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1. Introduction

This paper is devoted to the Dirichlet problem for a pseudo-differential equation of
fractional order:

(=AY’ u=Ar(u) inQ
u>0 inQ (1)
u=0 in Q"
Heres € (0,1), Q2 c RN (N > 2s) is abounded domain with Cb! boundary, and the leading
operator is the fractional Laplacian defined for all u € S(RY) by

u(x) — u(y)
N |x _y|N+25 -

(—A)*u(x) =2P.V. / (2)
R

The autonomous reaction f € C(R) is assumed to be non-negative and dominated at
infinity by a power of u, namely, for all t € R

0 <f(t) <ao(l+t|77") (ag > 0, g < 25), 3)

where 27 = 2N/(N — 2s) denotes the critical exponent for the fractional Sobolev space
H*(RY) (see [1]). Finally, A > 0 is a parameter.
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Problem (1) admits a variational formulation by means of the energy functional

2
Sy = M _ )»/ Fu) dx.
2 Q

where [ - |; denotes the Gagliardo seminorm and F is a primitive of f, i.e. weak solutions
of (1) coincide with critical points of J; in a convenient subspace of H*(RY) (see Section 2
below for details). We note that, for A = 1, problem (1) embraces the Dirichlet problem
with pure power nonlinearities:

(=AY u=pP ' +u™! inQ
u>0 inQ (4)

u=0 in QF,

withl <p < g <2¥and pu > 0.

For a general introduction to the fractional Laplacian, we refer to [1-4]. The study of (1)
(or closely related problems) via variational methods started from the work of Servadei and
Valdinoci [5,6]. Here we distinguish between the subcritical (9 < 2} in (3)) and critical
(q = 2%) cases. In the subcritical case, we mention for instance the contributions of [7-14]
and the monograph [15].

In the critical case, the main difficulty lies in the fact that J, does not satisfy the (usual
in variational methods) Palais-Smale compactness condition. In particular, problem (4)
with p = 2, ¢ = 2} represents a fractional counterpart of the famous Brezis-Nirenberg
problem [16]. Again, the first result in this direction is due to Servadei and Valdinoci [17]
(see also [18-20]). Later, Barrios et al. [21] studied (4) with 1 < p < g = 2, which for
s = 1 reduces to the problem with concave-convex nonlinearities studied by Ambrosetti,
Brezis and Cerami in [22]. In particular, they proved that in the concave case 1 < p < 2, for
w > 0 small enough, such problem has at least two positive solutions u,, < w,,, employing
both topological (sub-supersolutions) and variational methods.

Our approach to problem (1) is purely variational, mainly based on a critical point
theorem of Bonanno [23] and some of its consequences, presented in [24-26]. The main
feature of such method is a strategy to find a local minimizer of a J; -type functional, which
only requires a local Palais-Smale condition. Our results are

(a) In the subcritical case (g < 2¥), we apply an abstract result of [24] and explicitly
compute areal number * > 0s.t. problem (1) admits at least two positive solutions
uy, vy forall A € (0, 1%).

(b) Inthecritical case (q = 27), we first study a generalization of problem (4), explicitly
determining a real number £* > 0 s.t. there exist at least one positive solution u,,
for all u € (0, u*). Then, we focus on (4) with 1 < p < 2 < g = 2} and, applying
the mountain pass theorem, we produce a second positive solution w;, > u,, for all
€ (0, u*) (here we mainly follow [26]).

To our knowledge, this is the first application of the ideas of [23] in the field of fractional
Laplacian equations. A noteworthy difference with respect to the classical elliptic case is:
in this approach it is essential to explicitly compute J) (%) at some Sobolev-type function
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u : Q@ — R, which is usually chosen in such a way to have a piecewise constant |Vu|. In the
fractional framework, functions may have no gradient at all, and the computation of the
Gagliardo seminorm is often prohibitive, so & will be chosen as (a multiple of) the solution
of a fractional torsion equation in a ball (see (7)).

We also remark that our main result in part () is formally equivalent to the main result
of [21], but with two substantial differences: the first solution u,, is found as a local mini-
mizer of ], (instead of being detected via sub-supersolutions, and a posteriori proved to be
aminimizer), and moreover the interval (0, u*) is explicitly determined (although possibly
not optimal).

The paper has the following structure: in Section 2, we collect the necessary prelimi-
naries; in Section 3, we develop part (a) of our study; in Sections 4 and 5, we focus on

part (b).

Notation: Throughout the paper, for any A C RV, we shall set A° = RN \ A. By |A| we
will denote either the N-dimensional Lebesgue measure or the (N — 1)-dimensional Haus-
dorft measure of A, which will be clear from the context. For any two measurable functions
u, v, u = vin A will stand for u(x) = v(x) for a.e. x € A (and similar expressions). We will
often write t” = [¢t|' !t fort € R,v > 1. Forany ¢ € R, we set t© = max{t,0}. By B,(x),
we denote the open ball centered at x € RY of radius 7 > 0. Forallv € [1,00], | - ||, denotes
the standard norm of LV () (or L (RY), which will be clear from the context). Every func-
tion u defined in Q will be identified with its 0-extension to RY. Moreover, C will denote
a positive constant (whose value may change line by line).

2. Preliminaries

We begin by recalling some basic notions about fractional Sobolev spaces (for details we
refer to [1]). We define the Gagliardo seminorm by setting for all measurable u : RN — R

(W) — u())? 3
S‘[//wam ey dy} '

Accordingly, we define the space
H'®RY) = {ue *®Y) : [u]; < co}.

The embedding H* (RN) <> L% (RN) is continuous, and the fractional Talenti constant is
given by the following lemma (see [27, Theorem 1.1] and [1, Proposition 3.6]):

Lemma 2.1: We have
el 22 S TASE) I TN ¥
= N+25
+ 'l — S)ZF( )N

T(N,s) = max = —
ueHS@®N\(0) [uls 227

the maximum being attained at the functions

u(x) = ¢ =~ (a,b>0,x € RM).

b+ |x—x0|2) 2
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Now we establish a variational formulation for (1), following [6] (see also [28]). Set
Hy(Q) = {ue H*RY) : u=0in Q°},

a Hilbert space under the inner product

(V) = // (u(x) — u()(v(x) —v(y)) dxdy
RN xRN

|x —)/|N+25

and the corresponding norm ||u|| = [u]; (see [6, Lemma 7]). The dual space of Hy(2) is
denoted H™*(€2). By Lemma 2.1 and Holder’s inequality, for any v € [1,2}] the embedding
H(2) — L"(R2) is continuous and for all u € Hy(£2) we have

*
2¢—v

lully < TN, $)|2] = |lul. (5)

Further, the embedding is compact iff v < 2} (see [6, Lemma 8]).
In order to deal with problem (1) variationally, we assume the hypotheses on the
reaction f:

Hof € CR), F(t) = [, f(z) dz, and

(i) f(t) > 0forallt € R;
(i) f(t) < ap(1+ |t|> ") forallt € R (ag > 0).
We set for all u € Hy(2), A >0

o il
(u) =

s W(u) = / Fw)dx, Jh(w) = o) —A¥(u)
Q
(W is well defined by virtue of hypothesis Hy (i) (ii)). Then ®, W, J; € C1(H(£2)) with

3w, @) = (u,9) — A/Qf(u)sﬁ dx

for all u, ¢ € Hy($2). We say that u is a (weak) solution of problem (1) if J; (1) = 0 in
H™(RQ), that is, for all ¢ € H{(£2) we have

(u, @) =?~/Qf(u)<p dx. (6)

The regularity theory for fractional Dirichlet problems was essentially developed in [29]
(see also [21,28]). While smooth in €2, solutions are in general singular on 9<2, so the best
global regularity we can expect is weighted Holder continuity, in the following sense. Set
forallx € Q

dgo(x) = dist(x, Q°),
then define the spaces

0/ 0/ u 05 u
Q@ ={ueC@: @, lulos= |3
Q Q

and for any o € (0,1)

Q) = {u e Q) dis c c“(ﬁ)},
Q
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Ju(x) /&5 (x) — u(y) /&5 ()]
s = l1llos + sup /40t = ¥ /g O]
XF£y |x — yl

The positive order cone of C?(2) has a nonempty interior given by

int(C°(Q)4) = {u e @) : dis > 0in §} .
Q

For the reader’s convenience, we recall from [28, Theorems 2.3, 3.2 and Lemma 2.7] the
main properties of weak solutions:

Proposition 2.2: Let Hy hold, u € Hy(2) be a weak solution of (1). Then:

(i) (a priori bound) u € L*(Q);
(ii) (regularity) u € C¥ (Q) witha € (0, ] depending only on s and ;
(iii) (Hopf's lemma) ifu 0, then u € int(C?(§)+).

By Proposition 2.2 (iii), we see that, whenever u € Hy(2) \ {0} satisfies (6), then in
particular > 0 in €. Moreover, assuming further that f is locally Lipschitz in R, from
[29, Corollary 1.6], we deduce that u € CP(Q) for any § € [1,1 + 2s), which along with
Proposition 2.2 (ii) implies that for all x € RY the mapping

u(x) — u(y)
|x _ y|N+25

lies in L' (RY). Then, testing (6) with any ¢ € C>°(2) and applying (2), we have

/(—A)Suwdx= (u, @) =/f(u)<0dx,
Q Q

i.e. u solves (1) pointwisely.

We also recall the following result, relating the local minimizers of the energy functional
J5. in Hy(£2) and in C?(ﬁ), respectively (see [28, Theorem 1.1], [21, Proposition 2.5], and
[30, Theorem 1.1] for a nonlinear extension), namely an analog for the fractional case of
the main result of [31]:

Proposition 2.3: Let Hy hold, u € Hy(S2). Then, the following are equivalent:

(i) thereexists p > 0s.t. J[y(u+v) = Jy(u) forallv e Hy(2) N C?(ﬁ), Ivllos < p;
(ii) thereexistso > 0s.t. Jy(u+v) > Ji(u) forallv e Hy(Q), [|v]| < o.

As pointed out in the Introduction, we will make use of the fractional torsion equation
on a ball:
(=AY ur =1 in Br(x)
(7)

ur =0 in Br(xp)",
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where xy € RN, R > 0. The solution of (7) (defined as in (6)) is unique, given by

sT(%)

ur(x) = AN, )(R* — [x — x|, AV, ) = —
2n2I'A 4+ s9)I'A — )

(see [2, p. 33] or [29, Equation (1.4)]). This simple example is popular in fractional regular-
ity theory, as it shows that solutions of Dirichlet problems may be singular at the boundary.
For future use, we compute some norms of ug:

Lemma 2.4: Forall xo € RN, R> 0 we have

(i _ 71%1"(1+US)RN+2”5 1 I .
i) [lurlly —A(N,S)[W]vfora v > 1

. o sPEHRNHE
(ii) [urls = [W 2

Proof: First we recall the well-known formulas

N
2 1 réHra +w)
0B1(0)| = ; / (1= pHpNdp = 25 (@ >0),
ré Jo 2 (FH582)
then for all v > 1, we compute
f up(x) dx = A(N,s)" (R* — |x — x0/*)"* dx
Br(xo) Br(xo)

1
= A(N, 5)"RN*2|3B; (0)| / (1—pH"pN"tdp
0

7201 + vs)RN+2vs

=A N,S v
( ) F(N+221)S+2)

which implies (i). Furthermore, testing (7) with ugr € Hy(Br(xo)) and applying (i) with
v = 1, we have

[uR]f = f ug dx
Br(xo)

JT%F(I + s)RN+2s
Nt2s12
M5

= A(N,s)

SF(%)RN—}-ZS

T ar(1— s r (Y’

which gives (ii). [ |

Remark 2.5: We note that some results here are affected by the definition (2), which is the
same adopted in [21]. Other works on the subject, for instance [1,2,27], define the fractional
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Laplacian as

— 2s r N+2s
(—=A) u(x) = C(N,s) P,V./ L}\L]l();)dy) C(N,s) = 2 NS (52) -0,
RN |x_)’| +2s 7T7F(1—$)

where the multiplicative constant is required to equivalently define (—A)* by means of the
Fourier transform. In this paper, explicit constants are one of the main issues, so we decide
to follow the standard of [21] in order to easily compare similar results.

3. Two positive solutions under subcritical growth

In this section, following [24] as a model, we study (1) under the hypotheses:
t
Hif € CR), F(t) = / f(7) dr satisfy
0

(i) f(®) = 0forallt e R;

(i) f(r) < ap|1‘|p_1 + aq|1‘|‘1_1 forallt e R(1 <p <2<q<2f,apa;>0)
(iii) lim, o+ £ = 00
(iv) 0 < pF(t) <f(t)tforallt> M (p >2,M>0).

Hypotheses H; conjure for f a subcritical, superlinear growth at infinity, as well as a
sublinear growth near the origin, while (iv) is an Ambrosetti-Rabinowitz condition.

First, we recall the classical Palais-Smale condition at level ¢ € R, for a functional J €
C!(X) on a Banach space X:

(PS). Every sequence (1) in X, s.t. J(u,) — c and J'(u,) — 0 in X*, has a convergent
subsequence.

We say that J satisfies (PS), if J satisfies (PS). for any ¢ € R.

We will apply the following abstract result, slightly rephrased from [24, Theorem 2.1]:

Theorem A: Let X be a Banach space, ®,W € C'(X), , =® - AW (A >0),rcR, u e
X satisfy

(A1) infuex ®(u) = P(0) = W(0) = 0;
(A) 0<®(u) <r;

(A3) SUpg (< w < %;
(Ag) infuex (u) = —oc forall ) € I, = (% [SUP gy <y 2] 71).
Then, for all A € I, for which ], satisfies (PS), there exist u,, v, € X s.t.
L) =T,v) =0, Ja(ua) <0< J(vp).
Let T(N,s) > 0 be defined by Lemma 2.1, set

(TS e
s p q q—2 q-—

2T(N,s)2|Q| %

We have the multiplicity result:
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Theorem 3.1: Let H; hold, \* > 0 be defined by (8). Then, for all A € (0,1*), (1) has at
least two solutions u, v) € int(C? (Q)4).

Proof: Without loss of generality, we may assume f(¢) = 0 for all ¢+ < 0. We are going to
apply Theorem A. Set X = H{(£2) and define ®, W, J;, as in Section 2, then clearly ®, ¥ e
C'(H}(R)) and

inf ®(u) = ®(0) = ¥(0) =0,
ueH; ()

hence hypothesis (A1) holds. Set

)

2 2
_1QIF [apq2—p) i
 2T(N,s)? Lagp(q — 2)

For all u € Hy(S2), ®(u) < r, we have |lu|| < (21’)%. So, by hypotheses H; (i) (ii), along
with (5), (8) and (9), we obtain

V(u) a a
< lully + —2llulg
r pr qr
2%-p
T(N IR E 207 + qT(N 5)‘1|Q| 3 2n?
P qar
%2 g\ =0 =
I = q- q 9P
o ()7 ()7 (2
p
* 9-2 2-p q-2
52 /q ﬂa = (2 —p\aP
+2T(N,9)4Q| % (£ —
p q q—2
-2 2-p p=2
— 1
TN, s)? |Q| 25 (a_p qp<@)qp<_p>qpu=_*.
p q =2 A
Summarizing,
v 1
sup (u) — (10)
ow=<r T )‘

Now fix A € (0,1*). Since L is C1!, we can find xo € RN, R> 0 largest s.t. Br(xp) < L.
Let K> 0bes.t.

< sST(EHN (A + 25) [ (AE2E2)R2s _ l, an
AIT( + )20 (1 — ) (Ndst2) — &

By H; (iii), we can find ¢ > 0 s.t. forall t € [0, €]

F(f) > K% (12)
Finally, fix
1/2
05 = min | [4TA =Ty 2201+ — s)e 13
sT(5)RN+2s s (SR
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Now let ug be the solution of (7) in Br(xo), and set # = dugr € Hy(£2). Then we have by
Lemma 2.4(ii) and (13)

SF(%)RN-FZS(SZ

®0) = ra — or(MEsiz) S

T,

which implies (A;). Besides, by (13) we have for all x € Q

sT(ER*S

0<ulx) <—
2721+ s)I'(1 —s)

<&,

hence by (12) and Lemma 2.4(i)

ST (5)T (1 + 25)RN T

82
4m I T(1 4 92T (1 — 5)20 (N2

(i) > / Kii* dx = K8?||lug|? =K
Q

The relations above and (11) imply

V@ sST(EHN (A + 25) [ (AE2E2) RS 1
— > > —,
Q@) T gi0(1 49201 — A2y A

Recalling that 4 < A*, by (10) we have

Yw 1 w@)
sup <-<—,
dw<r T A Dw)

which yields at once (A3) and A € I,. By H; (iv) we can find C> 0 s.t. forall t > M
F(t) > Ct°. (14)

Now pick w € CZ°(£2) \ {0}. By (14), and recalling that F(t) > 0 for all t € R, we have for
allt >0

2
T(owy < 72 —A/ F(rw)dx—k/ Clrw)” dx
{w<M/r} {w>M/z)

2

< wl 72 —X/ C(tw)” dx—l—)»f CMP dx

2 Q (w<M/7)
Iwll*> 5 0 0 0
< 2 — ACw|%IQT" + ACMP|Q|

and the latter tends to —oo as T — o0 (since p > 2). So we see that (A4) holds as well.
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Finally, we prove that J; satisfies (PS). Let (u,,) be a sequence in Hy(2) s.t. |J5(un)| < C,
Ji (up) — 0in H~*(2). Then, for all n € N we have

bl | g
i [ Fupds=c 15)
2 Q
and for all ¢ € Hj(S2)
[ = [ o ds] < Ul Lo 16)

Multiplying (15) by p > 2 (as in H; (iv)), testing (16) with u,, and subtracting,

p—2
2

llunll* < K/Q (0F (un) — f(up)un) dx + 5 (un)l llunll + C

5)»/ C (lunl? + 1nl®) dx + I, ) | ]l + C
{OfunSM}
< ACQMP + MR + I, () | l1nl] + C.

So (uy,) is bounded in H(2). Passing to a subsequence, we have u, — win Hy(R2), u, — u
in LP(2), L1(R2), and u,(x) — u(x) for a.e. x € Q. Testing (16) this time with u, — u €
H(S2), we have forall n e N

it =l = Gty = )+ [ (gl 1), ]
Q
+ 175 )| M1t — ue]
< ( A P_l q_l
<(uup —u)+ ap”un”p llun — ””p + aq”un”q llun — ””q
+ 175 ) | Nty — uel],

(where we used H; (ii) and Hoélder’s inequality), and the latter tends to 0 as n — 0. So,
u, — u in Hy(R2). (Note that we actually proved that J; is unbounded from below and
satisfies (PS) for all A > 0.)

By Theorem A, there exist u;, v, € Hy(£2) s.t.

L) =T,(v) =0, Ji(u) <0< L)

Therefore, u;, vy # 0 solve (1). By Hy (i) and Proposition 2.2, finally, we have u;,,v) €
int(CO(Q)4). [ |

We focus now on problem (4), with 1 < p < 2 < g < 2¥ (subcritical case) and o > 0.
Set
p=q 2-p a-p
2

X27942 2 (2 —p\72 (q—2)\2
Mﬂ:an@ﬂmzs] qZ(——) (——) > 0. (17)
[ P q—2 q—p

We have the multiplicity result:
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Corollary 3.2: Let 1 <p <2 < g <2}, u* > 0 be defined by (17). Then, for all u €
(0, u*) (4) has at least two solutions u,, v, € int(C? (Q)4).

Proof: Setforallt e R, u € (0, u*)
f(O) = pHPt 4 (¢l

Then f satisfies H; with a, = 11, a; = 1, and any p € (2,q). In view of (17), here (8)
rephrases as

2-p
1 =2 2p (D — —pr g—2 24
2= 2*_2pq—qu—P (—p> q—]uﬂ‘P > 1.

—9 _
2T(N, 52| = 1 -7

Hence we can apply Theorem 3.1 with A =1 and find u,,v, € int(Cg(§)+) solutions
to (4). [ |

We present an example for Corollary 3.2:

Example 3.3: Sets = % p= % q=3,N=2and

|38}

2
X y

— ) R2.2_4+2 <1l

QL=1xy € 4+9_}

Then we have ZT/z =4 > 3, || = 6m, while Lemma 2.1 gives

1.1 1.1 1
T<2 1) _ (3)2I'(3)2I'(2)+ 1
2} aipirdyiryi o 2xd

Therefore, (17) becomes

*_2126%_%331%23_
= (zf,z)“” 2 (z> (5) =3

By Corollary 3.2, for all i € (0, ™) (4) has at least two positive solutions.

D=
Nl
\S)
NI
NI

4. One positive solution under critical growth

In this section, we study the slight generalization of problem (4):
(=AY u=pg(u) + W51 inQ
u>0 inQ (18)
u=0 in Q°,

with © > 0 and assuming the hypotheses on g:
Hg € C(R), G(t) = [, g(r) dr satisfy
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(i) g(t) = 0forallt e R;
(i) gt < ap|t|1”1 forallt € R (p € (1,27), ap > 0);

(iii) lim,_ o+ ¥ = oo.

Note that, due to hypothesis H; (iii), problem (18) reduces to (4) with g(t) = t? -1 only
for p € (1,2) (concave case). Although, the results of this section also embrace the case
p € [2,27) (linear/convex case).

Due to the presence of the critical term u% ~! in (18), we cannot apply Theorem A,
as the associated energy functional does not satisfy (PS) in general. So we introduce the
local Palais-Smale condition for functionals of the type J;, = ® — AW, with ®, ¥ € C'(X),
A > 0, defined on a Banach space X, and r > 0:

(PS)" Every sequence (u,) in X, s.t. (J, (uy)) is bounded in R, J'(u,) — 0 in X*, and
®(uy) < rforall n € N, has a convergent subsequence.

In this case, our main tool is the local minimum result, slightly rephrased from [26,
Theorem 3.3]:

Theorem B: Let X be a Banach space, ®,V € C'X), =P -2 A>0),reRuneX
satisfy

(By) infuex ®(u) = @(0) = W(0) =0;
By) 0<®(u) <r;
V(u) W

B < —
( 3) Sup(b(u)f?‘ r < CD(I,[)

® (1) v ]
I, = —,| sup
V() | ouy<r T

Then, for all A € I, for which ], satisfies (PS)’, there exists u; € X s.t.

Let

0<®(w) <r, L(w)= min J(u).
0<®(u)<r

Setforallu > 0,t e R
t
f) =g+ @7 F) = / f()dr,

0
then define ®, ¥ € C'(H}(2)) as in Section 2. Further, forall A > Oset ], = ® — AW. Set
forallr,u >0

2t . 22 » 22‘;17 2 -1 N
22 T(N,s)>r 2 n ZZaPT(N,s)P|Q| %oy 2 1 [ s ]m
2 # » *T(N, )% L2Nr

Ay = min

(19)
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We prove now that J; satisfies (PS)" for all r > 0 and all A > 0 small enough:

Lemma 4.1: Let r, ;0 > 0, A} > 0 be defined by (19). Then ]y, satisfies (PS)" for all 1 €
(0, 1%).

Proof: Let (u,) be a sequence in Hy(Q2) s.t. (J.(u,)) is bounded, J; (1,) — 0 in H*(Q),
and ®(u,) <r for all n e N. Then (u,) is bounded in H{(£2), hence in LE(Q)
(Lemma 2.1). Passing to a subsequence we have u, — u in Hj(), L% (), uy, — uin
LP (), uy(x) — u(x) for a.e. x € ©, and J; (u,,) — c. First we see that

J; (u) = 0. (20)

Indeed, since (uisfl) is bounded in L(Z?)/(Q), up to a further subsequence we have

251

u, = u%~1in L(Z?)/(Q), while by H (i) (ii) we have g(u,) — g(u) in LP/(Q). So, for
all ¢ € Hy(S2) we have

U, () @) = (i @) — A /Q uy o dx— A fﬂ g(un)g dx

— (1) — A /Q w o dx —ap /Qg(u)w dx = (J, (), ¢),
which along with ];L(un) — 0 gives (20). Besides,
() > —r. (21)

Indeed, since u, — u in Hy(2) and & is convex, we have ®(u) < r,ie. [u| < (27‘)%. So
using Lemma 2.1, (5) with v = p, (19), and A < A}, we have

Jn(u) = =AW (u)

2 Aua
> —ully: — Ll
25 s
A * 28 rupa ﬁ#
> LT 9Eent - 2R P T 20}
2 p
2 . 22 P Ep oy
22 T(N,s)>r 2 N 22a,T(N,)P|1Q| ¥ 12
> —Ar i
2 p
AT
> )
=5

and the latter gives (21) since A > A}. Now set v, = u,, — u. We have

A *
lim [cb(vn) - 2—*||vn||§g} = ¢~ Ju(w). (22)

S

Indeed, since v, — 0 in Hy(£2), we have

Vall> = Nl l? = 2(um 1) + Null® = uall® — lull* + o(1)
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(as n — 00). Since v, — 01in LZ?(Q), by the Brezis-Lieb Lemma [32, Theorem 1] we have
2 2 2
Ivall3i = luall3; = Null3; + 0(D).

Since u, — uin LP(S2), we have G(u,,) — G(u) in L' (2). So,

A 2 A 2 2
D (vy) — o ”Vn”z;s =[P(uy) — W] — > I:”“n”z;k - IIullzj]
S

- ML/ [G(uy) — G(w)] dx + o(1)
Q
= i(uy) — Jh(w) +0(1) = ¢ — Ji(w).
On the other hand,

. 2k
lim [ vl = A lvull3: | = 0. (23)
Indeed, arguing as above and recalling that g(u,)u, — g(u)u in L'($2), we have
2 % 2 2 % %
vl = Alvall3e = Ulosn® = 2] = & [ Hosal5 = 1
- )»M/ [g(un)un — gw)u] dx + o(1)
Q
= (J; (), un) — (J; (), u) + o(1),
and the latter tends to 0 as n — oo, by ];L(un) — 0, boundedness of (u,), and (20). Recall-

ing that (v,) is bounded in H{(£2), up to a subsequence we have ||v,|| — B > 0. We prove
that

B =0, (24)

arguing by contradiction. Assume 8 > 0. Then, by (23) we have
B2 =limllvall5: < ATV, 9% %,
n s
hence

1 52
> — )
= AT(N, )%
By (21) and (22), we also have

(5-5)=c-hw =<2
T =c—J;(u) < 2r,

hence
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Comparing the last inequalities and recalling (19), we get

1 e
A > T NOF [L]N ’ Z )\.j,
T(N,s)% L2Nr

a contradiction. So (24) is proved, which means u, — u in H(2). Thus, J, satisfies (PS)".
|

Set

> 0.

= 2
% 2%¥2 s
pt=min{ | 55— i _ p —
277 T(N,s)% 3NT(N,s)s pe2

20, TN, 9P| T
(25)
We have the existence result for problem (18):

Theorem 4.2: Let Hj hold, u* > 0 be defined by (25). Then, for all i € (0, *), (18) has
at least one solution u, € int(C?(§)+).

Proof: Fix u € (0, u*) and set

2

2! 5= s
r=miny | Sm———| L ———— > 0. (26)
277 T(N, )% 3NT(N,s)s
By (25), (26) we have
2 . 282 P 2?;1’ p—2
2ITN, )% r T 2@, T(INPIQIE r2 1 pu
T <-+ <1,
2 p 2 2ur

as well as

25 s
1 [s ]szzS> 1 s ANT(N,9)* |¥*  [3\¥= 1
L S _ (3 o1
T(N,s)% L2Nr ~ T(N,s)% | 2N s 2

hence by (19) we have A} > 1.
We intend to apply Theorem B. First, we see that hypothesis (B;) holds. Then, for all
u € Hy(R2), ®(u) < r we have by H; (i) (ii), Lemma 2.1, and (5)

2*
W _ Il . apllull
ro T 2% pr

. e
_TN9%@n 7 . a,T(N,s)?|2| % (2r)
uw
: pr

IA
|
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On the other hand, by H; (iii) we have

So, arguing as in the proof of Theorem 3.1, we can find u € Hj(f) s.t.

W@ 1
- > T
D) A

r

0<d(w) <,

which ensures (B) and (B3). Finally, since A} > 1, by Lemma 4.1 the functional J; satisfies
(PS)".
Since 1 € I, from Theorem B, we deduce the existence of a (relabeled) function u,, €
H; () s.t.
0

0<®(uy) <r, 1(uy) = min  Ji(u).
0<®(uy)<r

In particular, we have J| (1,,) = 0in H~5(2). Thus, by Proposition 2.2, u,, € int(C°(2)4)
is a solution of (18). [ |

Remark 4.3: The proof of Theorem 4.2 gives additional information: u,, is a local mini-
mizer of J; in H{(£2), satisfies the bound |lu, || < (21’)%, and the mapping u +— J1(u,,) is
decreasing in (0, ™).

5. Two positive solutions under critical growth

Finally, we turn to problem (4) with g = 2¥, namely, the Ambrosetti-Brezis—-Cerami
problem for the fractional Laplacian:

(=AY u=p ' +u51 inQ
u>0 inQ 27)
u=0 in Q°,
withp € (1,2), u > 0. This is a special case of (18) with g(t) = (t1)P~1, which satisfies H,
with a, = 1. We know from [21, Theorem 1.1] that (27) has at least two positive solutions

for all u > 0 small enough. Our last result yields an explicitly estimate of ’how small’
should be, given by (25) which in the present case rephrases as

P
2

2
2* 2¥-2
femind| | S 4 > 0. (28)
K 2842 N 25 —p
277 T(N,s)% 3NT(N,s) s

p+2 s b
277 T(N,s)?P|Q| %
Indeed, we have the multiplicity result:

Theorem 5.1: Let p € (1,2), u* > 0 be defined by (28). Then, for all u € (0, u™*), (27) has
at least two solutions u,,, w,, € int(C?(§)+), Uy, < wy in Q.



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS 17

Proof: Fix p € (0, ™), define f € C(R), @,V € CI(H(S)(Q)) as in Section 4, and set for
brevity ] = J; = ® — W. From Theorem 4.2 and Remark 4.3, we know that there exists
u, € Hy(2) N int(C?(§)+) which solves (27) and is a local minimizer of J. Set for all
(xt) e QxR
flot) = fluu@) + 1) — fu (),
t
F(x,t) = / Fx,t)dt = F(uy (%) + t7) — F(uy, (%) — f(u ()t
0

For all v € Hj(2) set
\il(v) = f Fx,v)dx, J(v) = ®®K) — \fl(v).
Q

As in Section 2, it is easily seen that JeC! (Hy(£2)) and all its critical points solve the
(nonautonomous) auxiliary problem

(=A)*v :f(x, v) inQ

(29)
v=0 inQ°"
The functionals J and J are related to each other by the inequality for all v € H}(£2):
7 n lv—11?
Jw) = J(uy +v") — J(uy) + 5 (30)

Indeed, we have v* € H{(€2) and, setting
Qr={xeQ:vix) >0}, Q_=Q\Q;,

from v = v — v~ we have

iy _ () — v
R e I L L1
RN xRN

|x _ y|N+25

2 —2
> v+ v I

as the integrand vanishes everywhere but in Q4 x Q_ and in Q_ x Q4, where is is
negative. So we have

- vl? /~
Jw) = —— — [ F(x,v)dx
2 Q
+ 112 —112
> ”V2” ||V2|| . L [F(HM + V+) _ F(M,u) —f(MM)V+] dx
N Pl S A I
= 5 - - (U, v™") + 3

- /Q [F(uu +vh) — F(u,) —f(uu)er] dx
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v 112

= J(up +v") — J(up) + 3

(where we used that u,, solves (27)).

We claim that 0 is a local minimizer of J. Indeed, by Proposition 2.3, there exists p > 0
s.t. forall v e Hy(2) N C?(ﬁ), Ivllo,s < p we have J(u, + v) > J(u,). Then, for any such
v we have as well ||v*]|os < p, which along with (30) implies

V=11

5 >0 = J(0).

Jv) > J(uy +vT) — J(u,) +

So, 0 is a local minimizer of ] in C? () and hence, by Proposition 2.3 again, it is such also
in Hy(£2). In particular, 7(0) = 0in H5(R), i.e. 0 solves (29).

From now on we closely follow [21]. Arguing by contradiction, assume that 0 is the only
critical point of Jin H{(€2). Under such assumption, by [21, Lemma 2.10] ] satisfies (PS),
at any level ¢ < ¢*, where

A — (1)
NT(N,s)~
Fix xp € €, and for all ¢ > 0, define v, € H*(RYN) by setting for all x € RN
N-2s
)
Ve(x) = N2 *
(24 lx—xl>) 2
By Lemma 2.1, we have
Ve ll2x = T(N, ) [vels. (32)

Now fix 7 > 0 s.t. B,(x0) C Q2,7 € C°(RN)s.t.p = 1in B:(xo),n = 01in B(xo),and 0 <
n < 1in RN, then define w, € H{(2) by setting for all x € RN

o) = 1)
Ivela:

Clearly ||we[l2+ = 1. Besides, we will prove that for all ¢ > 0 small enough
maé(j(twg) < c*. (33)
>

Assume N > 4s. Then, by [5, Propositions 21, 22] we find for all & > 0 small enough

[well? < + CeN 72

1
= T(N,s)?

[ well3 = Ce? — CeN 72

(C > 0 denotes several constants, independent of ¢). By convexity we have for all x € €,

t>0

8 % C "

F(x,t) > — 4+ —u, (x %242,
(x1) = x 32 n(X)

Using (32) and the relations above, we see that for all ¢ > 0 small enough and allt > 0

2 2% 2
~ T T%s 2% Ct 2% _o
2 2
J(twe) < X [well” — o lIwelly: — - /Q”;f we dx
N
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*

< 12 ! + CeNTB e | — ﬁ =: he (1) (34)
= 2 | T(N,s)? 2%

(C,C’" > 0 independent of ). Now we focus on the mapping k. € C!(R.). First we note
that

lim h. (1) = —o0,
T—>00
so there exists 7, > 0 s.t.

he(te) = maéi he (7).

If 7, = 0, from (34) we immediately deduce (33). So, let 7, > 0. Differentiating h,, we get

1
2F 2
[ CN—Zs_Clzs s ,
Te |:T(N,S)2 + Ce &

_ 2
which tends to T(N,s) %2 > 0ase — 07. So, taking ¢ > 0 small enough, we have 7, >

79 > 0. Set

1
2F 2
F o= C N-2s |~ ,
fe [T(N,s)2+ ¢ }

and note that the mapping

2 2%

T 1 T

T — | —+ CeN=2| - ——
2 | T(N,s)? 2%

N

is increasing in [0, T¢]. So we have

My = E [ L o] T Cee
T 2 [ TN, 5)? 25 2
- 2%
< Te 1 CeN-2 T ek

2 [ T(N,s)? 2%

N
— i |: 1 + CSN_25:| & _ C//st.

Since N—2s > 2s, for all ¢ > 0 small enough we have by (31)
s
he(te) < —— = c*.
NT(N,s)s

Then, by (34) we obtain (33). The cases 2s < N < 4s are treated in similar ways, see [21,
Lemma 2.11]. As a byproduct of (34) we have that J(twe) — —00 as T — 00, SO we can
find T > Os.t.

J(Tw,) < 0.

Since J has a local minimum at 0 and no other critical point, we can find o € (0, ||Twe||)
s.t. J(v) > 0 for all v € Hi(R2), ||v]| = o. That is, J exhibits a mountain pass geometry
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around 0. Set

I'={y € C([0,1], H{(2)) : y(0) = 0,y (1) = Twe}, ¢ = inf max J(y(1)).
yel te[0,1]

Clearly, y (t) = tTw, define a path of the family I, so by (33) we have

¢ < max J(tTw,) < c*.
te[0,1]

Thus, ] satisfies (PS).. By the Mountain Pass Theorem, there exists v € Hy(£2) \ {0}
s.t.J'(v) = 0in H—*(2), a contradiction. So we have proved the existence of v, € Hj(Q) \
{0} s.t. J'(v,) = 0 in H—*(R2). Such v, solves (29), and by monotonicity of f we have for
ae.x e

FOovu(0) = fuu () + v (0)) — f(uu () > 0,

so by the fractional Hopf lemma (see for instance [28, Lemma 2.7], as Proposition 2.2 here
does not apply) we have v, € int(C?(Q)Jr). Now set

Wy =ty + vy, € int(CY(Q)4).

Clearly w;, > u,, in €, and for all ¢ € Hj(2) we have
(]/(WM);QO) = (uu + V;u@) - ’/;Zf(uu + V;L)W dx

= |:(”;u ®) — /Qf(uu)§0 dxi| + |:<V//n ¥) — /Qj:(x’ Ve dx:|
= (]/(”u,)’ @) + (7/(1’/4)’ @) =0,
so w,, solves (27), which concludes the proof. [ |
Finally, we present an example:

Example 5.2: Lets = %, N=2p= % and Q C R? be as in Example 3.3, but set this time
q = 2}, = 4. Recall that in such case

So, (28) yields
1 5
387714
11 °
2%
By Theorem 5.1, for all u € (0, u*) problem (27) has at least two positive solutions
Uy < wy.
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