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Abstract. We correct the proof of Theorem 4.6 in “On a quasilinear elliptic

problem with convection term and nonlinear boundary condition” [Nonlinear

Anal. 187 (2019) 159-169].

Since inequality (4.13) in [1] is not true in general, the proof of Theorem 4.6 has
to be amended. Accordingly, we need to change condition (U1) while (U2) remains
the same. The assumptions read as follows.

(U1) There exist c1, c2, c3 ∈ R+ such that c2 > c3 and

(f(x, s, ξ)− f(x, t, ξ))(s− t) ≤ c1|s− t|p ∀x ∈ Ω, s, t ∈ R, ξ ∈ RN ,
(g(x, s)− g(x, t))(s− t) ≤ c2|s− t|p − c3|s− t|2 ∀x ∈ ∂Ω, s, t ∈ R.

(U2) With appropriate ρ ∈ Lr′(Ω), where 1 < r′ < p∗, and c4 ∈ R+ one has both
ξ 7→ f(x, s, ξ)− ρ(x) linear for every (x, s) ∈ Ω× R and

|f(x, s, ξ)− ρ(x)| ≤ c4|ξ| in Ω× R× RN .

We can now formulate our uniqueness result.

Theorem 4.6. Let (H), (U1), and (U2) be satisfied.

(a) If p := 2 > q > 1 and

max

{
c1,

c2 − c3
ζ

}
+

c4√
λ1,2,β

< 1 (4.7)

then (Pµ) admits a unique weak solution for every µ > 0.
(b) If p > q := 2, then (Pµ) possesses only one weak solution provided

max

{
c1,

c2
ζ

}
< 22−p and

c4√
λ1,2,β

< min

{
µ,
c3
ζ

}
. (4.8)

Proof. Fix µ > 0. Theorem 4.1 gives a weak solution uµ ∈W 1,p(Ω)∩L∞(Ω) of (Pµ).
Suppose vµ ∈ W 1,p(Ω) enjoys the same property. Using (3.7) with ϕ := uµ − vµ
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easily leads to

〈Ap(uµ)−Ap(vµ), uµ − vµ〉+ µ〈Aq(uµ)−Aq(vµ), uµ − vµ〉

+ ζ

∫
∂Ω

(|uµ|p−2uµ − |vµ|p−2vµ)(uµ − vµ) dσ

=

∫
Ω

(f(x, uµ,∇uµ)− f(x, vµ,∇uµ))(uµ − vµ) dx

+

∫
Ω

(f(x, vµ,∇uµ)− f(x, vµ,∇vµ))(uµ − vµ) dx

+

∫
∂Ω

(g(x, uµ)− g(x, vµ))(uµ − vµ) dσ.

(4.9)

(a) Let p := 2 > q > 1. By monotonocity of Aq, the left-hand side in (4.9) can
be estimated through

〈A2(uµ)−A2(vµ), uµ − vµ〉+ µ〈Aq(uµ)−Aq(vµ), uµ − vµ〉

+ ζ

∫
∂Ω

(uµ − vµ)(uµ − vµ) dσ

≥ ‖∇(uµ − vµ)‖22 + ζ‖uµ − vµ‖22,∂Ω = ‖uµ − vµ‖2ζ,2,

(4.10)

where ‖ · ‖ζ,2 denotes the equivalent norm (2.1). As regards the right-hand side,
due to (U1), (U2), Hölder’s inequality, and (3.14), we have∫

Ω

(f(x, uµ,∇uµ)− f(x, vµ,∇uµ))(uµ − vµ) dx

+

∫
Ω

(f(x, vµ,∇uµ)− f(x, vµ,∇vµ))(uµ − vµ) dx

+

∫
∂Ω

(g(x, uµ)− g(x, vµ))(uµ − vµ) dσ

≤ c1‖uµ − vµ‖22 +

∫
Ω

(
f

(
x, vµ,∇

(
1

2
(uµ − vµ)2

))
− ρ(x)

)
dx

+ c2‖uµ − vµ‖22,∂Ω − c3‖uµ − vµ‖22,∂Ω

≤ max

{
c1,

c2 − c3
ζ

}
‖uµ − vµ‖2ζ,2 + c4

∫
Ω

|uµ − vµ||∇(uµ − vµ)| dx

≤

(
max

{
c1,

c2 − c3
ζ

}
+

c4√
λ1,2,β

)
‖uµ − vµ‖2ζ,2.

(4.11)

Gathering (4.9)–(4.11) together now yields

‖uµ − vµ‖2ζ,2 ≤

(
max

{
c1,

c2 − c3
ζ

}
+

c4√
λ1,2,β

)
‖uµ − vµ‖2ζ,2,

which implies uµ = vµ because of (4.7).



3

(b) Let p > q := 2. Likewise before, the left-hand side of (4.9) becomes

〈Ap(uµ)−Ap(vµ), uµ − vµ〉+ µ〈A2(uµ)−A2(vµ), uµ − vµ〉

+ ζ

∫
∂Ω

(
|uµ|p−2uµ − |vµ|p−2vµ

)
(uµ − vµ) dσ

≥ 22−p‖∇(uµ − vµ)‖pp + µ‖∇(uµ − vµ)‖22

+ ζ

∫
∂Ω

(
|uµ|p−2uµ − |vµ|p−2vµ

)
(uµ − vµ) dσ,

(4.12)

while (2.2) entails∫
∂Ω

(
|uµ|p−2uµ − |vµ|p−2vµ

)
(uµ − vµ) dσ ≥ 22−p‖uµ − vµ‖pp,∂Ω. (4.13)

Thus, from (4.12)–(4.13) it follows

〈Ap(uµ) +Ap(vµ), uµ − vµ〉+ µ〈A2(uµ) +A2(vµ), uµ − vµ〉

+ ζ

∫
∂Ω

(
|uµ|p−2uµ − |vµ|p−2vµ

)
(uµ − vµ) dσ

= 22−p‖uµ − vµ‖pζ,p + µ‖∇(uµ − vµ)‖22.

(4.14)

As in (a), by applying (U1), (U2), Hölder’s inequality, and (3.14), we have for the
right-hand side of (4.9)∫

Ω

(f(x, uµ,∇uµ)− f(x, vµ,∇uµ))(uµ − vµ) dx

+

∫
Ω

(f(x, vµ,∇uµ)− f(x, vµ,∇vµ))(uµ − vµ) dx

+

∫
∂Ω

(g(x, uµ)− g(x, vµ))(uµ − vµ) dσ

≤ c1‖uµ − vµ‖pp +

∫
Ω

(
f

(
x, vµ,∇

(
1

2
(uµ − vµ)2

))
− ρ(x)

)
dx

+ c2‖uµ − vµ‖pp,∂Ω − c3‖uµ − vµ‖
2
2,∂Ω

≤ max

{
c1,

c2
ζ

}
‖uµ − vµ‖pζ,p + c4

∫
Ω

|uµ − vµ||∇(uµ − vµ)| dx

− c3‖uµ − vµ‖22,∂Ω

≤ max

{
c1,

c2
ζ

}
‖uµ − vµ‖pζ,p +

c4√
λ1,2,β

‖uµ − vµ‖2ζ,2 − c3‖uµ − vµ‖22,∂Ω.

(4.15)

Combining (4.9) with (4.14)–(4.15) yields

22−p‖uµ − vµ‖pζ,p + µ‖∇(uµ − vµ)‖22

≤ max

{
c1,

c2
ζ

}
‖uµ − vµ‖pζ,p +

c4√
λ1,2,β

‖uµ − vµ‖2ζ,2 − c3‖uµ − vµ‖22,∂Ω,

which directly leads to

22−p‖uµ − vµ‖pζ,p + min

{
µ,
c3
ζ

}
‖uµ − vµ‖2ζ,2

≤ max

{
c1,

c2
ζ

}
‖uµ − vµ‖pζ,p +

c4√
λ1,2,β

‖uµ − vµ‖2ζ,2.
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Therefore, if (4.8) is satisfied, then uµ = vµ. �
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