@)

min {cpf cept } '

< max {Tpf;Tﬁ} (3.3)

On the other hand, we have

ou

N . N )
1 pi 1 2d Pi
o =3 [ [ e[S ()

<[si()

=1

2N 1
Wr | 5N <
2N 1 .
wR< N )max{dp ;dp}

and, taking (3.1) into account, one has

U(a) > F (z,d)dx.
/Bmﬂ;)

Hence, we obtain

/ F (z,d)dz
U 1 B(z0,%)

oN _ 1 max{dp_;dp+} B
()

2N
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/ F (z,d)dx
B(20,%)
max {dpf;dfﬁ} ’

= max {Tp_;Tp+}/C

that is,
(@) (o) F (z,d)dx
U(a + B(xg, =
> ™ ;TP K -2 3.4
®(a) — max{ } max {dP";dr" } (3.4)
Hence, from (3.3), (3.4) and assumption (3.2) we obtain
sup U (u) 3
u€d—1(]—o0,r]) U (a)
r d(a)

So, in order to satisfy condition (2.18) of Theorem 2.1, it is enough to verify
that ®(a) < r.

To this end, since max {dzf ; dp+} < min {clf ; cp+} (for which, in particular
d < ¢), and again by virtue of (3.2), we infer that

1 - ot . -

¢ max {dp ;dP } < mln{cp P } ) (3.5)

Indeed, arguing by contradiction, if we assume that %max{dpf;dﬁ} >

. - ot
min {cp ;P }, we have

max F'(x,&)dx max F'(x,&)dx / F(z,d)dz
Q l€<e (.¢) Q l¢l<e (@6 B(z0,%)
min {cpf ; cPJr} - max {dff ; dp+} - max {al?r ; dp+}

which contradicts (3.2).
Hence, taking into account that

2@ < [il <]2%)pi

i:lE
1
N /Cmax{Tpf;Tlﬁ}

WR (2]\;;1> max {dpi;dﬁ}

max{dp_;dp+}

and
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c\P~ /c\PT 1 _ 4
— minf (S (E : ™. D
r mln{<T> ’(T) > maX{TP_;TP+}mln{C e }7

condition (3.5) ensures as claimed.

Finally, observing that Lemma 2.1 establishes that the functional Iy is
unbounded from below and it satisfies the (PS)—condition, we can apply
Theorem 2.1. Therefore, I, admits two non-zero critical points that are
two non-zero weak solutions to problem (Df) for all A\ € A C A and the
conclusion is achieved.

O

A special case of our main result is the following theorem.

Theorem 3.2. Let f : Q@ x R — R be a continuous function such that
flx,t) >0 for a.e. x € Q and for all t > 0.

Assume that the (AR")—condition holds. Moreover, assume that there are
two positive constants ¢ and d, with d < 1 < ¢, such that

/QF(x,c)dac ,C/B(moﬂg‘)F(m’d)dx
< .

cP~ dp_

Then, for each X € A :=

1 1 dr 1 P
—. Y 1~ 9 —. + )
max {77 T7 }]C/ F(x,d)dx max {T#"; T7 }/F(az,c)d:c
B(20,2) Q

problem (Df) has at least two positive weak solutions.

Proof. We apply Theorem 3.1 to the function fT, as defined in (2.19), taking
into account that the (AR")—condition is enough to verify the Palais-Smale
condition of the associated functional (see Remark 2.2). Therefore, problem

(Df / .) admits two non-zero solutions for each A € A. Hence, Lemma 2.3

ensures that they are positive weak solutions of (Df).
O

Remark 3.1. Taking into account condition (3.2) of Theorem 3.1, we can
give other two versions of Theorem 3.2 depending on whether the positive
constants ¢ and d are such that either d < c < 1or 1 <d < c¢. To be precise,
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it is enough to substitute in Theorem 3.2 the condition (3.6) and interval A
with the followings

/QF(x,c)daz ) ,C/B(%g)F(rv,d) dx

Pt dP

(3.6")

and

1 dr- 1 e
maX{TP TP+}IC/ )dx’max {Tp_;Ter}/F(x,c)dx
Q

mO? 2

in the first case. Similarly, in the other case, they become

/ F(z,c)dz /B( R)F(a?,d) dx
Q %o,3 ”
R <K s (3.67)

and

1 1 ar” 1 P~

max {T?";TP" } K / F(z,d) dx’ max {T7"; 77" } / F(z,c)dz
B xo,%) Q

Example 3.1. Fix N =3 and Q = B(0,2), put p1 =4, p2 =5, p3 = 6 and
consider the following problem
Pi=2 oy

_23: o (|ou
i1 6.%1 8371 61‘1

u=0 on 012,

(3.7)
Pi=2 gy
81’1' -

) =102 + 2+ 22)u® 4+ 10720 inQ,

ou
o0x;
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_ 0 (|oufrou) , o (|ouf ou) , o (|ou|'ou
- 0z \|0x| Ox oy oy 0z \|0z| 0z )
Theorem 3.2 ensures that the problem (3.7) admits two positive weak solu-

tions.
Indeed, by choosing f(z,vy, 2,t) = (22 +y?+22)t3+t2 for which F(z,y, z,t) =
9 43

du
dy

t t
(22 + 9%+ 28— + 3 it is easy to verify that the (AR™")—condition holds.

9
Moreover, taking into account that in this case one has m,,- = v %, Ty =
T = (Vo 5+ V6 Y TE max {1 T =10 = (Va4 V5 +
%)6(25.32)23 K = > , by choosing ¢ = 1 and
i 210.32.7.37(v2+ V/5+ V/6)8
d=10"", we have
1 1 ar-
—. + s ==
max {T#"; T? },C/ F (x,d)dx
B(e0. %)
. 1 - 37 - 37
=7;z2522§74d:7f1mM<m*2
Fd+ T
and
.
! ‘ = > > 10712,

max{Tp_?Tp+}/F(:n,c)dx (V2 + V5 + V6)621531
Q

for which we obtain

1 1 ar-

1 10-12
maX{TP_;TP+}IC/ <1<
B(

F (z,d)dz
)

R
Z0,5

< 1 cP

p—— .
max{Tp ; TP }/F(az,c)d:c
Q

Hence, all assumptions of Theorem 3.2 are satisfied and our claim is proved.
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Remark 3.2. To the best of our knowledgq, we do not know regularity
results of solutions for a general problem as (Di), which in particular involves
nonlinearities. In other completely different contexts, regularity results are
obtained for anisotropic problems under suitable assumptions and we refer,
for instance, to [28, Theorem 5], where a classical C?—solution is obtained,
and to [16], where the local boundedness of solutions (as local minimizers of
the energy functional) is established.

4. SOME CONSEQUENCES

In this section, we point out some consequences of our main results in
autonomous case. To be precise, let f : [0, 4+00[— [0, 4+00[ be a continuous
function and consider the following anisotropic Dirichlet problem

—Apu = Af(u) in €, B
(ADY)
u=20 on 0f).
The usual Ambrosetti-Rabinowitz condition, given in Section 2, becomes:

(ARY) there exist constants u > p* and M > 0 such that, 0 < uF(t) < tf(t)
forallt > M.

Moreover, put
WR
Kf=—<=K
2™

where K is given in Section 3.

A special case of Theorem 3.2 is the following result.

Theorem 4.1. Let f : [0,4+o00[— [0, 400[ be a continuous function such that
the (AR{)—condition holds. Moreover, assume that there are two positive
constants ¢ and d, with d < 1 < ¢, such that

f;fc) < /c*];fd) . (4.1)

Then, for each
1 ii dr 1 i P
max {7 ;TP } |Q| K* F (d)" max {TP™;TP" } [Q] F(c) |

the problem (AD’;) has at least two positive weak solutions.

)\6]\1::
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Proof. We can assume f defined in R by setting f(¢) = f(0) for all ¢ < 0.
Hence, the conclusion follows from Theorem 3.2.
U

Now, by setting

1 1 &’
= — sup ——,
max (7% ;77" } [ o1 F(c)

*

we point out the following consequence of Theorem 4.1.

Theorem 4.2. Let f : [0,400[— [0,400] be a continuous function such that
the (AR])—condition holds. Assume that

F(t
lim sup Q = 4o00. (4.2)
t—0+ P

Then, for each X € |0, \*|, the problem (ADi?) admits at least two positive
weak solutions.

Proof. Fix a positive number A < A\*. So, there is ¢ > 1 such that A <
1 1 P

— that i
max {17 ;17" } Q] F(c)’ s,
_ F 1
max {Tp ;Tp+} |Q|£ < —.
cP A
: - + * F<t)
On the other hand, from (4.2) one has lim sup max {Tp ;TP } QK e
t—0+t
+00, for which there is a positive sequence {d,} such that d,, — 0" and
- F(d, 1
max {Tp ;Tp+} | (d, ) >~
d A

for all n > v. Fixn > v such that dy < 1 and put d = dp. Onehasd <1 <¢
and

_ F 1 - F(d
max {Tp ;Tp+} | (f) < — < max {Tp ;Tp+} |Q|IC*L7)
cP A dp
Hence, all assumption of Theorem 4.1 are satisfied and, taking also into
account that A € Ay, the conclusion is achieved.
O
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Remark 4.1. Actually, taking into account the generality of (3.2) in Theo-
rem 3.1 (see Remark 3.1), the parameter A* can be chosen in a more precise
way, that is,

1 1 P e
—— max < su ;su )
max {Tp_;Tp+} Y] 0211) F(c) 0<cI<)1 F(c)

As a consequence of Theorem 4.2 we point out the following result which
deals with a problem having combined effects of concave and convex nonlin-
earities.

Theorem 4.3. Fiz s,q such that 0 < s<p~ —1 and pt —1 < q. Put
0=
bt —(s1) (@) -p* ] @D ¥
- (1) 7 () 7
gl | (s+1)(g+1) s+1 q+1

+ ) T TP YQ + +
25— e e (q+1)(1—$—1)+(s+1)(8ﬂ—1—1)

min:

Then, for each n €]0,n*[ the problem
—Aju=nu® +ul in Q, B
(ADy)
u=20 on 02

has at least two positive weak solutions.

Proof. Our aim is to apply Theorem 4.2 to the function f(u) = nu® + uf.

Pt
Indeed, fix p such that p™ < p < ¢ + 1, then one has lim L() =
t——+o00 f(t)t

ts+1 tq+1
(n S+l m) 7]

lim =
t—too  (Mt5 + t9)t q+1
M(Uiji + Zqill) < (nt* +t9)t for all t > M and so (AR])—condition is

t t° + t4
verified. Moreover, lim f7( ) =1 n j—
t—0+ tP- L ot tp
is satisfied. Hence, Theorem 4.2 ensures that the problem

—Ayu = A(nu® +ul) in Q,

< 1, for which there is M > 0 such that

= +o00, for which also (4.2)

(4.3)
u=0 on 0f2,

admits two positive weak solutions for all positive A < A*. Therefore, in
order to obtain the conclusion it is enough to prove that A* > 1. To this



28 G. BoNANNO, G. D’AcUl, A. SCIAMMETTA

+
Cp
end, we observe that the function —— in ]0, 1] assumes the maximum in

F(c)

1

pt s _ L+1
= [ raa n , being n < n* < 1 and taking into account

1— AN
q+1 s+1

v (B 1)+ (B -1)er
that DL~ = (" +s) 1 . Tt follows that (see also
F(c) { e+l e+l ] 2

s+1 + q+1
Remark 4.1) one has
1 1 c? 1 1 c?

> =
~  max {Tp Tp*} |Q’ O<c<1 F( ) max {Tp Tp+} |Q’ (:_:11 Zq_:_rll

+ +

A*

pt—(s+1) (g+1)—pt

T G I G ) I

max (TSI H I g 1) (1= 257 ) + G0 1) (B - 1) 55

being
N pt—(s+1) N (g+1)—pT (q+ql;jp+
D q—s p q—s
| ey &Y T (-&)

n<n < - ;
ma (TS0 1) (1 ) o 0 (857 1)

for which the conclusion is achieved.
O

Remark 4.2. Theorem 1.1 in Introduction is an immediate consequence of
Theorem 4.3. Indeed, it is enough to choose s = p~ — 2 and ¢ = p*

Finally, we present an example of problem that admits two positive weak
solutions, applying Theorem 4.3.

Example 4.1. Put py =3, po =4, N =2 and Q@ = B(0,1). Theorem 4.3

ensures that for each n € }O, — [, the problem
28(22433)8
0
u) =nu+u® in(Q,

0 (|ou|ou o (|ouf
6x1 8.731 8331 8:1:2 6:1:2 &EQ
u=20 on 012,

admits at least two positive weak solutions.

> 1,
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1
Indeed, in this case one has m,- = (%)3; To = 2, T = (3% + 4i)l;
T4
max {Tpf;Tf} =T%= (3% +4i)42ﬂ—4; max {Tpi;Ter} Q| = (3% —|—4i)424;
(s+1)(g+1) =12

pt—(s+1) (a+D)—pt

FAN = (1 _ P e
s+1 q+1 1

- " = ——, for which
(a+ D) (1= 7))+ (s+1) (1) #
1 2
B 32
=min{ =; | ———F— = .
! 37| (33 +43)124 (35 + 41)898
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