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Abstract

In this paper, the existence of smooth positive solutions to a Robin
boundary-value problem with non-homogeneous differential operator
and reaction given by a nonlinear convection term plus a singular one
is established. Proofs chiefly exploit sub-super-solution and truncation
techniques, set-valued analysis, recursive methods, nonlinear regular-
ity theory, as well as fixed point arguments. A uniqueness result is
also presented.
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1 Introduction

Let Q@ CRY (N > 3) be a bounded domain with a C?-boundary 99 and let
FOXRXRY = [0,400), g: Q% (0,+00) — [0, +00) be two Carathéodory
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functions. In this paper, we study existence and uniqueness of solutions to
the following Robin problem:

—diva(Vu) = f(z,u,Vu) + g(x,u) in Q,

u >0 in €, (P)
a@u + BuPt =0 on 09,
Ve

where a : RN — R denotes a continuous strictly monotone map having
suitable properties, which basically stem from Liebermann’s nonlinear regu-
larity theory [12] and Pucci-Serrin’s maximum principle [19]; see Section 2
for details. Moreover, 8 > 0, 1 < p < 400, while % denotes the co-normal
derivative associated with a.

This problem gathers together several hopefully interesting technical fea-
tures, namely:

e The involved differential operator appears in a general form that in-
cludes non-homogeneous cases.

e f depends on the solution and its gradient. So, the reaction exhibits
nonlinear convection terms.
e ¢ can be singular at zero, i.e., lim g(z,s) = 4o0.
s—07t

e Robin boundary conditions are imposed instead of (much more fre-
quent) Dirichlet ones.

All these things have been extensively investigated, although separately. For
instance, both differential operator and Robin conditions already appear in
[8] where, however, the problem has a fully variational structure, whilst [15]
falls inside non-variational settings. The paper [4] addresses the presence of
convection terms; see also [14, 15, 20|, which exhibit more general contexts.
Last but not least, singular problems were considered especially after the
seminal works of Crandall-Rabinowitz-Tartar [2] and Lazer-McKenna [10].
Among recent contributions on this subject, we mention [7, 16]. Finally, [13]
treats a p-Laplacian Dirichlet problem whose right-hand side has the same
form as that in (P). It represented the starting point of our research.

Several issues arise when passing from Dirichlet to Robin boundary condi-
tions. Accordingly, here, we try to develop some useful tools in this direction,
including the location of solutions to an auxiliary variational problem inside
an opportune sublevel of its energy functional, constructed for preserving
some compactness and semicontinuity properties (cf. Section 3).



Our main result, Theorem 3.1, establishes the existence of a regular so-
lution to (P) chiefly via sub-super-solution and truncation techniques, set-
valued analysis, recursive methods, nonlinear regularity theory, as well as
Schaefer’s fixed point theorem. Uniqueness is also addressed, but only when
p = 2 (vide Section 4).

Usually, linear problems possess only one solution, whereas multiplicity
is encountered in nonlinear phenomena. Hence, it might be of interest to
seek hypotheses on f and g that yield uniqueness even if p # 2. As far as we
know, this is still an open problem.

Let us finally note that replacing the constant § with a nontrivial non-
negative function § € L*(2) does not invalidate our results.

2 Preliminaries

Let X be a set and let C' C X. We denote by ¢ the characteristic function
of C.HC#Pand T : C — C then

Fix(I') :={z € C: 2 =T(2)}

is the fixed point set of I'. The following result, usually called Schaefer’s
theorem [6, p. 827] or Leray-Schauder’s alternative principle, will play a
basic role in the sequel.

Theorem 2.1. Let X be a Banach space, let C C X be nonempty conver,
and letT" : C' — C be continuous. Suppose I' maps bounded sets into relatively
compact sets. Then either {x € C : x = t'(x) for somet € (0,1)} turns out
unbounded or Fix(T") # (.

Given a partially ordered set (X, <), we say that X is downward directed
when for every x1, x5 € X there exists € X such that x < x;, i = 1,2. The
notion of upward directed set is analogous.

If Y is a real function space on a set 2 C RY and w,v € Y, then v < v
means u(z) < v(z) for almost every z € Q2. Moreover, Y, :={u €Y :u >0},
Qu <v):={x € Q:ulx) <v(x)}, etc.

Let X,Y be two metric spaces and let .% : X — 2¥. The multifunction
& is called lower semicontinuous when for every x,, — x in X, y € ()
there exists a sequence {y,} C Y having the following properties: y,, — vy in
Y; y, € S (z,) for all n € N.

Finally, if X is a Banach space and J € C'(X), then

Crit(J) :={z € X : J'(z) = 0}



is the critical set of J.

The monograph [1] represents a general reference on these topics.

Given any s > 1, the symbol s’ will indicate the conjugate exponent of s,
namely s’ 1= 5.

Henceforth, for 1 < p < 400, f > 0, 2 as in the Introduction, and
u : Q — R appropriate, the notation below will be adopted:

[uflos = ess sup lu(@)] 5 Nuller@y = llullse + 1Vulloo;
1 1
p P
fulli= ([ ae)” s ullon = ( [ i)
Q o9
1 1
lullup = (lully + IVulf)? 5 lullsae = (Bllull)oq + [IVullp)? -
Here, o denotes the (N — 1)-dimensional Hausdorff measure on 09). If v(z)
is the outward unit normal vector to 0f) at its point x then a% stands

for the co-normal derivative associated with a, defined extending the map
u > {a(Vu),v) from C(Q) to WHr(Q).

Remark 2.1. The trace inequality ensures that ||ul|,sq makes sense when-
ever u € WHP(Q); see for instance [3] or [9].

Remark 2.2. [t is known [5] that
int(C*(Q);) = {ue C'(Q) ru(z) >0Vz € Q}.

Remark 2.3. || - [|g1, @ a norm on W'P(Q) equivalent to || - ||1,. In par-
ticular, there exists ¢y = c1(p, 3,92) € (0,1) such that

1
ciflullip < flullgap < C—lllulll,p VueWH(Q). (2.1)

For the proof we refer to [17].
Let w € C(0, +00) satisfy

tw'(t)

<o SC O Sw(®) Gl

in (0,4+00), with C; suitable positive constants. We say that the operator
a:RY — RY fulfills assumption H(a) when:

(a1) a(§) = ag(|€])€ for all £ € RY, where ag : (0, +00) — (0, +00) is C*,
t — tap(t) turns out strictly increasing, and

> —1.

tay(t
lim tap(t) =0, lim %(!)
0+ t—0+ ag(t)
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Example 2.1. Various differential operators comply with H(a). Three clas-
sical examples are listed below.

e The so-called p-Laplacian: Ayu := div (|Vu[P~2Vu), which stems from
CLO(t) = tp_Q.

e The (p,q)-Laplacian: Ayu + Aju, where 1 < ¢ < p < +o00. In this
case, ag(t) = tP=2 + 1772,

o The generalized p-mean curvature operator:
u > div [(1 + |Vu|2)L52Vu] ,
corresponding to ag(t) := (1 + 12)"z" .

Finally, define
t
Go(t) ::/ sap(s)ds Vit € R aswell as G(&) := Go(|¢]) VE € RY.
0

Proposition 2.1. Under hypothesis H(a), there ezists co € (0,1) such that

1
Co

ja(§)] < é(l +IEPT) and  cal¢l” < (a(€),€) < —(1+[¢7)

for all € € RN, In particular,
1
Ca

el <GE) < —(1+ "), ¢eRY.

Proof. See [8, Lemmas 2.1-2.2] or [17, Lemma 2.2 and Corollary 2.3]. O

3 Existence

Throughout this section, the convection term f and the singularity g will
fulfill the assumptions below where, to avoid unnecessary technicalities, ‘for
all 2’ takes the place of ‘for almost all x’.



H(f) f: QxR xRY — [0,+00) is a Carathéodory function. Moreover, to
every M > 0 there correspond cy;, dy; > 0 such that

f(x,5,8) <en+dulsfP™t V(25,6 € Qx Rx RY with ¢ < M.

H(g) g : © x (0,400) — [0,+00) is a Carathéodory function having the
properties:

(g1) g(z,-) turns out nonincreasing on (0, 1] whatever x € Q, and g(+,1) #Z 0.
(g2) There exist ¢,d > 0 such that

g(x,s) < c+dsP™' V(z,s) € Qx(1,400).

(g3) With appropriate § € int(C'(2),) and g9 > 0, the map = + g(x,e0(x))
belongs to LP' () for any € € (0, &).

The paper [13] contains meaningful examples of functions g that satisfy H(g).
A very simple case is g(z, s) := s77 for all (z,s) € 2 x (0,400), where v > 0,
and 0(-) = 1.

Fix w € C'(Q2). We first focus on the singular problem (without convec-
tion terms)

—diva(Vu) = f(z,u, Vw) + g(z,u) in Q,

u >0 in €, (P.)
gu +puPt =0 on 0.
Va

Definition 3.1. u € W'?(Q) is called a subsolution to (P,) when

/Q (@(Vu). Vode + 3 [ JuP2uudo < /Q (-, Vo) + gl w)odz (3.1)

for allv € WYP(Q),. The set of subsolutions will be denoted by U.,,.
We say that u € WHP(Q) is a supersolution to (Py,) if

/(a(Vu), Voydr + 8 [ |uf 2uvde > /[f(,u, Vw) + g(-,u)]vdz  (3.2)
Q 20 Q

for every v € WYP(Q),, and indicate with U,, the supersolution set.
Finally, w € W'?(Q) is called a solution of (P,,) provided

/(a(Vu), Voydz + 8 | |ulP Puvdo = /[f(-,u, Vw) + g(-, u)|vde
Q o9 0

for allv € WYP(Q),. The corresponding solution set will be denoted by U,,.
Obviously, U, = U, NU,,.



Lemma 3.1. If uj,uy € U, (resp. uy,uy € Qw_), then min{uy, us} € U,
(resp. max{uy,us} € U, ). In particular, the set U, (resp. U, ) is downward
(resp. upward) directed.

Proof. This proof is patterned after that of [13, Lemma 10] (see also [1]).
Thus, we only sketch it. Pick uy,us € Uy, set u := min{uy, us}, and define,
for every t € R,

0 when t <0,
ne(t):=q £ if 0<t<e,
1 for t> ¢,

where € > 0. Further, to shorten notation, write 7.(z) := n-(ua(z) — uy(2)).
Evidently, both 7. € W'*(Q), and

Vije = no(ug — u1) V(ug — uy).

Let © € C1(Q),. Since u; fulfills (3.2), one has

/<a(Vui),Vv>dx+5 |us [P~ uvdo > /[f('auuvw)Jrg('a“i)]Udl’
Q onN Q

whatever v € WH?(Q),. Choosing v := 7.0 when i = 1, v := (1 — 7.)0 if
1 = 2, and adding term by term produces

/(a(Vul) — a(Vug), V(ug — uq))n.(ug — uy)0dz
Q
+ /(a(Vul), Vo) f.dx + /(a(Vuz), Vo)(1 —7.)dx
Q Q
+ B ( ]u1|p*2u1ﬁ5@da + / |’U/2‘p72’d2(1 — ﬁs)ﬁda) (33)
a0 a0
> [ 1#6u,Vu) + gunnids
Q
4 [ 1, Tu) + gou)(1 - n)ide
")
The strict monotonicity of a, combined with 7’ (us — u1)0 > 0, lead to
/(a(Vul) — a(Vug), V(ug — u1))nL(ug — uy)odz < 0.
Q

For almost every x € () we have

Vuy(z)  if uy(x) < ug(z),
Vu(x) = { Vuy(z)  otherwise,



as well as
lim 7_]5(13) = XQ(u1<u2)(x)‘

e—0t

Hence, letting ¢ — 0% and using the dominated convergence theorem, in-
equality (3.3) becomes

/ (@(Va), V)de + 8 | [uP2uido > / (- 1, Vo) + (-, w)]oda:
Q Q

onN

see [13, Lemma 10] for more details. Since & € C'(Q), was arbitrary, by
density one arrives at u € U,,. O]

Lemma 3.2. Let H(f) and H(g) be satisfied. Then there exists a subsolution
u € int(CH(Q)4) to (Py) independent of w and such that ||ull. < 1.

Proof. Given any 0 > 0, consider the problem

—diva(Vu) = g(z,u) in Q,

Ou + Bluf2u =0 on 09, (34)
oy,
where
§(x,) = min{g(z,),0}, (z,5) € D x (0,+00). (3.5)

Standard arguments yield a nontrivial solution u € W1?(Q) to (3.4), because
g is bounded. Testing with —u~ we get

— V), Vo \dz — P2yu~do=— [ § “dz <0
/Q<a< w), Vi~ )dz ﬂ/Qm\ wudo /Qg<x,g>y r <0,

whence, by Proposition 2.1,

ol 0, < [ (a(Vu), Va4 5 [ (o <o
Q Q

Therefore, u > 0. Regularity up to the boundary [12] and strong maximum
principle [19] then force u € int(C*(Q),). Now, if us € C1*(Q), satisfies
—diva(Vu) =4 in

Ou + Bluff?u=0 on 99,
ov,

(3.6)

then, by compactness of the embedding C**(Q)) < C'(2), we can find
u € C1(Q) such that 611%1+U5 = wu in C'(Q) up to subsequences. One evidently
—



has u = 0, because ug solves (3.6). Thus, 0 < us < 1 once ¢ is small enough.
Using (3.5), the comparison principle finally entails

ulloo < [Jusfleo < 1. (3.7)

Let 6 and g be as in (g3). Since u, 6 € int(C"'(€2)), there exists € (0, &)
such that u — &6 € int(C*(Q) ). Via (g;1), (3.7), and (g3), we thus infer

0 <g(-u) < g(-,e0) € L (). (3.8)

The conclusion is achieved by verifying that w € U,, for any w € C'(Q). Pick
such a w, test (3.4) with v € WHP(Q),, and recall (3.5), to arrive at

/Q (a(Vu), Vo)dz + Emg”*lvdo: /Q (-, wvdz
S/Qg(-,g)vdxg/g[f( u, Vw) + g(-, u)]vdz,

as desired. O

Remark 3.1. This proof shows that the subsolution u constructed in Lemma
3.2 enjoys the further property:

/( (Vu), Vv}dx—l—ﬁ \u|p 2uvdo < /Qg(-,g)vd:c Yo e W (Q),. (3.9)

Given w € C*(9), consider the truncated problem

Q)
{ —diva(Vu) = f(z,u) + §(z,u) in Q

u >0 in €,
' 1 (3.10)
+ puP~ =0 on 0f),
v,
e (e, ule), Vo)) i s < u(e)
A , Vw if s <uwu(z),
f(@,s) = { f(z,s, Vw(x)) otherwise, (3.11)
: _ J glwu(@) it s <wu(r),
g(w,s) = { g(x,s) otherwise. (3.12)
The energy functional corresponding to (3.10) writes
1 3 . .
Ew(u) == —/ G(Vu)dz + — |ulPdo — / F(-,u)dx — / G(-,u)dx
D Ja P Joq Q Q



for all w € WP(Q), with

F(z,s) = /OS fla,t)dt, G(z,s):= /05 g(x,t)dt.

Hypotheses H(f)-H(g) ensure that &, is of class C' and weakly sequentially
lower semicontinuous; see, e.g., [8, Lemma 3.1]. Under the additional condi-
tion

dM +d < C?CQ VM > O, (313)

it turns out also coercive, as the next lemma shows.

Lemma 3.3. Let % be a nonempty bounded set in C*(Q). If H(f), H(g),
and (3.13) hold true then there exist oy € (0,1), ag > 0 such that

(6]
Euw(u) > jHUHf,p —az(1+ [lullip)  V(u,w) € WH(Q) x 2.

Proof. Put M := sup||w(|c1@)- By (3.11)-(3.12), Proposition 2.1 entails

weEA

Eulu) 2 2Vuly + %wmm AU(UVM+M w)udz

N /Q(u>u) (/uu Jet Vw)dt) dr - /Q(u>u) (/uu " t)dt> ar

Hypothesis H(f) along with Holder’s inequality imply

/Q(Du) (/uu f(-,t,Vw)dt) dr < /Q(u>u) (/Ou ft, Vw)dt) dx

1 dy
< x| QP ull, + ?MHUHﬁ

1 dr
< ey | QU [Jull1p + ?MHUH’f,p

7), (g1), (g2), and Holder’s inequality again, we have

(3.
/ - ( uu (- )dt) dz
<

Exploiting

/ ( ) dx —I—/ (/ g(-,t)dt) dx
Qu>u) Q(u>1) 1

,u)de +/ (/ (c+ dtp_l)dt) dz
Q(U>U) Qu>1) \J1

1 d
9(-,w)dz + Q¥ |ull, + ];Hldlﬁ

VAN IN
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Hence, through (2.1) we easily arrive at

Eulu) > guuum SEE (e + N7 Nl — K
> e - duunﬁ’,p—<cM+c>m|iuuH1,p—K
> e Sl max (e, + QIO KK+ )
where
K= [ 17 Vol + g6mlude + [ g u)de

< / (e + dy)d +2 / 9, 20)da < (cyy + dy) |2 + 2lg(-,0) /2

due to H(f) and (3.7)—(3.8). Now, the conclusion follows from (3.13). O

Remark 3.2. A standard application of Moser’s iteration technique [11]
shows that any solution to (3.10) lies in L>°(2). By Liebermann’s reqularity
theory [12], it actually is Hélder continuous up to the boundary.

Lemma 3.4. Let H(f), H(g), and (3.13) be satisfied. Then
0 # Crit(&,) C Uy N{u e CH Q) :u> u}.

Proof. Since &, is coercive (cf. Lemma 3.3), the Weierstrass-Tonelli theorem
produces Crit(&,) # 0. Pick any u € Crit(&,), test (3.10) with (u — u)™,
and exploit (3.11)—(3.12), besides (3.9), to achieve

/Q@(VU)7 V(u—u)")dz + 8 lulP~2u(u — u)tdo

o0

= [ 17w+ 46w = )
> [ataw=wdr = [ g6uw—uwds

Q

= /WV@L Viu—u)")dz+ 8 [ |ul?u(u—u)tdo.
Q o0

Rearranging terms we get

/Q<G(Vu) —a(Vu), V(u—w))dz+ 8 [ (Jul"u—[ul"*u)(u—u)"do <0.

o

11



The strict monotonicity of a, combined with [18, Lemma A.0.5], entail
Viu—u)"=0in Q, (u—u)" =0 on 990.

So, |[(u — u)*|[g1, = 0, which means u > w. Finally, by (3.11)—(3.12) one
has u € U,, while u € C'(Q) according to Remark 3.2. ]

For every w € C'(Q) we define
S (w) :={u e CHQ) :u € Uy, u>u, &u) < 1}

Lemma 3.5. Under assumptions H(f), H(g), and (3.13), the multifunction
S 0N Q) — 20° @) takes nonempty values and maps bounded sets into
relatively compact sets.

Proof. If w € C'(QQ), then there exists i, € Crit(&),) such that

y € CHQ), Gw >u, Ep(ly) = inf &, <E,(0)=0<1;
Wlr(Q)

cf. the proof of Lemma 3.4. Hence, .7(w) # (), because @, € % (w). Let
% C C1(Q) nonempty bounded. From Lemma 3.3 it follows

%Hungp — (1 + |[ulliy) < Eulu) <1 Yu e L(w), we B,

whence .7(#) turns out bounded in W?(Q). By nonlinear regularity theory
[12], the same holds when C*(Q), with suitable a € (0, 1), replaces WP(Q).
Recalling that C1*(Q) — C(Q2) compactly yields the conclusion. O

To see that .7 is lower semicontinuous, we shall employ the next technical
lemma.

Lemma 3.6. Let o, 5,7 > 0, let 1 < p < 400, and let {ar} C [0,+00)
satisfy the recursive relation

aay < Bap +~vay_; VkeN. (3.14)
If v < v, then the sequence {ay} is bounded.
Proof. Using the obvious inequality

ar, <T+T'""?d}, T >0,
(3.14) becomes

(=BT P)al < BT +~al_, VkeN.

12



Since o := 1/p < 1, this entails

(a=BT"")" ar < (BT +vay_,)” < (BT)” +77ak

or, equivalently,

BT o ~ o
ap < (m + m ap_1, keN, (315)

1

provided T' > 0 is large enough. Choosing T' > (ﬂ> pj, the coefficient of

ai_1 turns out strictly less than 1. A standard computation based on (3.15)
completes the proof. O

Lemma 3.7. Suppose H(f)-H(g) hold and, moreover,

C2

&
dy +d< == YM>0. (3.16)
p

Then the multifunction . = C*(Q) — 2°° @ s lower semicontinuous.

Proof. The proof is patterned after that of [13, Lemma 20]. So, some details
will be omitted. Let B
w, — w in CHQ). (3.17)

We claim that to each @ € .%(w) there corresponds a sequence {u, } C C*(Q)
enjoying the following properties:

u, € L (w,), n€N; wu, —a in C(Q).
Fix @ € (w). For every n € N, consider the auxiliary problem

—diva(Vu) = f(z,a, Vw,) + g(z,a) in £,

u>0 in Q, (Paw,)
a@u + BuPt =0 on 09,
Va

with g(z,s) given by (3.12). One has g(z,u) = g(z,a), because @ € . (w),
while the associated energy functional writes

S ( /G (Vu)dz + 5 \u]pda

/f z, 0, Vw, Judx —/Q (z,0)udr, u € WHP(Q).

13



Since &4, turns out strictly convex, the same argument exploited to show
Lemma 3.4 yields here a unique solution v € int(C*(Q);) of (Pg.w,) such
that

Eiwn () <0 (3.18)

Via (3.17)-(3.18), reasoning as in Lemmas 3.3 and 3.5 (but for &3, instead
of &, and B = {w, : n € N}), we deduce that {u’} C C'(Q) is rel-
atively compact. Consequently, u® — u® in C''(Q), where a subsequence
is considered when necessary. By (3.17) again and Lebesgue’s dominated
convergence theorem, u° solves problem (Pz,,). Thus, a fortiori, u® = 4, be-
cause (Pg ) possesses one solution at most. An induction procedure provides
now a sequence {u*} such that u* solves problem (Px-1,, ), the inequality

&1, (ur) <0 holds, and

lim u® =4 in C*(Q) for all k€ N. (3.19)

n—-+o0o

Claim: {uf}ieny € C1(Q) is relatively compact.
In fact, recalling (3.17), pick M = sup[lwy[/c1). Through Holder’s and

neN
Young’s inequalities, besides (3.8), we obtain
!
/GVu dx+ﬁ/ u* Pdo >ﬁ|y ElE (3.20)
[ 1k T < el bl + dar [ fuk P da
¢ 1 ¢ (3.21)
< cult il + dor (1 + Sk
as well as
/A( uP Nl da
— [ stk ke [ gk b
Qu 1<1 Q(uf~'>1)
< kdx+/ g(-,uHukde (3.22)
Quk~ 1<1 Q(ub=1>1)

L —1p—
< (Hg(-,u)Hp'+C|Q|p/)HU'2||p+d/Q\uﬁ P up|d

1 1 _ 1
< (g, w)lly + el ) lukll, + d (];H%’i HiE ];HuﬁHﬁ) :

14



Since (/)@uﬁ—17wn<ufl) < 0, estimates (3.20)—(3.22) entail
0113(32 — dM —d

p
1 dy +d _
< (ot )l + (e + QI ) il + ==k I,

lugllF

for all k € N. Thanks to (3.16), Lemma 3.6 applies, and the sequence {u* }rcn
turns out bounded in W1?(Q). Standard arguments involving regularity up
to the boundary (cf. the proof of Lemma 3.5) yield the claim.

We may thus assume there exists {u,} € C*(Q) fulfilling

lim u* = wu, in CY(Q) (3.23)
k—o0
whatever n € N. By (3.23) and Lebesgue’s dominated convergence theorem

one has u, € U,,. Moreover, as in the proof of Lemma 3.4, u,, > u. Due to
(3.19) and (3.23), the double limit lemma [6, Proposition A.2.35] gives

u, — 4 in CHQ). (3.24)

Thus, it remains to show that &, (u,) < 1. From (3.17) we easily infer
&, (1) = &,(@). Since &, is of class C', via (3.17) and (3.24) one arrives
at

lim (&, (un) — &,(u)) =0,

n—-+o0o "

namely &, (u,) — &,(@). This completes the proof, because @ € & (w),
whence &, (a) < 1. O

Lemma 3.8. Under H(f), H(g), and (3.13), the set ./ (w), w € C*(Q), is
downward directed.

Proof. Let uy,us € ' (w) and let @ := min{u;, us}. By Lemma 3.1 we have
u € U,. Consider the problem

—diva(Vu) = h(z,u) in Q,

uaZ 0 in €, (3.25)
+BuPt =0 on 012,
v,

where

f(x,u(z), Vw(z)) + g(z,u(z)) fors < u(z),
h(xz,s) =4 f(z,s,Vw(x))+ g(z,s) if u(z) < s <u(x),
f(z,u(z), Vw(z)) + g(z,a(z)) when s > u(z).
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The associated energy functional writes

E(u) == %/QG(Vu)dx—i-ﬁ . |ulPdz — /de/o h(-,t)dt, u € WP (Q).

Arguing as in Lemma 3.5 produces a solution @ € C*(Q) to (3.25) such that
&,(1) < 0. Next, adapt the proof of Lemma 3.4 and exploit the fact that «
is a supersolution of (3.25) to achieve u < u < 4. Consequently, a € U,, and

Ey(@) = E,y(0) <0 < 1.
This forces @ € ./ (w), besides & < min{uy, us}. O

Lemma 3.9. If H(f), H(g), and (3.13) hold true then for every w € C1(Q)
the set .7 (w) possesses absolute minimum.

Proof. Fix w € C*(Q). We already know (see Lemma 3.8) that .#(w) turns
out downward directed. If € C .(w) is a chain in .(w) then there exists
a sequence {u,} C . (w) satisfying

lim u, =inf%.

n—oo
On account of Lemma 3.5 and up to subsequences, one has u,, — @ in C*(Q).
Thus, @ = inf €. By Zorn’s Lemma, .¥’(w) admits a minimal element w,,.
It remains to show that u, = min.(w). Pick any v € .(w). Through

Lemma 3.8 we get @ € . (w) such that @ < min{u,,u}. The minimality of
Uy, entails u,, = u. Therefore, u,, < u, as desired. O

Remark 3.3. This proof is patterned after the one in [13, Theorem 23].

Lemma 3.9 allows to consider the function T': C1(Q2) — C(Q) given by
['(w) := min.%(w) Yw e C'(Q).

Lemma 3.10. Under assumptions H(f), H(g), and (3.16), I" is continuous
and maps bounded sets into relatively compact sets.

Proof. Tt is analogous to that of [13, Lemma 24]. So, we will omit details.
Let £ C CYQ) be bounded. Since I'(%B) C .7 (#) and .# (%) turns out
relatively compact (cf. Lemma 3.5), ['(#) enjoys the same property. Next,
suppose w, — w in C*(Q). Setting u, := I'(w,), one evidently has u, — u
in C*(Q), where a subsequence is considered when necessary. The function
u complies with u > w and &, (u) < 1 (see the proof of Lemma 3.7). Via the
Lebesgue dominated convergence theorem, from u,, € U,, it follows u € U,,.
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Plugging all together, we get u € . (w). It remains to verify that u = I'(w).
Lemma 3.7 provides a sequence {v,} C C'(Q) fulfilling both v, € .7 (w,) for
alln € N and v, — I'(w) in C*(Q). The choice of I" entails u,, = I'(w,) < vy,
besides I'(w) < u. Letting n — 400 we thus arrive at

Nw)<u= lim u, < lim v, =T(w),

n—-+o00 n——+oo

i.e., u = ['(w), which completes the proof. O

To establish our main result, the stronger version below of H(f) will be
employed.

w [ QxR xRY —[0,+00) is a Carathéodory function such that
fz,5,6) <cg+cylsPt FeslélPt V(x,5,6) € QxR xRY,
with appropriate c3, ¢4, c5 > 0.
Condition (3.13) is substituted by
e+ 2p—1)es+d < e (3.26)

Remark 3.4. Assumption H'(f) clearly implies H(f), with cyr := c3+csMP~!
and dy = cy. Likewise, (3.26) forces (3.13) while (3.16) reads as

cf
ci+d< 1762 . (3.27)
Theorem 3.1. Let H'(f), H(g), and (3.26)~(3.27) be satisfied. Then problem

(P) possesses a_solution u € int(C'(Q)y). The set of solutions to (P) is
compact in C1(2).
Proof. Define

A) :={u e C'(Q) : u= 7T (u) for some 7 € (0,1)}.
Claim: A(T) is bounded in WP(Q).
To see this, pick any u € A(T'). Since ¥ =T'(u) € .%(u), one has &, (%) < 1.
Assumption H'(f), combined with Young’s and Hélder’s inequalities, pro-
duces

/ﬂ<u>u) </ et ww) s /Q (/02@3 Fat™ C5|Vu|”‘1)dt> dz

p
ch,HE + 42 +c5/\Vu\p1 g‘d:z:
T 11 p UTllp Q T
u ||P
P p VulP
< 0l ’EH +%Hg e HTH” I /||p
THp P NTlp p p
1w Ccy+C5 ||U]||P Cs
< a0l |2 110+ St
THlp p THLp P
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Analogously, on account of (3.7),
/ f(,u, Vu)udr < / (c3 4+ ca?™" + cs|VuP™") uda
) Q
< (c3 +est @> ] + 2| Vul;
p p

Cr Cs
< (a+at 2) i+ 2p,
Reasoning as in Lemma 3.3 and recalling that 7 € (0,1), we thus achieve
1> 8, (E)
-
- dles—cy—(2p—1)es — d Hu
N p

P u
-l =K,

— (s + )7

T T

1Lp 1,p

where

¢ 1
K= (et et 2 ) 100+ gt )l 100
Thanks to (3.26), the above inequalities force

u
< ||— < K*
lulhy < 7)), <&

with K* > 0 independent of u and 7. Thus, the claim is proved.

By regularity [12], the set A(T') turns out bounded in C*(Q). Hence,
due to Lemma 3.10, Theorem 2.1 applies, which entails Fix(I') # (. Let
u € Fix(I'). From u = I'(u) € (u) we deduce both v > u and u € U,,.
Accordingly, R

f(?u) :f('7u7vu>v g(vu) :g("u)7
namely the function u solves problem (P). Further, u € int(C"(Q).) because
of the strong maximum principle.

Finally, arguing as in Lemma 3.2 ensures that each solution to (P) lies in
CH*(Q). Since C1*(Q) — C*(Q) compactly and the solution set of (P) is
closed in C''(£2), the conclusion follows. O

Remark 3.5. The same techniques can be applied for finding solutions to
the Neumann problem

—diva(Vu) + |ulP~?u = f(z,u, Vu) + g(z,u) in €,

u>0 n €,
SZ:O on 0f).

In fact, it is enough to replace the norm ||- |31, with the standard one ||-||1 -
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4 Uniqueness (for p = 2)

Throughout this section, p = 2, the operator « fulfills H(a), while the non-
linearities f and g comply with H(f) and H(g), respectively. The following
further conditions will be posited:

(ag) There exists ¢g € (0,1] such that
(a(§) —a().§ —n) Z el —n* V& neRY
H”(f) With appropriate ¢z, cs > 0 one has

[f(2,8,6) = flz.t,))(s — 1) < erls —t? (4.1)

|f(l’,t,€) - f<I7t7n)| < CS|£ - 77| (42)
in QxR xRY,

H'(g) There is ¢y > 0 such that

[9(z,5) — g(z,)](s —t) < cols —t|* Yz €Q, 5,t € [1,+00). (4.3)

Moreover,
g(x,s) < g(xz,1) in Q x (1,400). (4.4)

Example 4.1. The parametric (2, q)-Laplacian A + pA,, where 1 < g < 2,
>0, satisfies H(a) and (aq); cf. [18, Lemma A.0.5].

Theorem 4.1. Under the above assumptions, problem (P) admits a unique
solution provided
e+ cicg + ¢y < g, (4.5)

Proof. Suppose u,v solve (P), test with « — v, and subtract to arrive at

/Q(a(Vu) —a(Vv),V(u—v))de + 3 lu — v|*do

o0
- / (o, V) — £, Vo)) (u — v)de (4.6)
4 / (90 ) — g(-0)](u — v)d.

The left-hand side of (4.6) can easily be estimated from below via (a4) as
follows:

/Q(a(Vu) —a(Vv),V(u—v))dz + g /BQ lu — v|*do > cgl|lu — v||%7172. (4.7)
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Using (4.1)—(4.2) and Holder’s inequality we get
/Q[f(-,u, Vu) — f(-,v, Vv)|(u —v)dx
= [ 6wV = fleo, V= oo
+ /Q[f(-,v,Vu) — f(, v, Vo)|(u —v)de

(4.8)
< 07/ lu — v|*dx + Cg/ \Vu — Vollu — v|de
Q Q
< crllu — [ + CsHV(U —0)ll2/lu = vz
C7
< _2”“ UHB 1,2 + ||U - UHﬂ 1,2
51
Observe now that
[ lo60) = a0l = v)da
-/ () = g, o)~ v)da
Q(max{u, v}<1
+ / (,u) —g(-,v)](u—v)dx (4.9)
Q(min{u, 1}}>1
+f — g 0))(u — v)dz
Q( u<1<v)
-/ — g0 = )da.
v<1<u)
By hypothesis (g7) in H(g) one has
/ o) = gl ))(u — e)do < 0. (4.10)
(max{u,v}<1)

Inequality (4.3) entails

[ g = gl v
Q(min{u,v}>1) (411)

Cy
< collu—vllz < Sllu—vl3.,
1

Thanks to (g;) again and (4.4) we obtain

/’ l9(w) — g, 0))(u— v)da
(us1<v) (4.12)
/’Q<) — g, 0))(u — v)dz < 0.

20



Likewise,
/Q( " )[g(~,u) —g(-,v)](u —v)dx <0. (4.13)

Plugging (4.10)—(4.13) into (4.9) and (4.7)—(4.9) into (4.6) yields

cr €8 O
collw = ol < (G + 24 ) u= ol
1 1

On account of (4.5), this directly leads to u = v, as desired. O

Remark 4.1. The conditions that guarantee existence or uniqueness, namely
(3.26), (3.27), and (4.5), represent a balance between data (growth or vari-
ation of reaction terms) and structure (driving operator and domain) of the
problem .

Remark 4.2. The choice p = 2 directly stems from the technical approach
adopted in proving Theorem 4.1. To treat the general case, a natural attempt
is to replace both |€ — n|* and |s — t|* by |€ — n|P and |s — t|P, respectively,
in hypotheses (a4), H'(f), H'(g). However, if p > 2 then (4.1)—(4.3) imply
f(z,-,+) as well as g(x,-) constants, whereas even the p-Laplacian would not
meet (ay) for 1 <p < 2.
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