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We study the existence of a weak solution u of the following nonlinear vectorial 
Dirichlet problem

⎧⎪⎪⎨
⎪⎪⎩
u ∈ W 1,2

0 (Ω,RN )

−
n∑

i=1
DiA

ν
i (x, u,Du) = −

n∑
i=1

Di

( N∑
j=1

Eνj
i (x)uj

)
+ fν(x) x ∈ Ω

where Ω is a bounded subset of Rn, n ≥ 3, uν and fν , for any ν = 1, 2, . . . , N , are 
the ν−th components of the vectors u and f , respectively, and the tensors A(x, s, ξ)
and E(x) satisfy suitable structural assumptions.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

This paper is devoted to the study of the existence of a weak solution u of the following nonlinear vectorial 
Dirichlet problem

⎧⎪⎪⎨
⎪⎪⎩
u ∈ W 1,2

0 (Ω,RN )

−
n∑

i=1
DiA

ν
i (x, u,Du) = −

n∑
i=1

Di

( N∑
j=1

Eνj
i (x)uj

)
+ fν(x) x ∈ Ω

(1)

where, N ≥ 2, Ω is a bounded subset of Rn, n ≥ 3, uν and fν , for any ν = 1, 2, . . . , N , are the ν−th 
components of the vectors u and f respectively and the tensors

A(x, s, ξ) = (Aν
i (x, s, ξ))i=1,...,n; ν=1,...,N ,

* Corresponding author.
E-mail addresses: cirmi@dmi.unict.it (G.R. Cirmi), dasero@dmi.unict.it (S. D’Asero), leonardi@dmi.unict.it (S. Leonardi).
https://doi.org/10.1016/j.jmaa.2020.124370
0022-247X/© 2020 Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.jmaa.2020.124370
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2020.124370&domain=pdf
mailto:cirmi@dmi.unict.it
mailto:dasero@dmi.unict.it
mailto:leonardi@dmi.unict.it
https://doi.org/10.1016/j.jmaa.2020.124370


2 G.R. Cirmi et al. / J. Math. Anal. Appl. 491 (2020) 124370
E(x) =
(
Eνj

i

)
i=1,...,n; j,ν=1,...,N

satisfy suitable structural assumptions that will be precised in the next section.
The study of the above problem, in the linear scalar case N = 1, goes back to the papers [51,52]

by G. Stampacchia and it presents a difficulty due to the noncoercivity of the differential operator u →
−div[A(x)∇u− E(x)u]. In the quoted papers the existence, uniqueness and regularity of a weak solution 
u ∈ W 1,2

0 (Ω) have been proved assuming that

|E| ∈ Ln(Ω), with ‖E‖Ln(Ω) sufficiently small, (2)

and

f ∈ Lm(Ω), with m ≥ 2n
n + 2 . (3)

Later, using a nonlinear approach and exploiting techniques issued from those of G. Stampacchia, L. 
Boccardo in [2] retrieved the previous results without the smallness condition on ||E||Ln(Ω).

In previous two papers by the authors [10,11], again in the case of one single equation, the question of 
the local regularity of a weak solution had been taken into consideration and solved.

In this paper we want to take into account the case of a system of non coercive equations, i.e. N ≥ 2, to 
prove the existence of a weak solution.

It is worth to point out that, in the case of vectorial problems, many consolidated techniques working 
for one single equation do not apply anymore as well as the choice of some usual test functions.

To overcome this issue, it has been necessary to introduce an “ad hoc” structural condition for first order 
term (drift term). This condition recalls back the “Landes condition” used for the principal part of the 
operator (see below) and still keeps the operator non coercive. This new condition allows us to adapt to 
our purposes the ideas contained in papers [30,1,2] and enables us to prove the existence of at least a weak 
solution for the problem.

There remain open the problems weather this existence result could be extended to measure right-hand 
sides or if the G. Mingione’s Calderon–Zygmund theory on fractional differentiability could be applied to 
this operator (see for instance [48–50,24–28]).

In the framework of regularity theory of weak solutions the reader can also refer to the following papers 
[6–9,16,35,37,21,23,40,41,3,4,12–15,17–20,22,29,31–34,36,38,39,42–46].

2. Main notations, functions spaces and auxiliary lemmas

Let Ω be a bounded subset of Rn, n ≥ 3 and A(x, s, ξ) be a matrix-valued function whose entries are the 
functions

Aν
i : Ω ×RN ×RnN → R

for i = 1, ..., n and ν = 1, ..., N with N ≥ 2.
We assume that each entry is a Carathéodory function (i.e. continuous in (s, ξ) for a.e. x ∈ Ω and 

measurable in x for all (s, ξ) ∈ RN × RnN ) satisfying the following conditions for a.e. x ∈ Ω and for all 
s ∈ RN , ξ, η ∈ RnN such that ξ �= η (1):

∃Λ1 > 0 : (Aν
i (x, s, ξ) −Aν

i (x, s, η))(ξνi − ηνi ) ≥ Λ1 |ξ − η|2, (4)

1 We assume the use of Einstein’s convention over repeated indices throughout the paper.
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∃Λ2 > 0 : |A(x, s, ξ)| ≤ Λ2
[
|s|q + |ξ|

]
, with q ≤ n

n− 2 (5)

Aν
i (x, s, 0) = 0, (6)

Aν
i (x, s, ξ)

[
ξνi |γ|2 − γνγμξμi

]
≥ 0, (7)

for all (s, ξ) ∈ RN ×RnN and ∀γ ∈ RN .

Remark 2.1.

• The previous assumption (7) has been originally used by R. Landes in [30] and it is known as “Landes 
condition”. It is automatically satisfied if N = 1.

• Whenever N ≥ 2, examples of operators satisfying condition (7) can be found in the papers [30] and [1].

We denote by E(x) a tensor-valued function in RnN2 whose entries are the measurable functions

Eνj
i : Ω → R

such that, for i = 1, ..., n and ν, j = 1, ..., N , the following condition holds:

Eνj
i (x)γj

[
ξνi |γ|2 − γνγμξμi

]
≤ 0, (8)

∀γ ∈ RN , for a.e. x ∈ Ω and for all ξ ∈ RnN .
Throughout the paper we will briefly denote by the symbol ||E|| the norm in RnN2 of the tensor E.

Remark 2.2.

• Condition (8) is automatically satisfied if N = 1.
• The tensor Eνj

i (x) = Ei(x) δνj , where δνj is the Kronecker delta and Ei : Ω → R is a measurable 
function, is an example of tensor readily verifying condition (8) for any N ≥ 1.

• The introduction of the structural condition (8), coupled with the classical Landes condition (7), allows 
us to use an appropriate truncation for vector–valued functions as test function in the weak formulation 
of our problem.

Given a vector–valued function u = (uν)ν=1,2,...,N , Du denotes its gradient, that is

Du ≡
(
∂uν

∂xi

)
ν=1,2,...,N ; i=1,2,...,n

≡
(
Diu

ν
)
ν=1,2,...,N ; i=1,2,...,n.

We will define a truncation for vector–valued functions (see [30]) as follows.
Given a real number θ > 0, let us denote by Tθ(s) the vector–valued function whose ν–th components 

are defined by

[Tθ(s)]ν =

⎧⎨
⎩
sν if |s| ≤ θ

θ
sν

|s| if |s| > θ
(9)

for ν = 1, ..., N . Obviously

|Tθ(s)| ≤ θ, |Tθ(s)| ≤ |s| ∀s ∈ RN , ∀θ > 0.



4 G.R. Cirmi et al. / J. Math. Anal. Appl. 491 (2020) 124370
Moreover, see [30], if u ∈ W 1,2
0 (Ω, RN ) then Tθ(u) ∈ W 1,2

0 (Ω, RN ) and for any i = 1, ..., n and ν = 1, ..., N
we have

Di[Tθ(u)]ν =

⎧⎪⎨
⎪⎩
Diu

ν if |u| ≤ θ

θ

|u|

[
Diu

ν − 1
|u|2u

νuμDiu
μ

]
if |u| > θ.

(10)

Bearing in mind the Einstein’s convention over the repeated indices, we shall consider the following 
system

{
u ∈ W 1,2

0 (Ω,RN )

− DiA
ν
i (x, u,Du) = −Di

(
Eνj

i (x)uj
)

+ fν(x) x ∈ Ω
(11)

where, for any ν = 1, 2, . . . , N , fν is the ν–th component of the vector f with

f ∈ L
2n

n+2 (Ω,RN ) (12)

and

E ∈ Ln(Ω,RnN2
). (13)

Definition 2.3. A weak solution of the system (11) is a vector–function u ∈ W 1,2
0 (Ω, RN ) such that the 

following integral identity
∫
Ω

Aν
i (x, u,Du)Diϕ

ν dx =
∫
Ω

Eνj
i (x)uj(x) Diϕ

ν dx +
∫
Ω

fν(x)ϕν dx (14)

holds for all ϕ ∈ W 1,2
0 (Ω, RN ).

Remark 2.4. Observe that for some constants c0, c1 > 0, one has

|Eu| ≤ c0|E|n2 + c1|u|
2∗
2

so that our lower order term lies in the framework of “controlli limite” as described in Campanato’s book 
[5] pages 122 and 125.

We can now state our existence result whose proof is postponed in the next section.

Theorem 2.5. Assume that hypotheses (4)–(8), (12) and (13) hold.
Then there exists a weak solution u ∈ W 1,2

0 (Ω, RN ) of the system (11).

In order to obtain the claimed result at first we need to consider, for every k ∈ N, the following approx-
imating problems

⎧⎪⎨
⎪⎩
uk ∈ W 1,2

0 (Ω,RN )

− DiA
ν
i (x, uk,Duk) = −Di

(
Eνj

i (x)
1 + 1

k ||E||
· uj

k

1 + 1
k |uk|

)
+ fν(x) x ∈ Ω

(15)

for any ν, j = 1, 2, . . . , N .
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Definition 2.6. A weak solution of problem (15) is a vector–function uk ∈ W 1,2
0 (Ω, RN ) such that the 

following integral identity

∫
Ω

Aν
i (x, uk,Duk)Diϕ

ν dx =
∫
Ω

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

Diϕ
ν dx +

∫
Ω

fν ϕν dx (16)

holds for all ϕ ∈ W 1,2
0 (Ω, RN ).

Note that for every fixed k ∈ N, it holds
∣∣∣∣∣ Eνj

i (x)
1 + 1

k ||E||
· uj

k(x)
1 + 1

k |uk|

∣∣∣∣∣ ≤ k2 for a.a. x ∈ Ω,

therefore a weak solution uk of (15) exists thanks to Schauder fixed point theorem.
Given θ > 0, let us denote by Ak(θ) the level sets of |uk|, that is

Ak(θ) =
{
x ∈ Ω : |uk(x)| > θ

}
,

and by |Ak(θ)| its n–dimensional Lebesgue measure.
In the next Lemma we will prove that, for every k ∈ N, the measure of Ak(θ) is small enough for 

sufficiently large θ.
We make the reader aware that in the sequel we will denote by c various positive constants depending 

only on the known data and whose values may vary from line to line.

Lemma 2.7. Assume (4), (6)–(8), E ∈ L2(Ω, RnN2) and f ∈ L1(Ω, RN ). Let uk be a weak solution of the 
problem (15). Then, for any ε > 0 there exists θε > 0, independent of k, such that

∣∣Ak(θε)
∣∣ 2
2∗ ≤ ε. (17)

Proof. For every fixed k ∈ N, let us choose as test function in (15) the vector–valued function ϕk whose 
entries are

ϕν
k = uν

k

1 + |uk|
, ν = 1, 2, . . . , N,

and whose derivatives are

Diϕ
ν
k = Diu

ν
k

(1 + |uk|)2
+ 1

|uk|

[
Diu

ν
k |uk|2 − uν

k u
μ
k Diu

μ
k

(1 + |uk|)2
]
, i = 1, . . . , n; ν = 1, . . . , N.

Thanks to (4) and (7), we have

Λ1

∫
Ω

|Duk|2
(1 + |uk|)2

dx ≤
∫
Ω

Aν
i (x, uk,Duk)

Diu
ν
k

(1 + |uk|)2
dx ≤

∫
Ω

Aν
i (x, uk,Duk)Diϕ

ν
k dx

=
∫
Ω

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

Diϕ
ν
k dx +

∫
Ω

fνϕν
k dx . (18)

By virtue of (8) and taking into account that fν ≤ |f | and |ϕν
k| ≤ 1 for every ν = 1, 2, . . . , N , we can 

estimate the right–hand side of (18) as follows
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∫
Ω

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

Diϕ
ν
k dx +

∫
Ω

fνϕν
k dx

≤
∫
Ω

||E|| |uk|
1 + |uk|

|Duk|
1 + |uk|

dx

+
∫
Ω

1
|uk|

Eνj
i uj

k

[
Diu

ν
k |uk|2 − uν

k u
μ
k Diu

μ
k

(1 + |uk|)2
]

dx +
∫
Ω

|f |dx

≤
∫
Ω

||E|| |Duk|
1 + |uk|

dx +
∫
Ω

|f |dx . (19)

By using Young’s inequality in the right–hand side of (19), from (18), for any ε > 0, it follows

Λ1

∫
Ω

|Duk|2
(1 + |uk|)2

dx ≤ ε

∫
Ω

|Duk|2
(1 + |uk|)2

dx + 1
4ε

∫
Ω

||E||2 dx +
∫
Ω

|f |dx . (20)

Applying Sobolev’s embedding inequality and choosing a suitable 0 < ε < Λ1, (20) implies2

(∫
Ω

∣∣ log(1 + |uk|)
∣∣2∗

dx
) 2

2∗ ≤ S
∫
Ω

∣∣D log(1 + |uk|)
∣∣2 dx

≤ S
∫
Ω

|Duk|2
(1 + |uk|)2

dx ≤ c

⎡
⎣∫

Ω

||E||2 dx +
∫
Ω

|f |dx

⎤
⎦ .

(21)

Therefore, given θ > 0 it holds

|
{
x ∈ Ω : |uk(x)| > θ

}
| 2
2∗ ≤ c

log2(1 + θ)

∫
Ω

[
||E||2 + |f |

]
dx (22)

which implies (17). �
Lemma 2.8. Assume (4), (6)–(8), (12) and (13).

Then, there exist two positive constants c and θ0, independent of k, such that

∫
Ω

|Duk|2 dx ≤ c

[
θ2
0

∫
Ω

[
||E||n + 1

]
dx +

(∫
Ω

|f | 2n
n+2 dx

)n+2
n
]

(23)

for every k ∈ N.

Proof. For a fixed k ∈ N, we pick uk as test function in (16). Thanks to the ellipticity condition we have

Λ1

∫
Ω

|Duk|2 dx ≤
∫
Ω

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

Diu
ν
k dx +

∫
Ω

fν
k uν

k dx . (24)

2 S represents the Sobolev embedding constant.
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By using Hölder’s, Sobolev’s and Young’s inequalities, for any ε > 0, we have

∫
Ω

fν
k uν

k dx ≤ S
(∫

Ω

|f | 2n
n+2 dx

)n+2
2n
(∫

Ω

|Duk|2 dx

) 1
2

≤ ε

∫
Ω

|Duk|2 dx + S2 1
4ε

(∫
Ω

|f | 2n
n+2 dx

)n+2
n

. (25)

Applying again Young’s inequality, for any ε > 0 we deduce that

∫
Ω

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

Diu
ν
k dx ≤ ε

∫
Ω

|Duk|2 dx + 1
4ε

∫
Ω

||E||2 |uk|2 dx . (26)

On the other hand, for any θ > 0 fixed, by using Hölder’s and Sobolev’s inequality we have
∫
Ω

||E||2 |uk|2 dx =
∫

Ω∩{|uk|>θ}

||E||2 |uk|2 dx +
∫

Ω∩{|uk|≤θ}

||E||2 |uk|2 dx ≤

≤ θ2
∫
Ω

||E||2 dx + S2
( ∫

Ω∩{|uk|>θ}

||E||n dx

) 2
n
∫
Ω

|Duk|2 dx . (27)

Gathering together (25)–(27), from (24), we obtain

[
Λ1 − 2ε− S2

4ε

( ∫
Ω∩{|uk|>θ}

||E||n dx

) 2
n
] ∫

Ω

|Duk|2 dx ≤

≤ θ2

4ε

∫
Ω

||E||2 dx + S2

4ε

(∫
Ω

|f | 2n
n+2 dx

)n+2
n

for any θ > 0 fixed. (28)

Let us choose in (28) ε = Λ1
8 and θ = θ0 with θ0 > 0, independent of k, such that

S2

4ε

( ∫
Ω∩{|uk|>θ0}

||E||n dx

) 2
n

≤ Λ1

4 .

We point out that the existence of θ0 follows from Lemma 2.7. Then, we deduce

∫
Ω

|Duk|2 dx ≤ c

⎡
⎣θ2

0

∫
Ω

[
||E||n + 1

]
dx +

(∫
Ω

|f | 2n
n+2 dx

)n+2
n

⎤
⎦ (29)

with the constant c independent of k. �
3. Proof of the Theorem 2.5

From Lemma 2.8 there exists a positive constant c, independent of k, such that

||uk|| 1,2 ≤ c for any k ∈ N, (30)
W0 (Ω)
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hence we can pick a subsequence of 
{
uk

}
, still denoted by 

{
uk

}
, such that

⎧⎪⎨
⎪⎩

uk ⇀ u weakly in W 1,2
0 (Ω,RN ),

uk → u strongly in L2(Ω,RN ) and a.e. in Ω.
(31)

Moreover, estimate (30) implies that

||Tθ(uk)||W 1,2
0 (Ω) ≤ c ∀k ∈ N (32)

for any θ > 0 fixed and by (31) we also deduce
⎧⎪⎨
⎪⎩

Tθ(uk) ⇀ Tθ(u) weakly in W 1,2
0 (Ω,RN ),

Tθ(uk) → Tθ(u) strongly in L2(Ω,RN ) and a.e. in Ω.

Now, we will prove that u is a solution of the system (11) in the sense of Definition 2.3.
To this aim, we have to pass to the limit in the approximating problems (15) and, therefore, we need to 

prove that

Duk → Du a.e. in Ω as k → +∞.

The above convergence will be a consequence of the following Lemma whose proof can be found in the 
paper [1]. For the reader’s convenience we will give its proof in the Appendix.

Lemma 3.1. Let the assumptions (4)–(7) be satisfied and let 
{
uk

}
⊂ W 1,2

0 (Ω, RN ) be a sequence such that

uk → u

weakly in W 1,2
0 (Ω, RN ), strongly in L2(Ω, RN ) and a.e. in Ω.

Assume that the following estimate
∫
Ω

[
Aν

i (x, uk,Duk) −Aν
i (x, uk,Du)

][
Diu

ν
k − Diu

ν
]
χ{|uk−u|≤θ} dx

≤ c θ + ω(k, θ)
(33)

holds3, where c is a positive constant and ω(k, θ) is a function such that

lim
k→+∞

ω(k, θ) = 0 for any θ > 0 fixed.

Then uk → u strongly in W 1,2
0 (Ω, RN ).

In view of exploiting Lemma 3.1, for any fixed θ > 0 we set

Jk,θ =
∫
Ω

[
Aν

i (x, uk,Duk) −Aν
i (x, uk,Du)

] [
Di(uk − u)ν

]
χ{|uk−u|≤θ} dx . (34)

3 We denote by χB(x) the characteristic function of the set B ⊂ Rn.
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It’s easy to prove that, for fixed θ > 0,∫
Ω

Aν
i (x, uk,Du)

[
Diu

ν
k − Diu

ν
]
χ{|uk−u|≤θ} dx → 0 as k → +∞. (35)

Indeed,

Aν
i (x, uk,Du)χ{|uk−u|≤θ} → Aν

i (x, u,Du) a.e. in Ω.

Moreover, if B is a measurable subset of Ω, applying the growth condition (5), we have

(∫
B

|Aν
i (x, uk,Du)|2χ{|uk−u|≤θ} dx

) 1
2

≤ Λ2

( ∫
B∩{|uk−u|≤θ}

[
|uk − u|q + |u|q + |Du|

]2
dx

) 1
2

≤ Λ2

[
θ|B| 1

2q +
(∫

B

|u|2q dx
) 1

2q

]q
+ Λ2

(∫
B

|Du|2 dx
) 1

2
. (36)

consequently the functions Aν
i (x, uk, Du)χ{|uk−u|≤θ} are equi–integrable in L2(Ω) and therefore

Aν
i (x, uk,Du)χ{|uk−u|≤θ} → Aν

i (x, u,Du) strongly in L2(Ω)

and assertion (35) is proved.
Now we observe that we can rewrite∫

Ω

Aν
i (x, uk,Duk) Di

(
uk − u

)ν
χ{|uk−u|≤θ} dx

=
∫
Ω

Aν
i (x, uk,Duk) DiTθ

(
uk − u

)ν dx

−
∫
Ω

Aν
i (x, uk,Duk) DiTθ(uk − u

)ν
χ{|uk−u|>θ} dx. (37)

Testing (16) with the function Tθ(uk − u) we obtain
∫
Ω

Aν
i (x, uk,Duk)Di [Tθ(uk − u)]ν dx

≤
∫

Ω∩{|uk−u|≤θ}

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

Di(uk − u)ν dx

+
∫

Ω∩{|uk−u|>θ}

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

θ

|uk − u|
[
Di(uk − u)ν

− (uk − u)ν(uk − u)μDi(uk − u)μ

|uk − u|2
]
dx + θ||f ||

L
2n

n+2 (Ω)

≡ I1
k + I2

k + θ||f || 2n . (38)

Ln+2 (Ω)
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We claim that

lim
k→+∞

(I1
k + I2

k) = 0 for any θ > 0 fixed. (39)

Thanks to the following inequality

∣∣∣ Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

χ{|uk−u|≤θ}

∣∣∣ ≤ ||E||(θ + |u|) for any k ∈ N,

by the Lebesgue’s dominated convergence Theorem and (31), it follows that

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

χ{|uk−u|≤θ} → Eνj
i uj strongly in L2(Ω)

which, in turn, implies that I1
k → 0 as k → +∞.

On the other hand, using condition (8), we deduce

I2
k =

∫
Ω∩{|uk−u|>θ}

Eνj
i

1 + 1
k ||E||

· (uk − u)j

1 + 1
k |uk|

θ

|uk − u|
[
Di(uk − u)ν

− (uk − u)ν(uk − u)μDi(uk − u)μ

|uk − u|2
]
dx

+
∫
Ω

Eνj
i

1 + 1
k ||E||

· uj

1 + 1
k |uk|

θ

|uk − u|
[
Di(uk − u)ν

− (uk − u)ν(uk − u)μDi(uk − u)μ

|uk − u|2
]
χ{|uk−u|>θ} dx

≤
∫
Ω

Eνj
i

1 + 1
k ||E||

· uj

1 + 1
k |uk|

θ

|uk − u|
[
Di(uk − u)ν

− (uk − u)ν(uk − u)μDi(uk − u)μ

|uk − u|2
]
χ{|uk−u|>θ} dx . (40)

Since uk → u a.e. in Ω, it follows

Eνj
i

1 + 1
k ||E||

· uj

1 + 1
k |uk|

θ

|uk − u|χ{|uk−u|>θ} → 0 a.e. in Ω as k → +∞.

Moreover, the following inequality holds

Eνj
i

1 + 1
k ||E||

· uj

1 + 1
k |uk|

θ

|uk − u|χ{|uk−u|>θ} ≤ |Eνj
i uj | for any k ∈ N,

so by the Lebesgue’s dominated convergence Theorem

Eνj
i

1 + 1
k ||E||

· uj

1 + 1
k |uk|

θ

|uk − u|χ{|uk−u|>θ} → 0 strongly in L2(Ω)

hence, thanks to (31) the right-hand side of (40) goes to 0, for any θ > 0 fixed, and, at least we conclude 
that I2

k → 0, for any θ > 0 fixed and (39) holds.
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On the other hand, using formula (10) and taking into account condition (7) and (30), one deduces that∫
Ω

Aν
i (x, uk,Duk) Di

[
Tθ(uk − u

)]ν
χ{|uk−u|>θ} dx → 0 as k → +∞, (41)

for any θ > 0 fixed.
Indeed, by (7) we have∫

Ω

Aν
i (x, uk,Duk) Di

[
Tθ(uk − u

)]ν
χ{|uk−u|>θ} dx

=
∫
Ω

Aν
i (x, uk,Duk)

θ

|uk − u|
[
Diu

ν
k − (uk − u)ν(uk − u)μ

|uk − u|2 Diu
μ
k

]
χ{|uk−u|>θ} dx

−
∫
Ω

Aν
i (x, uk,Duk)

θ

|uk − u|
[
Diu

ν − (uk − u)ν(uk − u)μ

|uk − u|2 Diu
μ
]
χ{|uk−u|>θ} dx

≤ −
∫
Ω

Aν
i (x, uk,Duk)

θ

|uk − u|
[
Diu

ν − (uk − u)ν(uk − u)μ

|uk − u|2 Diu
μ
]
χ{|uk−u|>θ} dx. (42)

We note that by (5) and (30), for any fixed i = 1, . . . , n the sequence {Aν
i (x, uk,Duk)} converges weakly in 

L2(Ω) while

θ

|uk − u|
[
Diu

ν − (uk − u)ν(uk − u)μ

|uk − u|2 Diu
μ
]
χ{|uk−u|>θ} → 0 strongly in L2(Ω)

so the right–hand side of (42) goes to zero.
Finally, from (34), (37) and (38) we obtain the following basic inequality

Jk,θ ≤ c θ + ω(k, θ) (43)

where ω is the function defined by

ω(k, θ) = −
∫
Ω

Aν
i (x, uk,Du) Di(uk − u)ν χ{|uk−u|≤θ} dx + I1

k + I2
k

+
∫
Ω

Aν
i (x, uk,Duk) Di

[
Tθ(uk − u

)]ν
χ{|uk−u|>θ} dx

which converges to 0, for any θ > 0 fixed, by virtue of (35), (39) and (41).
By Lemma 3.1, up to a subsequence still relabeled uk, it follows that

Duk → Du strongly in L2(Ω,RN ), (44)

Duk(x) → Du(x) a.e in Ω. (45)

Moreover it’s easy to see

Eνj
i

1 + 1
k ||E||

· uj
k

1 + 1
k |uk|

→ Eνj
i u strongly in L2(Ω). (46)

Therefore, for any ϕ ∈ W 1,2
0 (Ω, RN ), we can pass to the limit in (16) for the above subsequence (for which

(44)–(46) hold) and therefore for the limit u the integral identity (14) is satisfied.
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4. Appendix

In this section we will reproduce the proof of Lemma 3.1, already contained in [1], pages 151–155.
For any k ∈ N and x ∈ Ω we set

Δk(x) =
[
Aν

i (x, uk,Duk) −Aν
i (x, uk,Du)

][
Diu

ν
k − Diu

ν
]

and we claim that there exists a subsequence, still denoted by 
{
Δk(x)

}
, such that

Δk(x) → 0 for a.e. x ∈ Ω. (47)

Indeed, let E ⊆ Ω with |E| = 0 such that

uk(x) → u(x) ∀x ∈ Ω \ E.

For any fixed m ∈ N there exists l ∈ N such that the set

Ωl,m =
{
x ∈ Ω \ E : |uk(x) − u(x)| < 1

m
, k ≥ l

}

is nonempty. Moreover

Ωl,m ⊆ Ωl+1,m

and

+∞⋃
l=1

Ωl,m = Ω \ E

which implies

lim
l→+∞

|Ω − Ωl,m| = 0.

For any p ∈ N let

l(m, p) = min
{
l ∈ N : |Ω − Ωl,m| ≤ 1

p2m

}
.

Then

|Ω − Ωl(m,p),m| ≤ 1
p2m

and

l(m, p) ≤ l(m, p + 1).

Moreover, if x ∈ Ωl(m,p),m then

|uk(x) − u(x)| < 1 ∀k ≥ l(m, p).

m
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We define

Ωp =
+∞⋂
m=1

Ωl(m,p),m.

Then

Ωp ⊆ Ωp+1

and

|Ω \ Ωp| = |
+∞⋃
m=1

|Ω \ Ωl(m,p),m| ≤
+∞∑
m=1

1
p2m = 1

p
.

Moreover,

sup
x∈Ωp

|uk(x) − u(x)| ≤ 1
m

∀k ≥ l(m, p).

By virtue of the hypothesis (4), Δk(x) ≥ 0 a.e. x ∈ Ω and using the assumption (33) we obtain
∫
Ωp

Δk(x) dx ≤
∫

Ωl(m,p),m

Δk(x) dx

=
∫
Ω

Δk(x)χΩl(m,p),m dx ≤ c

m
+ ω

(
k,

1
m

)
, ∀k ≥ l(m, p)

which, in turn, implies

lim
k→+∞

∫
Ωp

Δk(x) dx = 0 ∀p ∈ N. (48)

Since Δk(x) → 0 in L1(Ω1), there exist a subsequence {n1
k}k ⊆ {k} and a subset E1 ⊆ Ω1 with |E1| = 0

such that

Δn1
k(x) → 0 ∀x ∈ Ω1 \ E1.

Since

lim
k→+∞

∫
Ω2

Δn1
k(x) dx = 0

then Δn1
k(x) → 0 in L1(Ω2) and, therefore, there exists a subsequence {n2

k} ⊆ {n1
k}, with n2

k ≥ n1
k ∀k ∈ N, 

and a subset E2 ⊆ Ω2 with |E2| = 0 such that

Δn2
k(x) → 0 ∀x ∈ Ω2 \ E2.

Moreover,

Δn2
k(x) → 0 ∀x ∈ Ω1 \ E1
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because of 
{

Δn2
k(x)

}
is a subsequence of 

{
Δn1

k(x)
}

. Iterating this procedure, for any p ∈ N we construct 
a subsequence {np+1

k } ⊆ {np
k}, with np+1

k ≥ np
k ∀k ∈ N, and a subset Ep ⊂ Ωp with |Ep| = 0 such that

lim
k→+∞

Δnp
k(x) → 0 ∀x ∈

p⋃
j=1

[
Ωj \ Ej

]

We define

Ω̃p =
p⋃

j=1

[
Ωj \ Ej

]
∀p ∈ N

then

lim
k→+∞

Δnp
k(x) → 0 ∀x ∈ Ω̃p. (49)

Moreover

Ω \ Ω̃p ⊆ [Ω \ Ωp] ∪ Ep ∀p ∈ N

and

|Ω \ Ω̃p| ≤ 1
p
, ∀p ∈ N.

Therefore, if we set

Ω̃ =
+∞⋃
p=1

Ω̃p

then

|Ω \ Ω̃| =

∣∣∣∣∣
+∞⋂
p=1

[
Ω \ Ω̃p

]∣∣∣∣∣ = lim
p→+∞

|Ω \ Ω̃p| = 0

and, up to a subsequence still denoted by 
{
Δk(x)

}
, we have

lim
k→+∞

Δk(x) = 0 ∀x ∈ Ω̃. (50)

Indeed, given x ∈ Ω̃, let px be such that x ∈ Ω̃px . Using (49) we deduce that

lim
k→+∞

Δnpx
k (x) = 0

hence, for any ε > 0 there exists k(x, ε) such that

0 ≤ Δnpx
k (x) ≤ ε ∀k ≥ k(x, ε). (51)

Let

k̃ = max {k(x, ε), px}
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if k ≥ k̃ then k ≥ px and {nk
k} ⊆ {npx

k }. Consequently 
{

Δnk
k(x)

}
is a subsequence of 

{
Δnpx

k (x)
}

that 
satisfies (51) since k ≥ k(x, ε). At least

0 ≤ Δnk
k(x) ≤ ε ∀k ≥ k̃

and if we set Δk(x) = Δnk
k(x) we get (50) and conclude that (47) holds. Once (47) is achieved the strong 

convergence of {Duk} to Du will be proved following a standard argument due to Leray and Lions [47].

Acknowledgments

This work has been supported by “Programma Ricerca di Ateneo UNICT 2020-22 linea di intervento 2”.

References

[1] A. Bensoussan, L. Boccardo, Non linear systems and elliptic equations with natural growth conditions and sign conditions, 
Appl. Math. Optim. 46 (2002) 143–166.

[2] L. Boccardo, Some developments on Dirichlet problems with discontinuous coefficients, Boll. Unione Mat. Ital. 2 (1) (2009) 
285–297.

[3] L. Boccardo, S. Buccheri, G.R. Cirmi, Two linear noncoercive Dirichlet problems in duality, Milan J. Math. 86 (2018), 
https://doi .org /10 .1007 /s00032 -018 -0281 -5.

[4] L. Boccardo, S. Buccheri, G.R. Cirmi, Calderon-Zygmund-Stampacchia theory for infinite energy solutions of nonlinear 
elliptic equations with singular drift, Nonlinear Differ. Equ. Appl. (2020), https://doi .org /10 .1007 /s00030 -020 -00641 -z.

[5] S. Campanato, Sistemi ellittici in forma divergenza: regolarità all’interno, Quaderni SNS, Pisa, 1980.
[6] P. Cianci, G.R. Cirmi, S. D’Asero, S. Leonardi, Morrey estimates for solutions of singular quadratic non linear equations, 

Ann. Mat. Pura Appl. 196 (5) (2017).
[7] G.R. Cirmi, S. D’Asero, S. Leonardi, Fourth-order nonlinear elliptic equations with lower order term and natural growth 

conditions, Nonlinear Anal. 108 (2014) 66–86.
[8] G.R. Cirmi, S. D’Asero, S. Leonardi, Gradient estimate for solutions of a class of nonlinear elliptic equations below the 

duality exponent, AIP Conf. Proc. 1863 (2017).
[9] G.R. Cirmi, S. D’Asero, S. Leonardi, Gradient estimate for solutions of nonlinear singular elliptic equations below the 

duality exponent, Math. Methods Appl. Sci. 41 (1) (2018).
[10] G.R. Cirmi, S. D’Asero, S. Leonardi, M.M. Porzio, Local regularity results for solutions of linear elliptic equations with 

drift term, Adv. Calc. Variations, https://doi .org /10 .1515 /acv -2019 -0048.
[11] G.R. Cirmi, S. D’Asero, S. Leonardi, Morrey estimates for a class of elliptic equations with drift term, Adv. Nonlinear 

Anal. 9 (1) (2020), https://doi .org /10 .1515 /anona -2020 -0055.
[12] G.R. Cirmi, S. Leonardi, Higher differentiability for solutions of linear elliptic systems with measure data, Discrete Contin. 

Dyn. Syst. 26 (1) (2010) 89–104.
[13] G.R. Cirmi, S. Leonardi, J. Stará, Regularity results for the gradient of solutions of a class of linear elliptic systems with 

L1,λ data, Nonlinear Anal., Theory Methods Appl. 68 (12) (2008) 3609–3624.
[14] G.R. Cirmi, S. Leonardi, Regularity results for the gradient of solutions of linear elliptic equations with L1,λ data, Ann. 

Mat. Pura Appl. (4) 185 (2006).
[15] G.R. Cirmi, S. Leonardi, Regularity results for solutions of nonlinear elliptic equations with L1,λ data, Nonlinear Anal. 

TMA 69 (1) (2008) 230–244.
[16] G.R. Cirmi, S. Leonardi, Higher differentiability for the solutions of nonlinear elliptic systems with lower order terms and 

L1,k-data, Ann. Mat. Pura Appl. (4) 193 (1) (2014).
[17] S. D’Asero, On Harnack inequality for degenerate nonlinear higher-order elliptic equations, Appl. Anal. 85 (8) (2006) 

971–985.
[18] S. D’Asero, On removability of the isolated singularity for solutions of high-order elliptic equations, Complex Var. Elliptic 

Equ. 55 (5–6) (2010) 525–536.
[19] S. D’Asero, D.V. Larin, Degenerate nonlinear higher-order elliptic problems in domains with fine-grained boundary, Non-

linear Anal., Theory Methods Appl. 64 (2006) 788–825.
[20] T. Del Vecchio, R.M. Posteraro, An existence result for nonlinear and noncoercive problems, Nonlinear Anal., Theory 

Methods Appl. 31 (1/2) (1998) 191–206.
[21] P. Drabek, F. Nicolosi, K. Schmitt, Semilinear boundary value problems at resonance with general nonlinearities, Differ. 

Integral Equ. 5 (2) (1992) 339–355.
[22] W. Hao, S. Leonardi, J. Nečas, An example of irregular solution to a nonlinear Euler-Lagrange elliptic system with real 

analytic coefficients, Ann. Sc. Norm. Super. Pisa (IV) XXIII (1) (1996).
[23] A. Kovalevsky, F. Nicolosi, On regularity up to the boundary of solutions to degenerate nonlinear elliptic high-order 

equations, Nonlinear Anal., Theory Methods Appl. 40 (1) (2000) 365–379.
[24] T. Kuusi, G. Mingione, Universal potential estimates, J. Funct. Anal. 262 (2012) 4205–4269.
[25] T. Kuusi, G. Mingione, Linear potentials in nonlinear potential theory, Arch. Ration. Mech. Anal. 207 (2013) 215–246.
[26] T. Kuusi, G. Mingione, Guide to nonlinear potential estimates, Bull. Math. Sci. 4 (2014) 1–82.

http://refhub.elsevier.com/S0022-247X(20)30532-1/bib9D3D9048DB16A7EEE539E93E3618CBE7s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib9D3D9048DB16A7EEE539E93E3618CBE7s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib7B60A39FC2A49BBAC1B3426ABB5ADA4Bs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib7B60A39FC2A49BBAC1B3426ABB5ADA4Bs1
https://doi.org/10.1007/s00032-018-0281-5
https://doi.org/10.1007/s00030-020-00641-z
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib3E8D115EB4B32B9E9479F387DBE14EE1s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib9A0FCE3DF2FB4AF30C399A7F3C006ADCs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib9A0FCE3DF2FB4AF30C399A7F3C006ADCs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib9CA2B293ED357E2CFC54A11F8E7B5E37s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib9CA2B293ED357E2CFC54A11F8E7B5E37s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibABC31DC07D45632498B023930B8D6507s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibABC31DC07D45632498B023930B8D6507s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib203FE40465558D1BF27B9328C74D7B8Es1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib203FE40465558D1BF27B9328C74D7B8Es1
https://doi.org/10.1515/acv-2019-0048
https://doi.org/10.1515/anona-2020-0055
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib826EE7824F588BC0E2309ED0066D7CBCs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib826EE7824F588BC0E2309ED0066D7CBCs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib24CCED45949F87B6967226CE7BF4A96Es1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib24CCED45949F87B6967226CE7BF4A96Es1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibD6165CAA490EDDCAC86D1A33AD865D7Ds1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibD6165CAA490EDDCAC86D1A33AD865D7Ds1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibAE8814FC7FF383D7A7EB7DE4F5CFFDEAs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibAE8814FC7FF383D7A7EB7DE4F5CFFDEAs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib09DF31C168639D2409858FAD672274FAs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib09DF31C168639D2409858FAD672274FAs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib0672903E039EA6FD7A2C65C958A6EDFBs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib0672903E039EA6FD7A2C65C958A6EDFBs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib6D90CA60310EDB48716F51EFEBAE9544s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib6D90CA60310EDB48716F51EFEBAE9544s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib2B7662D03AE574A5057DFCC51E8E0411s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib2B7662D03AE574A5057DFCC51E8E0411s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib3F919FA3A8651BED21CC42BB696E75D3s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib3F919FA3A8651BED21CC42BB696E75D3s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib02F39E910110FFE000617406B6F2D659s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib02F39E910110FFE000617406B6F2D659s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib8E683187A00E5D462A4AEEE69E9D3D9Cs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib8E683187A00E5D462A4AEEE69E9D3D9Cs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib04456320B06662629FE4D187A19BF5BDs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib04456320B06662629FE4D187A19BF5BDs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib3DE2C5DDAA10A70FAECE47A42E24A574s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibC9CC12F2E7E8BB08B473952D2801392Bs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibA5B5B37014AA4457357C2DD3AC1734E9s1


16 G.R. Cirmi et al. / J. Math. Anal. Appl. 491 (2020) 124370
[27] T. Kuusi, G. Mingione, The Wolff gradient bound for degenerate parabolic equations, J. Eur. Math. Soc. 16 (2014) 835–892.
[28] T. Kuusi, G. Mingione, Vectorial nonlinear potential theory, J. Eur. Math. Soc. 20 (2018) 929–1004.
[29] O. Ladyzhenskaya, N. Ural’tseva, Linear and Quasilinear Elliptic Equations, Academic Press, New York and London, 

1968.
[30] R. Landes, On the existence of weak solutions of perturbated systems with critical growth, J. Reine Angew. Math. 393 

(1989) 21–38.
[31] S. Leonardi, On constants of some regularity theorems. De Giorgi’s type counterexample, Math. Nachr. 192 (1) (1998) 

191–204.
[32] S. Leonardi, Weighted Miranda-Talenti inequality and applications to equations with discontinuous coefficients, Comment. 

Math. Univ. Carol. 43 (1) (2002) 43–60.
[33] S. Leonardi, Gradient estimates below duality exponent for a class of linear elliptic systems, Nonlinear Differ. Equ. Appl. 

18 (3) (2011).
[34] S. Leonardi, Fractional differentiability for solutions of a class of parabolic systems with L1,θ-data, Nonlinear Anal., Theory 

Methods Appl. 95 (2014) 530–542.
[35] S. Leonardi, Morrey estimates for some classes of elliptic equations with a lower order term, Nonlinear Anal., Theory 

Methods Appl. 177 (2018) 611–627.
[36] S. Leonardi, J. Kottas, J. Stará, Hölder regularity of the solutions of some classes of elliptic systems in convex non smooth 

domains, Nonlinear Anal., Theory Methods Appl. 60 (5) (2005).
[37] S. Leonardi, F. Leonetti, C. Pignotti, E. Rocha, V. Staicu, Maximum principles for some quasilinear elliptic systems, 

Nonlinear Anal., Theory Methods Appl. 194 (2020), https://doi .org /10 .1016 /j .na .2018 .11 .004.
[38] S. Leonardi, F. Leonetti, C. Pignotti, E. Rocha, V. Staicu, Local boundedness for weak solutions to some quasilinear 

elliptic systems, Minimax Theory Its Appl. 6 (2) (2021).
[39] S. Leonardi, F.I. Onete, Nonlinear Robin problems with indefinite potential, Nonlinear Anal., Theory Methods Appl. 195 

(2020).
[40] S. Leonardi, N.S. Papageorgiou, Positive solutions for nonlinear Robin problems with indefinite potential and competing 

nonlinearities, Positivity 24 (2020), https://doi .org /10 .1007 /s11117 -019 -00681 -5.
[41] S. Leonardi, N.S. Papageorgiou, On a class of critical Robin problems, Forum Math. 32 (1) (2020), https://doi .org /10 .

1515 /forum -2019 -0160.
[42] S. Leonardi, N.S. Papageorgiou, Existence and multiplicity of positive solutions for parametric nonlinear nonhomogeneous 

singular Robin problems, Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser. A Mat. 114 (2020), https://doi .org /10 .1007 /s13398 -
020 -00830 -6.

[43] S. Leonardi, J. Stará, Regularity results for the gradient of solutions of linear elliptic systems with VMO–coefficients and 
L1,λ data, Forum Math. 22 (2010) 5.

[44] S. Leonardi, J. Stará, Regularity up to the boundary for the gradient of solutions of linear elliptic systems with VMO 
coefficients and L1,λ data, Complex Var. Elliptic Equ. 55 (6) (2011).

[45] S. Leonardi, J. Stará, Regularity results for solutions of a class of parabolic systems with measure data, Nonlinear Anal. 
75 (2012) 2069–2089.

[46] S. Leonardi, J. Stará, Higher differentiability for solutions of a class of parabolic systems with L1,θ–data, Q. J. Math. 
66 (2) (2015) 659–676.

[47] J. Leray, J.L. Lions, Quelques résultats de Višik sur les problèmes elliptiques semi-linéaires par les méthodes de Minty et 
Browder, Bull. Soc. Math. Fr. 93 (1965) 97–107.

[48] G. Mingione, The Calderón-Zygmund theory for elliptic problems with measure data, Ann. Sc. Norm. Super. Pisa, Cl. Sci. 
(5) VI (2007) 195–261.

[49] G. Mingione, Gradient estimates below the duality exponent, Math. Ann. 346 (2010) 571–627.
[50] G. Mingione, Gradient potential estimates, J. Eur. Math. Soc. 13 (2011) 459–486.
[51] G. Stampacchia, Le problème de Dirichlet pour les équations elliptiques du second ordre à coefficients discontinus, Ann. 

Inst. Fourier 15 (1965) 1.
[52] G. Stampacchia, Équations elliptiques du second ordreà coefficients discontinus, Université de Montréal, 1966.

http://refhub.elsevier.com/S0022-247X(20)30532-1/bibF37CAEE1F0242CC844FA7ED63DE95E03s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib9E491E73D1F53A7571EA3120BA5F7AB2s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib0A3ABD0C700E63A327CA6C7918456F47s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib0A3ABD0C700E63A327CA6C7918456F47s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib1D59B567D57CA91246C45D7D8BCFBC28s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib1D59B567D57CA91246C45D7D8BCFBC28s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibDFE4D164A832696ECF7C132D487A4669s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibDFE4D164A832696ECF7C132D487A4669s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib210F7ACF42260665BECDD6DBAF7775A8s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib210F7ACF42260665BECDD6DBAF7775A8s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibBCCD5EC3EC8FD3A4471E71E9B407C60Cs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibBCCD5EC3EC8FD3A4471E71E9B407C60Cs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib85D193A960C3C38DA6E7499400A5D701s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib85D193A960C3C38DA6E7499400A5D701s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib359608C53B5FA0DCDAA7D14BAAA6578Ds1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib359608C53B5FA0DCDAA7D14BAAA6578Ds1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib611161889668C3915007DAE2744783DAs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib611161889668C3915007DAE2744783DAs1
https://doi.org/10.1016/j.na.2018.11.004
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibE12D7B236472B9430DF261DCD56F7F4Bs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibE12D7B236472B9430DF261DCD56F7F4Bs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib5A5D09A378E18A7D911439747D8039C7s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib5A5D09A378E18A7D911439747D8039C7s1
https://doi.org/10.1007/s11117-019-00681-5
https://doi.org/10.1515/forum-2019-0160
https://doi.org/10.1515/forum-2019-0160
https://doi.org/10.1007/s13398-020-00830-6
https://doi.org/10.1007/s13398-020-00830-6
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibA089C60DDA7B8D23808DDDC2AE39878Ds1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibA089C60DDA7B8D23808DDDC2AE39878Ds1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibFEDB64456B6DFBF51086E71B28F32C33s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibFEDB64456B6DFBF51086E71B28F32C33s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibDA90115688EBE2531ED619F0AD05F858s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibDA90115688EBE2531ED619F0AD05F858s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibC8DAD747A172B50BBC9C2775B6735F25s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibC8DAD747A172B50BBC9C2775B6735F25s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib67824ECF84F5816F07B74FA956BDBCD2s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib67824ECF84F5816F07B74FA956BDBCD2s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibCE31E2A082D17E038FCC6E3006166653s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibCE31E2A082D17E038FCC6E3006166653s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibB90621639AE65C845FD61313E3320E3Es1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib0CC7752BD08FB25B65AFAA6494FB1461s1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibDBCAB06701E971FEDC4A806A2F8A84BCs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bibDBCAB06701E971FEDC4A806A2F8A84BCs1
http://refhub.elsevier.com/S0022-247X(20)30532-1/bib03656A720384BF1298FC3FAE1DB9ACE2s1

	On the existence of weak solutions to a class of nonlinear elliptic systems with drift term
	1 Introduction
	2 Main notations, functions spaces and auxiliary lemmas
	3 Proof of the Theorem 2.5
	4 Appendix
	Acknowledgments
	References


