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1 | INTRODUCTION

In many biological phenomena, the chemotaxis, the biased movement of cells (or organisms) in response to chemical
gradients, plays an important role in coordinating cell migration (see previous studies'®). The movement is referred to as
chemoattractant if the cells move toward the increasing signal concentration (y > 0), whereas it is called chemorepulsion
whenever the cells move away from the increasing signal concentration (y < 0) with y in (2).

In 1970, Keller and Segel® derived a celebrated model to describe this event. The model has been extensively stud-
ied since 1970s, and a number of variations have been proposed and examined, and the properties of their solutions
investigated, as the existence of global bounded solutions and the question whether the chemotaxis model allows for a
chemotactic collapse, that is, if the system possesses solutions that blow up in finite or infinite time.}*>

The topic of blow-up solutions has been addressed by several authors also for more general operators and from different
points of view (see, for instance, Marras and Porru® for some results concerning the elliptic case and previous studies’-
for parabolic systems under various boundary conditions).

Our aim is to study the parabolic-elliptic problem:

ur = Au—Vuvv) +gw), 1) € QXx|[0, Thax),

0=Av—v+u, x,t) € QX [0, Thax),
S =5=0 @, 1) € 0Q X [0, Tyna). W
u(x, 0) = uo(x), x €Q,
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with Q = Bg(0) C R", n > 3,R > 0, g(u) = Au — uu¥,k > 1, 4 > 0, A > 0, the nonnegative initial datum u, € C°(Q) and
where % stands for the normal derivative on 0Q.
System (1) is a particular case of the following initial-boundary value problem

ur = Au— yvVuVvv) + g(u), xeQ t>0,
w=Av—v+u, xeQ,t>0,
M2 X€EIQ, t>0, @

dv ov ’
u(x,0) = up(x), v(x,0)=vy(x), x €L,

with Q Cc R", n > 1isabounded domain with smooth boundary, = > 0, y € R, and g(u) is a source term.
‘We recall that

« Ift =1, y > 0,and g(u) = 0, (2) is the classical Keller-Segel system introduced by Keller and Segel.>

« If t =0, y > 0,and g(u) = 0, we have a simpler model that reflects that the signal substance diffuses much faster than
cells move (parabolic-elliptic Keller-Segel system) and the question of blow-up and global existence of solution was
studied for instance in previous studies.!%-12

Ift=0,y =1,and g(u) = 0and if Q = Br(0) C R*,orQ = R", n >3, R > 0,Soupletand Winkler'3 consider
radially symmetric solutions of the following parabolic-elliptic Keller-Segel-Patlak system

u=Au-vuvv)y xeQ t>0, 3)
0=Av+u—M, xeQ,t>0,

with Neumann boundary conditions, u(x, 0) = uy(x) in Q and

o oo d G Jatto@dx if Q= Bg,
) 0 if Q=R"

The authors study the blow-up asymptotics of radially decreasing solutions of (3) and show that the final profile satisfies
Cilx|™2 < u(x, T) < C,|x|~2 with convergence in L}(Q) as t — T, the time existence of the solution.
Ifr =0,y =1,and g(u) = Au — uuk ifk =2, Vieithern < 2,y >0o0rn>3, u< ”—;2 then no blow-up occurs;
if k > 2,V A the same conclusion holds.'* If k > 1, u > 0, and A € R, that is, g is a source term of logistic superlinear
degradation type, recently, Winkler!> proves that in low-dimensional spatial settings (compared with higher dimen-
sional case in Winkler'®) under a dimensional-dependent range of k, when Q = Br(0) C R", n > 3, the solution of (2)
blows up in finite time in L*(£2)-norm.
Ifr =1, y >0, and g(u) = 0, for the following more general system:

{ut =V [(u+ o)™ 'Vu— yuu+a)™2Vv], in Qx(0,T), @

V=Av—v+u, in Qx(0,T),

under Neumann boundary conditions and initial conditions, where Q is a general bounded domain in R” with smooth
boundary, « > 0, y > 0, m;, m, € R, and T > 0, Nishino and Yokota!® derived a lower bound of blow-up time.
¢« If7=0,4>0,8w)=0,and M := ﬁ JoUo(x) dx, Marras et al.'” investigate the blow-up solutions of the following:

rut =V [(u+a)" 'Vu— yuu+ a)="2Vv],

0=Av—M+u,

Ju,=v, =0, (5)
u(x, 0) = up(x),

[ v(x, t)dx =0,

LQ

with (x, t) € Q X (0, Tyax), Q is a smooth and bounded domain of R”, with n > 1, T, is the blow-up time, « > 0, and
m1, m, are real numbers. Under some links between the above parameters m;, m, and the extra condition /Qv(x, Hdx =



MARRAS AND VERNIER-PIRO W I L E Y_I_3

0, they prove that if py > g(mz — my), any blowing up classical solution in L*(Q2)-norm blows up also in LPo(Q2)-norm,
and a lower bound of the blow-up time T}, is derived.
« Ift=0and y > 0and g(u) < au — uu? a source term of logistic type (a > 0, u > 0), another interesting model was

achieved by Cao and Zheng'3; the following quasilinear parabolic-elliptic Keller-Segel system is considered:

u = V(@wvVu) — yVwuvu)+gu), xe€Q >0, (6)
O0=Av—v+u, x€, t>0,

with Neumann boundary conditions and u(x, 0) = uy(x) in Q ¢ R*, n > 1, a bounded convex domain with smooth
boundary, ¢(s) > 0fors > 0, ¢(s) > ks®, k > 0, p € R. There are three nonlinear mechanisms included in this
model: the nonlinear diffusion V (¢(u)Vu), the aggregation yV (uVv), and the logistic absorption g(u); they observe

that the nonlinear diffusion with the logistic absorption dominate the aggregation, so that the unique classical solution

is global in time and bounded, regardless of the initial data, if y > y <1 - ), which enlarge the parameter range

2
n(1-p),
"> ;("T_Z present when in the system g(u) = 0.

For other results, see the references in the papers cited above.

Our purpose is to find a lower bound T of the blow-up time Ty, S0 that there exists a safe interval of existence of
the solution (u,v) to system (1), [0, T] with T < T,4y. First, we prove that u(x, t), which blows up in L*(Q)-norm (see
Winkler!), blows up also in LP(Q)-norm, p > g by improving a result of Freitag.!®

Winkler!® proves that, assuming some restrictions on k and uy, the solution of (1) blows up in finite time, in L*(Q)-norm,
with Q = Bg(0) c R",n > 3,R > 0.

This result is contained in the following theorem.

Theorem 1 (Winkler'). Let Q = Br(0) C R" withn > 3and R > 0, and let A € R, u > 0, and k > 1 be such that

[e W RN

if ne{3,4},
k< 1 . (7)
{1+2(n_1) if n>5.

Then, for all L > 0, m > 0, and my € (0, m), one can find ry = ro(R, A, u, k, L, m, my) € (0, R) with the property that
whenever uy € C°(Q) such that

up(x) < Lix|™"™V forall x € Q (8)
as well as

/uo(x)dx <m but /uo > my, ©))

Q B

o

there exists Ty € (0, 00) and a classical solution (u,v) of (1) with

ue CoQXI[0, Tna)) N C2HQ X (0, Tax)) and (10)
v e (:’2!()({2 X (07 Tmax))a
which blows up att = Ty, in the sense that
lim sup||u(:, £)|| =) = . (11)

max

Now, we can state our first main result, which provides that the classical solution of (1), blows up in LP-norm at
finite time.

Theorem 2. Let Q = Br(0) C R", n > 3 and R > 0. Then, a classical solution (u,v) to system (1) for t € (0, Tpax),
provided by Theorem 1, is such that for all p > g

limsup [[u(, Ol ) = oo. (12)
t/Tmax
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Define for all p > 1 the energy function

1 . 1
() = EH””LP(Q) with ¥y = ¥(0) = EHuolle(m (13)

Theorem 3. Let Q = Bg(0) C R", n > 3andR > 0. Then, forallp > g and positive constants B;, B,, B; depending on
A, D, n such that the blow-up time Ty, of the classical solution (u,v) to system (1), provided by Theorem 2, satisfies the
following estimate:

[*)

dn
T > s 14
e /31’1 + Bon"t + Bsn2 (14)

0

. _ p+l _ 2(p+)—-n
with y, = o 2=

In the next theorem, assuming Q C R3, a safe interval of existence of the solution [0, T], T < Tyuax is Obtained since we
can derive an explicit lower bound for Ty,gy.
To this end, we introduce the function

O) = ullf,q, With @0 =@(0) := [luoll% g (1s)

We observe that, under the hypotheses of Theorem 1, if the solution (u,v) of (1) blows up in L*(Q)-norm, from
Theorem 2 (with p = 2), it blows up also in L*(Q)-norm at t = T .
We remark that the choice of the domain Q c R? is due to the use of a Sobolev-type inequality valid only in R3.

Theorem 4. Let Q = Br(0) C R3, R > 0 and (u,v) be a classical solution of (1) for t € (0, Tpax), provided by Theorem 1.
Then, ®, defined in (15), satisfies the following first order differential inequality:
() < AD(), (16)

with A a positive constant depending on ||uo||12q). k. 4, u, |Q].
From Theorem 4, as a consequence, we have

Corollary 1. Under the assumptions of Theorem 4, let (u,v) be a solution of (1) and ®(t) and @, defined in (15). Then,
there exists a safe interval of existence of (u,v) say [0, T with

< Tax- (17)

2A1<1>g

This paper is organized as follows.

In Section 2, we collect some results to be used in the proofs of the main theorems. In Section 3, we prove that
u(x, t), which blows up in L*(€)-norm, blows up also in LP(Q)-norm with p > g (Theorem 2). Moreover, by using a
Gagliardo-Nirenberg inequality, we prove Theorem 6. Section 4 is dedicated to the case Q c R? and contains the proofs
of Theorem 4 and a corollary where a safe interval of existence of (u, v) say [0, T] is derived with T an explicit lower bound
of the blow-up Tyqx-

‘We remark that

is explicitly computable.

2 | PRELIMINARIES

In this section, we state some known results to be used in the proofs of the main theorems.
Throughout the paper, we will assume the conditions contained in the Theorem 1.
We need the following Gagliardo-Nirenberg inequality.

Lemma 1. Let Q be a bounded and smooth domain of R", n>1.Letr>1,0<q <p < 00,8 > 0. Then, there exists
a constant cgy > 0 such that

1—
Iwllzpi@) < con (1YW g Wl + Wllzs ) (18)
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forallw € LY(Q) with Vw € L'(Q), and a := +2

€ [0,1).
qQ n r
Proof. See Nirenberg.?°, p125 O
Lemma?2. Letn € N, n > 3. Assume
n
Po > z (19)
Then, for all p > p,, it holds that
P __P
0<6 <1, 91=2§°—f("“i (20)
w2
+1
0<p <1 p=""e, (21)
p
n
0<b,<1, b= ——, 22
p) p) 20+ 1) (22)
+1
O<p<1, pp=P 9= (23)
2p
Proof. From p > pg > g we havep > 1 — % and ﬁ >1- % and (20) follows.
The result (21) follows from hypothesis (19); in fact, we have i < % from which we obtain % - % < ﬁ - % + %
0 0 0
and (21) follows. Easily, we obtain also (22) and (23). O

Lemma3. Let Q CR", n > 1beabounded and smooth domain, u € C°(Q) a positive function, and p, k, two positive
real numbers such thatp + k —1 > p > 0. Then, we have

p+k-1
p

1-k
/up+k‘1dx > Q| /updx . (24)
Q Q
Proof. The inequality follows from Hélder's inequality. O

Lemmad4. Let Q CR", n > 3 bea bounded and smooth domain, and A € R, u >0, k> 1. Then, for a solution
(u,v) of (1), we have

/ udx < m, forall te€ (0, Thax), (25)
Q
with
= A k-1 <
m = max uodx, = Q| . (26)
u
Q

Proof. From the first equation in (1), we obtain

k

dit udx=/{/udx—u/ukdeA/udx—ylgll‘k/udx , (27)

Q Q Q Q Q

k= 1
where in the last term, we used Holder's inequality: /,u < |Q] = (/,u*)*. From (27), we infer that y = [, udx satisfies

{ V(0 < Ay(t) — gy (), i = ulQI'*, forall € [0, Tyax)

28
¥(0) = yo. 28)
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Upon an ODE comparison argument, this entails that

y(t) <m, forall t € (0, Thax).
O

This clearly proves the lemma.
Lemma 5. Let Q be a bounded domain in R? assumed to be star shaped and convex in two orthogonal directions. For

any nonnegative w € C1(Q), the following inequality holds:

/W3dx§\/§af/ wldx +—23/w
€]
Q

Q Q (29)
3 e
i / |Vw|?dx |,
with €; > 0 a suitable constant, and
3 d 2
a1 =—, ay=—+1, pp=minx;y; >0, d° = maxx.x;.
2po Po 0Q o)
Proof. The proof easily follows from the inequality (see lemma A2 in Payne et al.?!)
1 13
2
/w3dx$ i/wzdx+ <£+1> /wzdx /lVW|2dx (30)
2po Po
Q Q Q Q
In fact, in (30), firstly, we apply the following arithmetic inequality:
(a+b)%§\/5<a%+b%>, a,b>0, (31)
to have
E 3 3
2 3 4 4
2
/W3dx§\/5 i/wzdx +<£+1> /wzdx /lVledx ,
2po Po
Q Q Q Q
O

and then, from an application of Young's inequality, we get (29).

3 | BLOW-UPIN LP-NORM

Throughout this section, we are under the hypotheses of Theorem 1.
The goal of this section is to extend the result of Freitag (theorem 2.2 in Freitag'®) to solution (u,v) of problem (1). In

order to prove Theorem 3, first, we state the following lemmas.
Lemma 6. Let Q C R", n > 3, a bounded and smooth domain and (u,v) be a solution of (1). If for some poy > g there
exists a constant C such that
Il < C, forall t € (0, Tinay), (32)

then, for some C > 0 and p > p,
lullze < €, forall ¢ € (0, Tax). (33)
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Proof. Let ¥(¢) be defined in (13) with p > p,. Differentiating ¥(¢), we have

‘I"(t):/up‘lutdx:/up‘lAudx—/up‘1V~(qu)dx
Q Q

Q

(34)
+ /l/updx— ;4/ wHldx = L + I + J3 + .
Q Q
Now, we consider separately the four terms of (34).
N1 =/ V (uP'Vu) dx - (p - 1)/uP-2|Vu|2dx =
Q Q
(35)
4p-1
_ - )/|w’§|2dx
P Q
J=- / wP=Ivuvvdx — / uP Avdx. (36)
Q Q
We can estimate the first term in (36) as follows:
/ W lVuVvdx = / V (P uvv) dx - / uv (uP~'vv) dx
Q Q Q
=—(p— 1)/ up‘1Vqudx—/upAvdx,
Q Q
from which we obtain
1
p-1 - _2 P
/ uP™ VuVvdx = > / uf Avdx. (37)
Q Q
Replacing (37) into (36), we arrive at
1 1
J,=— <1——>/upAvdx=—<1——>/upvdx
p p
Q Q (38)
+ (1 - l) /up“dx < (1 - l) /up+1dx.
p p
Q Q
In the last term of (38), we now use the Gagliardo-Nirenberg inequality (18) withw = u'ﬁ, r=2,p= 2’%1, q= %,

S = ﬁ. We have

p+l p+l pt+l p+l
L p 22 p 22g p 2PM(1-6)) p 22
/u"+ de=luzll J, <con <I|Vu2||Lz" lluz1l 5, +luzll ),
Q L P (Q LP (Q) LP(Q)

with 6, € (0,1) and ‘%191 € (0, 1) defined in Lemma 2, having also made use of

(a+b)* <2%a* +b%), forany a,b >0, a>0. (39)
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Because Lemma 2 and (32) hold, we apply Young's inequality in the previous inequality arriving to

26, (P+1(A-6)
P
/uP“dxchN /qu5|2dx /uPde
o o o
p+1
P
+ con /udx SCGN€1ﬁ1/|VW|2dx+ (40)
Q o

% (P01 -
cone; (1= p)C T+ conmP

p
=c1/|Vu5|2dx+02,
o

h (p+1)(1-67)
valid for any e; > 0, ¢; = ¢1(e1) = cgyerfr, f1 = 1%191 € (0,1), c; = ca(€1) = cone; " (1 = p)C i+ coyimPH,

with m and C defined, respectively, in (26) and (32).

Replacing (40) into (38) leads to
L < (1—1>/|VM§|2dX+C2 <1—l> (41)
p S p

In the third term of (34), we use, in order, Holder's and Young's inequalities to obtain

k-1
J3< 4 /uP+k—1dx |Q Pt
Q
— -2
<ie—L — / up+k‘1dx+/1£ez Q| (42)
p+k—-1 p+k-1
Q

=c / uPH=ldy + ¢4,
Q

P
. k— k-1
with 5 > 0, c3 =c3(ey) = /16‘21ﬁ, ¢y = c4(er) = Ap+k11 €, k-1 |Q|
Taking into account that

Ji=—u / WH gy, (43)
Q

we now substitute (35) and (41)-(43) in (34) to have

-1 )
yo< M <é_‘ —Cl> / |Vu§|2dx
p p A

(44)
—(u—c3) / uPt™ldx + cs,
Q

with ¢s = ¢, (1 - é) + c4.
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In (44), we choose €7, such that 3 — ¢ > 0 and e, such that 4 — ¢c; > 0. Neglecting the negative term

—@-D (4 c1 f |Vu§ |2dx and using (24) in the second term of (44), we obtain
p \p r

' < —cV" +cs,

1-k  p+k-1

withes =(u—c3)|Q| 7 p » andy = prk-1

Thanks to this result, we arrive at this initial problem

\P,(t) < Cs — CGII’W(I) e (0’ Tmax)»

Y(0) = 11) [ ub,
Q

so an application of a comparison principle leads to

¥(f) < max {‘P(O), <2—5>} =: € forall t € (0, Tya). (45)

6

Moreover, from this bound, elliptic regularity results applied to the second equation of system (1), that is, —Av+v =
u, imply v € L®((0, Tyuax); W?P(Q)) and, hence, Vv € L®((0, Tinayx); WP(Q)) and from Sobolev embedding theorems,
we have v € L®((0, Tpax); C27/P1(Q)) and Vv € L®((0, Tay); LI(Q)) for all n < q < p* =: %. O
Lemma 7. Let Q C R", n > 3, be a bounded and smooth domain and (u,Vv) be a classical solution to system (1). If for
some g < p < n, there exists C > 0 such that

luC, Dllp < C forall t € (0, Tyax)s (46)

then
luC, Dl o < C forall t € (0, Tnax). 47)

Proof. Foranyx € Q and ¢t € (0, Tyay), We set ty = max{ty, t — 1}, and we consider the representation formula for u:

t
u(-, 1) <e""2u(, ) — / eIV - (u(-, HVV)(-, ds
Ly
' (48)
+ /e(t‘s)A [Au(-, 1) — pu* (-, 1)) ds

by

= Lll(', t) + uZ('v t) + Ll3(', t)v
and
[[uC, Hllz=@) < Ui, Olle@) + Izl Dllre@) + Uz, HllLo(), (49)
Following the steps of lemma 4.1 in Viglialoro and Woolley,?? we obtain
||u1(-, t)”Loe(Q) < maX{”uolle(g), Zﬁ’lCS} =y, (50)

where Cj is a positive constant and m is defined in (26), and

[lua, DllLo@) < css (51)



10 MARRAS AND VERNIER-PIRO
WILEY

with cg a positive constant which plays the analogous role of the constant Cs of lemma 4.1 in Viglialoro and Woolley.?2
Now, we prove that there exists a constant cg > 0 such that ||us||r~) < co. To this end, we firstly observe that

h(u) = Au — pu* < h(u,) := co,

We have .
3¢, Dlli=c@) < / 1674 [AuC, ) = uu“C, 0] llz=@ds
. (52)
< /||C9e(t_s)A||L°°(Q)dS = Co(t — to) < Co.
l
From (50) to (52), we arrive at (47) with C = ¢; + ¢5 + Co. O
Proof of Theorem 2. O
Proof. From Theorem 1, the unique local classical solution of (1) blows up at t = Ty in the sense

lim sup, T, [lu(-, )||=@ = oo (11). By contradiction, we prove that it blows up also in LP-norm. In fact, if exist p > g
and C > 0 such that

llullzro@ < C,

then from Lemma 6, there exists a constant C > 0 such that
lullzo) < C forall t € (0, Tyax),

and

{u € L2((0, Toar); LP(Q)) for p>2, 3

uVv € L=((0, Tyax); L2(Q)) forall q; >n+2.
From Lemma 7, there exists C > 0 such that
“u('s t)“L‘”(Q) < é forall te (0’ Tmax),

which is in contradiction to the hypothesis (11), so that, if u blows up in L*-norm and p > py > g, then u blows up
also in LP-norm. O

Proof of Theorem 3. O
Proof. We start from (34), and we use (35) and (38) to write

4p -1
Y(t) < - (pp2 )/|Vu§|2dx+<1—Il)>/up+1dx+ﬂ/updx
Q Q Q

(54)
—M/up+k_1dx.
Q
In the second term of (54), we apply the Gagliardo-Nirenberg inequality (18) with p = 2’%1, r=q=s=2,
22ty
pYazy [ 2B (1
/upJrl =|ut| 2, <can||Vu Gp
2 2
a L2 P () 12(Q) L2 (55)
- 225t
+ Con |[U2 P

where 6, is defined in (22), having also make use of (39).
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Using the expression of 8,, we rewrite (55), and then applying Young's inequality, we have

n 2(p+1)—-n
2p 2p
/uP+1 <ton / |Vus [2dx /updx
Q Q Q
‘lll
+Con /updx ;< a1/ |Vu? [2dx (56)
Q Q
2(p+1)—n pt+l
oo e
+a2/updx +EGN/updx ,
Q Q
with a; = ai(g)) = %EléGN, ax = ax(e1) = 2‘l;—;nfl_mécz\r, g1 > 0.
By replacing (56) and (24) into (54), we arrive at
’ p-1 4 2
Y <-| — - - |Vuz |>dx+
p p
Q
2(p+1)—-n P+l
1 o 1 !
1--= az/updx +<1——>(_?GN/updx
< p> P (57)
Q Q
prkt
1-k P
+/1/updx—y|£2|7 /updx
Q Q

Choosing ¢; in (57) such that (‘%) (3 - al) > 0, we can neglect the first term and the fifth (negative) term in
(57). Using the definition of ¥(¢) = é f uPdx, we obtain the following first-order differential inequality on ¥:
Q

+1 2(p+1)—n
V() <BY+BY 7 +BW v, (58)
1 p+1 1 2(p+1)-n
WithBlzﬂp, B2=<1_;>EGNPP s B3:(1_E>a2p p-n
Integrating (58) from O to Ty,qx, We obtain (14). ]

4 | AN EXPLICIT LOWER BOUND OF Ty in Q C R?

In this section, we consider the L?-norm of u defined in (15) as ®(t) = ||u||iz(g), t € [0, Tygx) With @¢ = ®(0) := |lug ||i2(g).

Under the hypotheses of Theorem 1, we assume the spatial convex domain Q C R3. Let [0, T],T < Tax be the time
interval of existence of the solution of (1): we have lim sup, , [[u(:,0)l|L=@ = oo. From Theorem 2, selecting p = 2
(which fits with the choice n = 3 in the condition p > g), necessarily the classical solution (u, v) of (1) blows up in L?-norm
at t = Ty In this situation, we prove that ®(¢) satisfies a differential inequality of the first order stated in Theorem 4,
and as a consequence, we determine a lower bound of the lifespan Ty, by proving Corollary 1.

Proof of Theorem 4. O

Proof. By differentiating (15) and using the equation in (1), we have

(1) =2/uutdx:Z/uAudx—Z/uV-(qu)dx

Q Q Q (59)

+2/1/u2dx—2;4/uk+1dx=ll+12+13+l4.
Q Q
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We now estimate the terms in (59) in order to arrive to a first-order differential inequality in terms of powers of ®.
I = 2/ uAudx = 2/ V- (uVu)dx — 2/ [Vul|?dx = —2/ |Vu|?dx. (60)
Q Q Q Q
Using the divergence theorem and the second equation in (1), we can write

IZ=—2/MV~(qu)dx:—/V-(uzAv)dx—/uzAvdx

Q Q Q

=—/u2Avdx=—/u2vdx+/u3dx.
o

Q Q

(61)

To bound the last term in (61) in terms of ® and /Q|Vu|2dx, firstly, we make use of (29) (with w = u) in Lemma 5.
Neglecting the negative term — fQuzvdx, we obtain

4

3
3 3 3 3
E a; 3aje
L < V2a? /u2dx +\/E4—23 /u2 +1V22 1/|Vu|2dx. (62)
€
Q Q

Q

Using Hdlder's inequality, we bound the last term in (59):

5}
2

L= —Zy/uk“dxs —2/4|Q|%C /uzdx . (63)
Q Q

By replacing (60), (62), and (63) in (59), we get

ket , 2
D' () 322/ u2dx—2/4|£2|% </u2dx) + \/Eaf </u2dx>
Q Q
Q

a: 3 3aZe
+\/§—23</u2) +[vV222 2 /|Vu|2dx.
de; \Ja 4 Q

3
. 442 75
Choosing €; = T\/_az 2, we have

3
1- 41 3 a?
D'(1) <240 — 2u]Q| T B> + V22 D3 + \/54—23<1>3. (64)
€
1

Because 1 < k < 7/6,and p > g u(x, t) blows up in L?-norm at finite time T},,qy, then ®(¢) can be nondecreasing,
so that ®(t) > &, with ¢ € [0, Tuax), OF non increasing (possibly with some kind of oscillations), in which case there
exists a time t; € [0, Tyax) Where ®(t) = @g. As a consequence, O(t) > @ for all t € [t;, Tiay). It implies that

kel

2
g < <2> > e [tla Tmax),

from which

ket k1
2

o’ > L€ [, Trmax)- (65)
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Moreover,
3 _3
O: <D*D, 2, 1€ [ty Trmax)- (66)

We replace (65) and (66) into (64) to have

le

1k kL
cbl(t)S2</l—/4|Q|Tk 2>(1)+ \/_aq)z+\/__23
1

=A@ + A, ®°, t € [t Trmax)s

S 33 3
W1thA1—2</1 ulQ| S o >, Az=\/§a1zq)o2 +\/5%

At last, we can write
(1) < AP, t €[t Trax) (67)
where the positive constant A depends on |[ug||;2@), k. #, |€2|, so defined

k=

-k
MDAy if 4> plQlT B,

Ay, if 25 msle«b(F,
and (16) is proved. O

Proof of Corollary 1. O
Proof. Integrating (67) from £; to Tyqy, We lead to

max Tma.x
/ / Adr < / Adr = A Thax, (69)
0

1
29
<DO

from which we obtain (17): it means that the solution of (1) exists bounded in the interval [0, T], with T =

a

lower bound of the lifespan Ty,qy.
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