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where @ € {1,..., N} is the equation index and {2 is an open, bounded subset of R™, with n > 2. Moreover,
w: N CR* - RY and u = (u!,...,u"). Coefficients a;’ B(m, y) are measurable with respect to z, continuous
with respect to y € RY, bounded and elliptic.

In scalar case (N = 1) a maximum principle is available as

sup u < sup u. (1.2)
2 a0

In vectorial case (N > 2), in general, we cannot expect to bound u inside {2 by means of its boundary
values: in [1] it is shown that it can be constructed a system of linear equations with measurable bounded
coefficients a;' ’B (x) whose solution is the function u(x) = x/|z|" defined in the unit ball centred at the origin
with a sultable ~ > 1. Then u(z) = x on the boundary of 2 but u blows up inside §2; see also [12,2], the

surveys [9,10] and the recent paper [11].
So, the main effort is finding (additional) structure assumptions on coefficients a; 5 (z,u) that keep away
De Giorgi’s counterexample and that allow for regularity. A simple case of such a structure is the case in

which off-diagonal coefficients a; f , with 8 # «, are identically zero; in such a case, the system (1.1) is
8u

(almost) decoupled, since D;u® appears only in the a row of the system

n
i=1

then, we can use the maximum principle for one single equation and we get

Za )‘;Zj() —0, zeQ (1.3)

sup u® < sup u®. (1.4)
Q a0
A further step happens when off-diagonal coefficients afff (z,u), with 8 € {1,..., N} \ {a}, vanish when u*
is large, namely,
u >0 = all(ru)=0 VBe{l,....N}\{a}, (1.5)

see [12]. In this case, the o row of the system (1.1) becomes decoupled, like (1.3), when z € {u® > 0%}; then
we get

sup u® < max{0%;supu®}, (1.6)
Q Yo)

see [12,3] and [7].
Actually, what matters is the possibility to suitably control from below the quantity

n N n
ZZZa ﬁquuﬁDu

i=1 p=1j=1
as follows
n N n
u® >0 = ZZZaaﬁquuﬁDu > v Du®|® — M?, (1.7)
i=1 =1 j=1
for a suitable positive constant v and a nonnegative constant M“. Such an assumption guarantees the

following estimate
MOl /
sup u® < max{6 sup u“t+ec < > ) (1.8)
Q v

for a suitable positive constant ¢ depending only on n and the measure of 2, see [3].
Since we do not know the solution u, condition (1.7) is replaced by the following stronger version

y* >0 = ZZZG myp]p >u\p°‘|2—M0‘, (1.9)

i=1 =1 j=1
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Fig. 1. Support contained in a r-staircase set: off-diagonal entries af']. vanish on the white part of the picture; they might be non zero

only on the grey part.

for all y € RY and all p € RVX", Let us mention that a kind of maximum modulus principle can be found
in [8] under the following structure assumption: there exist numbers A > 0, L > 0 and two nonnegative
functions d(x), g(x), such that

n

N N yyw N n
S (S 3
a=1y=1 B

AR = (1.10)

A
> - {5|p2 +(5) e +g<x>]}

is fulfilled for all § €]0,1[ and all (z,y,p), with |y| > L.
Note that [8] and [3] deal with systems having a nonlinear dependence on the gradient Du.

Going back to condition (1.9) we stress that such an assumption requires that, when we are above the level
0<, the row « has such a good behaviour. In the present paper, we study a different situation: off-diagonal
coefficients afﬁ;ﬁ (that are responsible of the appearance of the other components Du?) appear above every
level 6% but their support is contained in a sequence of squares, see Fig. 1.

Such a condition turned out to be useful when proving existence of solutions to elliptic systems with a
right-hand side which is a measure, see [4] and [5].

Under the assumption that the support of the off-diagonal coefficients afff have such r-staircase shape,
we consider the maximum of the boundary values of all components

M := max{supu!,... supu®}; (1.11)
a0 a0
o
hr <M < (h+1)r (1.12)

for some integer h; then, we are able to prove that
u® < S = (h+1)r, (1.13)

provided h # —1, see Fig. 2 (left); when h = —1 we have u® < r, see Fig. 2 (right).

We are able to provide a minimum principle as well. The previous result is true when the support of

off-diagonal coefficients a;-’f;-ﬂ is contained in the squares along the diagonal y® = y?. If we allow the support
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Fig. 2. (left) hr < M < (h 4 1)r, with h # —1; (right) —r < M < 0.
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Fig. 3. Support contained in a crossed r-staircase set: off-diagonal entries a?‘ﬁ

y vanish on the white part of the picture; they might be

non zero only on the grey part.

to stay also in the other diagonal y® = —y?, so that the support is contained in a crossed r-staircase set as
in Fig. 3, then we can prove the maximum modulus estimate

| < 8% =r (1 +int [A{D (1.14)

where

M* = max{sup |[u*|,... sup|u’|} (1.15)
a0 a0

and int [¢] denotes the integer part of ¢, that is, the largest integer less than or equal to ¢.

We are also able to give other results assuming a different shape of the support of the off-diagonal
coefficients; they apply only to solutions satisfying suitable compatibility conditions.

The paper is organized as follows: in Section 2 we list all the required assumptions and we state the main
theorems whose proofs appear in Section 3. An example of a system verifying our assumptions but neither
(1.9) nor (1.10) is given in Section 4.
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2. Assumptions and results

Assume {2 is an open bounded subset of R™, with n > 2. For the sake of brevity, [k] denotes the set
{1,...,k} when k > 1 is an integer. Consider the system of N > 2 equations

0 0
— Z 3 Z Z a?}-ﬁ (2, u) 8—1/3 =01in £, for a € [N]. (2.1)
ZT; b ? X ;
i€n] BEIN] jéln] !
(A) Foralli,j € [n], and all a, B € [N], we require that a ’5 : xRN — R satisfies the following conditions:

(Ap) z— aioff (z,y) is measurable and y — af’ (m y) is continuous;
(A1) (boundedness of all the coefficients) for some positive constant ¢ > 0, we have

a3 (z,y)| < c

for almost all x € 2 and for all y € RY;
(Ag) (ellipticity of all the coefficients) for some positive constant m > 0, we have

S al (@) &) = mlef
o,B€[N]i,j€[n]
for almost all x € 12, for all y € RN and for all £ € RV*";
(A3z) (r-staircase support of the off-diagonal) there exists r € (0,+00) such that when « # 3,
aif (z,y) # 0 implies either y € {|y*| <, |[y’| <r} or

ye | J{hr<y* <+, br <y® < (h+1)r},
heZ

(see Fig. 1).
We say that a function u : £2 — R¥ is a weak solution of the system (2.1), if u € W12 (Q,]RN) and
/ Z Z ))Dju’ (2)Dyp®(x)dx = 0, (2.2)
o,BE[N] i,j€[n]
for all ¢ € W, > (2,RY).

Remark 1. Suppose assumptions (A) hold. Then conditions of Leray-Lions Theorem (see [6]) are satisfied

and we get existence of weak solutions to (2.2) provided a boundary datum u, € W12(£2,R") has been
fixed.

In the aforementioned setting, weak solutions enjoy the following maximum principle.

Theorem 1. Suppose assumptions (A) hold. Then a weak solution u of system (2.1) satisfies

u*(x) <8 for almost every x € 2,  for all « € [N] (2.3)

r (1 + int {M]> if 1+int {M] #0,
T T

S = (2.4)
. i 1+int {]\f] =0,

where
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M = max{supu', ... supu®™}. (2.5)
a0 a0
Moreover
u“(x) > I for almost every x € 2,  for all a € [N], (2.6)
where - .
M M
—r (1 + int [r]) if  1+int [r} #0,
= i (2.7)
) M
—r if 14int [} =0
r
and
Yy 1 . N
M = mln{lanfgu b ,1811511 }. (2.8)

We now modify the assumption on the support of the off-diagonal coefficients. Namely, we assume
(A3) (crossed r-staircase support of the off-diagonal) there exists r € (0,400) such that when a # 3,

aﬁ’f (z,y) # 0 implies either y € {|y*| <, ly°| < r} or
+oo
ye | J{hr <yl < (h+Dr, hr <|y®| < (h+1)r},
h=1
(see Fig. 3).
If we denote by (A) the set of assumptions (Ag), (A1), (Az), (A3) we can prove the following companion
of Theorem 1.

Theorem 2. Suppose assumptions (A) hold. Then a weak solution u of system (2.1) satisfies

|u®(x)| < S* for almost every x € 2,  for all a € [N] (2.9)
where M
S* ::r<1+int[ " }) (2.10)
M* = max{sup [u'|,...,sup [u"]|}. (2.11)
EYe, BYe,

Now, we can give other results assuming a different shape of support for the off-diagonal coefficients.
However, they apply only to solutions satisfying suitable compatibility conditions. We assume,
(A3) For fized (LY,...,LY) e RN, if a # B, then

az;ﬁ (Z‘,y) #0 and y* > L?f'_ — yﬁ > Lf—’

(see Fig. 4).
Let us denote by (A*) the set of assumptions (Ag), (A1), (A2), (A5).

Theorem 3. Suppose assumptions (A*) hold. Then a weak solution u of system (2.1) with

sup u* < LY, VYV ael[N], (2.12)
GY?,

satisfies
u*(x) < LS forae xef), Vae|N]. (2.13)
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Fig. 4. Support verifying Aj: off-diagonal entries a‘:}ﬂ vanish on the white part of the picture; they might be non zero only on the grey
part

Fig. 5. Support verifying A}*: off-diagonal entries a?‘f vanish on the white part of the picture; they might be non zero only on the grey
part.

Remark 2. Note that (2.12) represents a compatibility condition between the boundary values of u* and

the supports of off-diagonal coefficients aff}-ﬂ .

In the same spirit, one can give a minimum principle, under a compatibility condition on the boundary

datum, by assuming the following
(A5*) For fizved (LY,...,LN) e RN if a # B, then

0 (2,y) 0 and y* < L% = P <L,

(see Fig. 5).
Let us denote (A**) the set of assumptions (Ag), (A1), (Asz), (A5*).
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a;; € R
ayf €R e

o8
a;; =0

a;f;‘q =0

Fig. 6. Support verifying A} and A}*: off-diagonal entries af"]ﬁ vanish on the white part of the picture; they might be non zero only on
the grey part.

Theorem 4. Suppose assumptions (A**) hold. Then a weak solution u of system (2.1) with
inf u*>L% Vael[N] (2.14)
(o0

satisfies
u®(x) > LY  forae x€ 2,V a€e][N] (2.15)

Corollary 1.  Let (L%,...,LY) and (LX,...,LY) be fized vectors in RN with L* < L%,V o € [N].
Suppose assumptions (A*) and (A5*) hold, see Fig. 6. Then a weak solution u of system (2.1) with

L <u*< LY ondf, Vac|N], (2.16)

satisfies
*<u*<LY  din 2, Vae|N]. (2.17)

Corollary 2.  Suppose assumptions (A*) and (A3*) hold with LS = L* = 0, see Iig. 7. Then a weak
solution u of system (2.1) with

u*=0 ondf, ¥Yac|N| (2.18)

satisfies

u*=0 in 2,V ac]|N] (2.19)

3. Proofs of the results

Proof of Theorem 1. Let u € W2 (22,RY) be a weak solution of system (2.1). Let L € R be such that

supu® < L for all o € [N].
on

Consider the test function

©%*(z) == max{0,u*(z) — L}, forall o € [N].
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Fig. 7. Support verifying A} and A" with LS =L

b _
iy =0

af €R

af €R

be non zero only on the grey part.

Then

= 0: off-diagonal entries a$"
ij

a,B
a;; =0

B

D; % = 1pyaspyDiu®  for alli € [n] and o € [N].

Using the test function ¢ in the weak form (2.2) of system (2.1), we have

0—/ Z Za’ﬁDuﬂDiwadx

a,B€[N]i,5€[n]

/ Z Za Djuﬂl{ua>L}Diu“da?.

o,BE[N] 4,5 €[n]

Now, the r-staircase assumption (.As) guarantees that

a,p B

a; ; (x’u(x))l{uo‘>L}(x) = a;')jj (x7u(x))l{uB>L}(x)]-{uo‘>L}(x)

vanish on the white part of the picture; they might

(3.1)

when 8 # « and L/r € Z\ {0}. It is worthwhile to note that (3.1) holds true when oo = § as well; then

/ Z Za Djuﬂl{ua>L}Diuadx

a,BE[N]i,j€[n

:/ Z Z a Du 1{u3>L}1{ua>L}D u® dx

a,BE[N]i,j€[n]

:/ Z Z a; ’ﬂDjap'BDigaadac.

o,BE[N]4,j€[n]

Now we can use the ellipticity assumption (Asz) with £ = D;¢* and we get

This means that

. 1,2
and, since * € Wy~

m/Z|D<p|dx</ >

a€[N] «o,BE[N]

/me

a€[N]

(£2), we can use Poincaré inequality

Z a;’ BD]gpﬁDl«po‘ dx = 0.
Je

dr =0

/|¢a|2dxgc/ 1D dz = 0
2 2
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obtaining max{0,u* — L} = ¢® = 0 almost everywhere in (2, so
u* <L almost everywhere in f2.

We now select a suitable value for L. We take L = S given by (2.4) and we get (2.3).
Let @ = —u. Then % € W2(£2;RY) and, since u satisfies (2.2), then @ verifies

0—/ BZN] Z{j]%ﬁ ) D, (2) Dig® () da (3.2)

for every ¢ € Wol’2 (Q,RN), where
a5 (@.y) = af (2, —y). (3.3)
We observe that the new coefficients defined by (3.3) readily satisfy conditions (Ag), (A1), (As2).
Moreover, if « # 3 and dz;ﬁ (z,y) # 0 then, by (As),

a;:)f}'ﬁ (z,—y) # 0 as either —y € {|y*| <r, [y°| <r} or

—ye |J{r<y*<(h+D)r, br <y’ < (h+1)r}.
h€EZ
Therefore either y € {|y*| <, |[y*| <r} or
JheZ:ye{hr<y*<(h+1)r hr<y? <(h+1)r}

and we can conclude that a; "8( ,y) satisfy (Asz) as well. By (2.3) applied to % = —u we deduce that a* < S

where B
M
r(l—i—int [}) if 1+int [ } #0,
r
M
r if 14int {} =
r
and
M = max{supa', ... supa™}.
o0 o0
Note that
M = max{sup(—u'),...,sup(—u")} = max{—infu',..., —infuV}
80 a0 o8 o8
= —min{infu!, ..., infu}
o0 o0
so that - -
—r|{1l+int | — if 14int|—| #0,
~ r r
5= i
. M
—r if 1+int {} =0
r

and (2.6) is proved too. This ends the proof of Theorem 1. O

Proof of Theorem 2. Let u € Wh? (Q, RN) be a weak solution of system (2.1). Let L € R be such that

sup |u®| < L for all a € [N].
on
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Consider the test function
@%(x) = max{0,u%(x) — L} + min{0,u%(z) + L}, for all a € [N].
Then

D; p* = 1qye|>ry Diu®  for all i € [n] and a € [N].

Using the test function ¢ in the weak form (2.2) of system (2.1), we have

/ Z ZaaﬁDuﬁD *dx

a,BE[N]i,j€[n]

/ Z Za DJUBI{IWDL}Diuadx.

o,BE[N] 4,5 €[n]
Now, the crossed r-staircase assumption (Ag) guarantees that
aif (@, (@)1 jueis 2y (2) = a5 (2, u(@) 18 5 1) (@)1 juo> 2y (7) (3.4)

when 8 # « and L/r € {1,2,...}. Note that (3.4) holds true when 8 = «a as well; then

/ Z Z a Du 1{jue >y Diu® do

a,BE[N]4,5€[n]
/ Z Z a;; D iU 1{|u@|>L}1{ua>L}D u®dz
a,B€[N]i,j€[n]
/ Z Z a; ’BDjapﬂDicﬁa dz.
a,BE[N]i,j€[n]

As in the proof of Theorem 1, we can use the ellipticity assumption (Asz) with £ = D;@® and we get |D@%| =
0; since @% € W(}’Q(Q), we use Poincaré inequality and we obtain max{0,u* — L} +min{0,u®*+L} = ¢* = 0,
o

|u®| < L almost everywhere in (2.

Now we have to select a suitable value for L. We take L = S* given by (2.10) and we get (2.9). This ends
the proof of Theorem 2. [

Proof of Theorem 3. Let us consider the test function ¢ such that
©*(x) = max{0,u"(x) — LT}, forall o € [N].
Since (2.12) holds true, then ¢® € W, *(£2) and
D;p* = Liuesrey D u®  for all i € [n] and « € [N].

Using the test function ¢ in the weak form (2.2) of system (2.1), we have

0:/ Z Z aaBD uP D™ da
2

o,BE[N]4,j€[n]

= / Z Z Gz}BDjU’Bl{ua>Lg¥r}Di u® dx.
? a,B€[N] i,5€[n)
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Now, assumption (A%) guarantees that

7/3( B

a; € u( ))l{ua>L‘j‘_}(x) = aiojj (xau(x))l{ua>L_"(_}(x)l{uB>L/j‘r}(x) (3'5)

when § # «. Note that (3.5) holds true when 8 = « as well. Then,

/ Z Z a Djuﬁ]-{ua>Li}Di u® dx

a,B€[N]i,5€[n]
:/ Z Z a Djuﬁl{“a>Li}1{u5>Li}Diuad‘r
? a,8€[N] i j€ln]
/ Y D ai D’ Dipda.
a,BE[N]i,5€[n]

Now, as in Theorem 1, we can use the ellipticity assumption (Ag) with £ = D;p® and we get |Dp®| = 0;
since p® € W, "?(£2), we can use Poincaré inequality and we obtain max{0, u® — LY} =¢*=0,s0

u® < LY almost everywhere in 2.

This ends the proof of Theorem 3. O

Proof of Theorem 4. Let 4 = —u. Then @ € WH2(£2;RY) and since u satisfies (2.2) then @ verifies
0= / S S @ (a,a(e)) Dy (2) Dig® (x)de (3.6)
o,BE[N]i,j€[n]
for every ¢ € VVOI’2 (Q,RN), where
ag (w,y) == afy (z,—y). 3.7)
We observe that new coefficients defined by (3.7) readily satisfy conditions (Ap), (A1), (Asz). Moreover,
if a # (8 and da (z,y) # 0 then, by (A%*), we deduce that for —y* < L% it must be —y? < L”. Thus,

if dg; (x,y) # 0 and y* > —L*, then y® > —L” . Therefore, we can conclude that a; (:lc y) satisfy (A%)
with L§ = —L¢, for o € [N]. By (2.13) applied to @ = —u we deduce that

¢ < —L% almost everywhere in {2

and then the claim is proved. This ends the proof of Theorem 4. [J

4. An example

In this section we provide an example satisfying our structural conditions (.A) but verifying neither (1.10)
nor (1.9). We fix n =3, N = 2 and we set

1,1
a;’; (v, y) = x,y) = dij,
2

1 o2 1,2
(:L' y) = (y)(si,ja i,j (x,y) = 7(13-71- (:an);
where §;; is Kronecker delta, w(y) > 0 is a bounded, continuous function, with support contained in the

r-staircase set, see Fig. 1. Furthermore, we require that w = 5 in the centre of every square of the sector
y' >r, y* > r, that is

ai; ( (4.1)

w((h+1/2)r,(h+1/2)r) =5,
for every h € N. Note that

100 w(y) 0 0
a'=a*?*=101 0 a?=10 w(y) 0 =—a”". (42)
00 1 0 0 w(y)

Observe that the coefficients defined in (4.1) readily satisfy conditions (A).
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4.1. Comparison with condition (1.10)

Let us recall condition (1.10): there exist numbers A > 0, L > 0 and two nonnegative functions d(z), g(x),

such that
Yy a
IS A D3 b eI
a€[N]~€E[N] Ly| ieln]  BEIN]jeln] (4.3)
1
> - {5|p2 +(5) e +g<x>1} e

is fulfilled for all § € ]0,1[ and all (x,y,p), with |y| > L.
We want to show that the coefficients defined in (4.1) do not satisfy (4.3). To this purpose we choose

1 2
y =y >0,
4.4
Pi=py=p3=ps=p3=0, pl #0 (44)
and we replace in (4.3). According to the aforementioned definitions, we can rewrite
1
=5 (p)*(1 = w(y), (4.5)
while N
1
Q=-36? - (3) a0 +gta) (16
On the other hand
2d()(y")? + g(z) < [2d(z) + g(x) + 11 + (y')]- (4.7)
We select y to be the centre of the squares of the sector y! > r, y? > r:
1
yt =y’ = (h + 2) r (4.8)
. . 1 L .
with h € Nand h > int |—= + —=| + 1 in such a way that |y| > L and
2 2
w(y) = w(y',y') =5.
Moreover, from (4.5) we get
and from (4.7) we deduce
2d(x)(y")* + g(x) < 4[2d(z) + g(z) + 1)(1 + r?)h>. (4.10)
Merging (4.10) into (4.6) and using (4.9), for any § € ]0, 1], we obtain
N>
Q@ = -0l7 -1 () R+ o) + 1+ 202
A
1
= I+(2-8)(p)*—4 (5> [2d(x) + g(z) + 1](1 +r*)h* (4.11)
N>
> 1l =4 () B+t 100 i A0

So that, fixed any = € {2 and choosing

we immediately deduce
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4.2. Comparison with condition (1.9)

Let us recall condition (1.9): for every a € {1,2,..., N} there exist 0% € R, M* > 0 and v* > 0 such
that

v = 1= > S al (ay) plpf

i€[n] BE[N] j€[n]
> vp )P — M® = Q. (4.12)

We want to prove that coefficients (4.1) do not satisfy (4.12) when o = 2. As before, we choose y to be
the centre of the squares but we change a little bit the matrix p:

b

yl

ps=py=p3=0, pi=1 p; #0 13)
2

Yy (h+;)r

with h € N and h > int [6?/r — 1/2] + 1, so that y* > 6%. We then replace in (4.12). According to the
aforementioned definitions and recalling that

w(y) =w(y',y*) =5,

we can rewrite
= —wyp;+1=-5p; +1

0 o (4.14)

This, for pi sufficiently large, implies that
I’ < Q%
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