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1. Introduction

This paper is devoted to the study of the existence of a weak solution u of the following nonlinear vectorial
Dirichlet problem
W (L RY)
i , (1)
ZDA (x,u, Du) ZD ZE o)) + f'(z) z€Q

i=1

where, N > 2, Q is a bounded subset of R™, n > 3, u” and f”, for any v = 1,2,..., N, are the v—th
components of the vectors u and f respectively and the tensors

A(SL’, 576) = (Az’/(x7 875))i:1,...,n; v=1,....N
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>i:1,...,n; j,v=1,...,N

satisfy suitable structural assumptions that will be precised in the next section.

The study of the above problem, in the linear scalar case N = 1, goes back to the papers [51,52]
by G. Stampacchia and it presents a difficulty due to the noncoercivity of the differential operator v —
—div[A(z)Vu — E(z)u]. In the quoted papers the existence, uniqueness and regularity of a weak solution
u € VVO1 2(Q) have been proved assuming that

|E| € L™(S2), with || E|| pn(q) sufficiently small, (2)
and
2
feL™Q), withm > an. (3)

Later, using a nonlinear approach and exploiting techniques issued from those of G. Stampacchia, L.
Boccardo in [2] retrieved the previous results without the smallness condition on || E||zn(q)-

In previous two papers by the authors [10,11], again in the case of one single equation, the question of
the local regularity of a weak solution had been taken into consideration and solved.

In this paper we want to take into account the case of a system of non coercive equations, i.e. N > 2, to
prove the existence of a weak solution.

It is worth to point out that, in the case of vectorial problems, many consolidated techniques working
for one single equation do not apply anymore as well as the choice of some usual test functions.

To overcome this issue, it has been necessary to introduce an “ad hoc” structural condition for first order
term (drift term). This condition recalls back the “Landes condition” used for the principal part of the
operator (see below) and still keeps the operator non coercive. This new condition allows us to adapt to
our purposes the ideas contained in papers [30,1,2] and enables us to prove the existence of at least a weak
solution for the problem.

There remain open the problems weather this existence result could be extended to measure right-hand
sides or if the G. Mingione’s Calderon—Zygmund theory on fractional differentiability could be applied to
this operator (see for instance [48-50,24-28]).

In the framework of regularity theory of weak solutions the reader can also refer to the following papers
[6-9,16,35,37,21,23,40,41,3,4,12-15,17-20,22,29,31-34,36,38,39,42—46].

2. Main notations, functions spaces and auxiliary lemmas

Let € be a bounded subset of R”, n > 3 and A(z, s, ) be a matrix-valued function whose entries are the
functions

AV QO xRY xR™Y 5 R
fori=1,...,nand v=1,.... N with N > 2.
We assume that each entry is a Carathéodory function (i.e. continuous in (s,&) for a.e. z € Q and
measurable in z for all (s,¢) € RY x R™V) satisfying the following conditions for a.e. 2 € Q and for all

s € RN ¢ me R such that € #n (1):

A1 >0: (AZ(QS,S,&) - Af(%&n))(@” - 77;/) > A ‘5 - 77|27 (4)

1 We assume the use of Einstein’s convention over repeated indices throughout the paper.
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82> 0: A 5.6)] < Ao [lsl? +1€]], with g < = (5)
A7 (x,s,0) =0, (6)
Af(w,s@) [6“’7‘2 - 'YV'VngH] >0, (7)

for all (s,¢&) € RY x R™™ and Vy € RY.
Remark 2.1.

o The previous assumption (7) has been originally used by R. Landes in [30] and it is known as “Landes
condition”. It is automatically satisfied if N = 1.
o Whenever N > 2, examples of operators satisfying condition (7) can be found in the papers [30] and [1].

We denote by E(z) a tensor-valued function in R™V * whose entries are the measurable functions
EY: QR
such that, for ¢ = 1,...,n and v,j7 = 1,..., N, the following condition holds:
E @)y [& I — v yel] <0, (8)

vy € RY, for a.e. z € Q and for all £ € R™V.
Throughout the paper we will briefly denote by the symbol ||E|| the norm in R™V ® of the tensor E.

Remark 2.2.

o Condition (8) is automatically satisfied if N = 1.

e The tensor E;’J(:E) = E;(x) 8", where 6"/ is the Kronecker delta and E; : @ — R is a measurable
function, is an example of tensor readily verifying condition (8) for any N > 1.

e The introduction of the structural condition (8), coupled with the classical Landes condition (7), allows
us to use an appropriate truncation for vector—valued functions as test function in the weak formulation
of our problem.

Given a vector—valued function u = (u”),=12,... ~n, Du denotes its gradient, that is

Du = <8u

Ox; >V—1,2,...,N;i—1,2,...,n

= (Diuu)u:1,2,...,N;i:1,2,...,n'

We will define a truncation for vector—valued functions (see [30]) as follows.
Given a real number 6 > 0, let us denote by Ty(s) the vector—valued function whose v—th components

are defined by

sv o ifls| <6
0— if|s| >0

for v =1, ..., N. Obviously

Ty(s)| <0, [To(s)| < |s| ¥s € RY, ¥ >0.
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Moreover, see [30], if u € Wy*(€, RY) then Tp(u) € Wy > (Q,RY) and for any i = 1,....,n and v = 1,..., N
we have

Dy if jul <6
D;[Ty(u)]” = 0 1 K
[ o( )] ﬁ Dyu? — WuuuuDiuN if |u| > 6. ( )
u u

Bearing in mind the Einstein’s convention over the repeated indices, we shall consider the following
system

{u e W2 (Q,RY) )

— DAY (v,u,Du) = —D; (B (2)u?) + f*(z) z€Q
where, for any v =1,2,..., N, f" is the v—th component of the vector f with
f e L7tz (Q,RY) (12)
and
E e L"(Q,R"N). (13)

Definition 2.3. A weak solution of the system (11) is a vector—function u € W, *(, RY) such that the
following integral identity

/A;-’(x, u, Du)Dip” dx = /Elyj(x) u! (2) Dyp” da + / f(x)pde (14)
Q Q Q
holds for all ¢ € W, (2, RY).
Remark 2.4. Observe that for some constants cg,c; > 0, one has
|Eu| < colE|? + c1|ul T

so that our lower order term lies in the framework of “controlli limite” as described in Campanato’s book
[5] pages 122 and 125.

We can now state our existence result whose proof is postponed in the next section.

Theorem 2.5. Assume that hypotheses (4)—(8), (12) and (13) hold.
Then there exists a weak solution u € Wy'>(Q,RN) of the system (11).

In order to obtain the claimed result at first we need to consider, for every k € N, the following approx-
imating problems

u, € Wy 2 (Q,RY)
E}’(x) uj

L 2 l1B|| 1+ g fuxl

- D (o, D) = s )+ 1@ een

forany v,7 =1,2,..., N.
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Definition 2.6. A weak solution of problem (15) is a vectorfunction uz € Wy ?(Q,RY) such that the
following integral identity

L 2Bl 1+ fuxl

/A (z,up, Dug)D;p” da =
Q

Digol’dac—i—/f"(p”da: (16)
Q
holds for all ¢ € W, ?(Q,RN).
Note that for every fixed k € N, it holds

Ef(x)  wy(e)

2

L+ 2Bl 1+ ffusl

<k? foraa. xe€ Q,

therefore a weak solution uy of (15) exists thanks to Schauder fixed point theorem.
Given 6 > 0, let us denote by Ay (6) the level sets of |ug|, that is

Ap(0) = {z € Q : |ug(z)| > 6},

and by |Ag(6)] its n—dimensional Lebesgue measure.

In the next Lemma we will prove that, for every k € N, the measure of Ag(#) is small enough for
sufficiently large 6.

We make the reader aware that in the sequel we will denote by ¢ various positive constants depending
only on the known data and whose values may vary from line to line.

Lemma 2.7. Assume (1), (6)~(8), E € L2(Q,R"™’) and f € L*(Q,RYN). Let uj, be a weak solution of the
problem (15). Then, for any € > 0 there exists 6. > 0, independent of k, such that

¥ <. (17)

|Ak(0€)

Proof. For every fixed k € N, let us choose as test function in (15) the vector-valued function ¢ whose
entries are

uy

V= =1,2,...,N,
T ]’
and whose derivatives are
Dugy — Dtk L Dap el —ui e D] N,
TET A Jukl)® T Jusl (1 + Jug|)? ’ o T

Thanks to (4) and (7), we have

D 2 DL v
Al/ _Dwe” S/Ai”(x,uk,Du;g)ide/A?(l“’uk’D“k)Di‘Pde

1+ [ug])? (1 + [ug])?
Q
EYI uff
= ! . Diapde—i—/f”apde. (18)
JLHRIEI 14 gl J

By virtue of (8) and taking into account that f¥ < |f| and |p}| < 1 for every v = 1,2,..., N, we can
estimate the right-hand side of (18) as follows
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vj J
E; Uy

J THHIE] T+ o)

D
< [ey el 0l g,
1+ |ug| 14 |ugl
)
1 i [Dau Jug|* — u¥ ub Dyul!
—i—/—EZ’-'JuJ[ k k kd—i—/fd:v
J Tl T O Tl /

| Dug| /
< E d dz.
< [1m e e [11aa
Q Q

By using Young’s inequality in the right-hand side of (19), from (18), for any £ > 0, it follows

|Dug|? / | ug|? / 2 /
A [ P g < v+ [IEIFdz+ [ 171
19/(1+|uk|)2 x—gﬂ (1 + [ux])? IEIFdz+ [lfldz.

Applying Sobolev’s embedding inequality and choosing a suitable 0 < & < Ay, (20) implies”

zwzdm+/f”<pde
Q

([ hogt + i) * )™ SS/!Dlog@HukDFdx
Q

|Duk| / 2 /
< S/ FE||*dz + dx
| Tl 1) i

Therefore, given 6 > 0 it holds

{z e : |up(z)| >0}

2* 2
1+9/ BIP + |f]] da

which implies (17). O

Lemma 2.8. Assume (4), (6)—(8), (12) and (13).

Then, there exist two positive constants ¢ and 6y, independent of k, such that

n+2

/|Duk|2dx<c[9§/[|E||”+1]dx+ </|f|,3f2 dx) ' ]
Q Q Q

for every k € N.

2 By’ u?c
Al/\Duk| da:S/ ! . Dukdm+/ v uyd
/ J TAIBT T H

2 S represents the Sobolev embedding constant.

(19)

Proof. For a fixed k € N, we pick uy as test function in (16). Thanks to the ellipticity condition we have

(24)
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By using Hélder’s, Sobolev’s and Young’s inequalities, for any € > 0, we have

n+2

/f,gu;dxgs(/uﬁ—fz dx) ' </Duk|2dx>
Q Q Q

n+2
1 n n
§5/|Duk|2dx+824—5(/|f|f—+zdx>
Q Q

Applying again Young’s inequality, for any € > 0 we deduce that

E;’ uj v 2 1 20, |2
1 . i—Dijugdr <e [ [Dug|*dz+ — [ [|E||" |up|"dz.
J THHIEN T Hud J i

On the other hand, for any 6 > 0 fixed, by using Hoélder’s and Sobolev’s inequality we have

[iePmpas= [ BP0 ER P s
Q

QN{|ux|>0} QN{|uk| <0}

§02/\|E||2dx+82 ||E|”dx>n/|Duk.|2dx.
Q Q

Gathering together (25)—(27), from (24), we obtain

82 n x 9
A —2e— — |E||" dz |Dug|*da <
Q

QN{|uk|>0}

4e
QN |ug|>6}

n+2

92 2 82 2n_ "
< — [|E||da+ — |fl>+z dx for any 6 > 0 fixed.
4e 4e
Q Q

Let us choose in (28) € = % and 0 = 6y with 6y > 0, independent of k, such that

2
A

El|"d < —.

gl ds) < 5

82
4e
QN{|ug|>00}

We point out that the existence of 8y follows from Lemma 2.7. Then, we deduce

n+2
/|Duk|2dx <c 9(2)/ B +1]d=z + </ |f|n27$2 dgc)
Q Q Q
with the constant ¢ independent of k. O
3. Proof of the Theorem 2.5
From Lemma 2.8 there exists a positive constant ¢, independent of k, such that

lur|lwazq) < ¢ forany k€N,
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hence we can pick a subsequence of {uk}, still denoted by {uk}, such that
up — u  weakly in W, 2(Q, RY),
ur, — u  strongly in L%(Q,RY) and a.e. in €.
Moreover, estimate (30) implies that
[T (ur)ll w2y <c VEEN (32)
for any 6 > 0 fixed and by (31) we also deduce
To(uy) — Ty(u) weakly in Wy 2 (Q,RN),
Ty(ur) — Tp(u) strongly in L2(2,RY) and a.e. in Q.
Now, we will prove that u is a solution of the system (11) in the sense of Definition 2.3.
To this aim, we have to pass to the limit in the approximating problems (15) and, therefore, we need to
prove that

Dup — Du a.e.in Q as k — +oo.

The above convergence will be a consequence of the following Lemma whose proof can be found in the
paper [1]. For the reader’s convenience we will give its proof in the Appendix.

Lemma 3.1. Let the assumptions (4)~(7) be satisfied and let {uy} C Wy 2 (2, RYN) be a sequence such that
U — U

weakly in Wy 2 (Q,RN), strongly in L*(Q,RN) and a.e. in Q.
Assume that the following estimate

/ [A;’(a:,uk, Duy) — Ai”(x,uk,Du)] [Dluz — Diu"] X{lup—ul<o} dT
< cO+w(k,6)

holds®, where c is a positive constant and w(k,0) is a function such that

lim w(k,0)=0 for any 0 > 0 fized.

k—+oco
. 1,2 N
Then uy, — w strongly in Wy~ (2, R™Y).

In view of exploiting Lemma 3.1, for any fixed 6 > 0 we set

o= / [Ai”(x, ug, Dug) — Ai”(;v,uhDu)] [Di(uk — u)”} X{lup—ul<oy d T (34)
Q

3 We denote by xp(z) the characteristic function of the set B C R™.
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It’s easy to prove that, for fixed 6 > 0,

/A?(w, ug, Du) [Diuz — Diu”] X{|up—u|<o}y dz — 0 as k — +oo.

Indeed,
AY (z, ug, Du)X{‘uk_mgg} — AY(z,u,Du) a.e. in Q.

Moreover, if B is a measurable subset of 2, applying the growth condition (5), we have

(/A;/(xvukaDu)PXﬂukU<9}dx>
B
< A2<

9|B|% + (/|u\2qax)z
B

2

2 2
[|uk — |t ul? £ |Du|} dx)

q—|—/\2(/|Dqux)é
B

consequently the functions A} (x,uy, Du)X (|, —u|<s} are equi-integrable in L?(Q) and therefore

BN{|ur—u|<0}

<Ay

AY (2, up, Du) X (juy—u<oy — A7 (2,u,Du)  strongly in L*(Q)

and assertion (35) is proved.
Now we observe that we can rewrite

/A’.j(aj ug, Dug) D; (uk — U,)U X{up—u| <6} dzx

:/A x, u, Dug) D; Tg(ukfu) dz
Q

_ / AZU(CL', Uk, Duk) DiTg(uk — U)V X{\uk—u|>0} dax.
Q

Testing (16) with the function Tp(ur — u) we obtain

/A?(&uk,Duk)Di [To(ur — u)]” dz
Q
vj
< / E; uk D;(ug —u)’"dz

L+ £E] 1+ Flu]
QN{|ur—u|<0}

EV] uk 0

+
L+ Bl 1+ Lug| ux —ul
QN{|ur—u|>0}

(ug — w)” (ur, — w)*D;(u
|ur, — uf?

=1, + I + 6||/]]

D —u)”

= q ol

Ltz (@)

Late @

(35)
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We claim that

lim (I} +I}) =0 for any 6 > 0 fixed. (39)

k—+oco

Thanks to the following inequality

Eiyj Ui < HE'”(Q | |) f k N
. X{|up—u|<0 =+ |u orany k € N,
1 1||E|| 1 1‘u | {lur—u|<0}

by the Lebesgue’s dominated convergence Theorem and (31), it follows that

vj J
E; Uy

L+ 2Bl 1+ gfuxl

X{ux—u|<0y — El7u?  strongly in L?(€)

which, in turn, implies that I} — 0 as k — 4oc.
On the other hand, using condition (8), we deduce

EY (up, —u)? 0

I? = . [Di up —u)”
‘ T+ 2IB] 1+ Sl far — g 010 7Y
QN{|ur—u|>0}
_ (uk — w)"(ug, — w)"Di(ug — “)“} dz
lu, — ul?
EY ul 0
_|_/ 11 . T [Dl(uk — U)U
L+ 2B 1+ g lugl luk — ul
Q
(ur — w)” (up — w)*Dy(ug — u)“}
_ —u d
[ — )2 X{|ug—u|>0} AT
EYI g 0
1+ 2[|E] 1+E|uk||uk—u\
Q
(ur — w)” (ur — w)HD;(uk — u)”}
- T 40
s — 2 X{lug—u[>0} 4L (40)
Since ur — wu a.e. in €, it follows
EY u? 0

2

. T — 0 a.e.in Qas k — +oo.
T 1B T+ Flu] fu —u] o=

Moreover, the following inequality holds

EY ul 0

3

L+ 2Bl 1+ flugl fuk — vl

X{|up—u|>0} < |EZ”3 u?| for any k € N,

so by the Lebesgue’s dominated convergence Theorem

EY ul 0

?

L+ 2Bl 1+ flugl lus — vl

X{|up—u|>0} — 0 strongly in L*(Q)

hence, thanks to (31) the right-hand side of (40) goes to 0, for any 6 > 0 fixed, and, at least we conclude
that IZ — 0, for any 6 > 0 fixed and (39) holds.
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On the other hand, using formula (10) and taking into account condition (7) and (30), one deduces that

/Aé’(x,uk,Duk) D; [Tg(u;.C - u)]'/ X{lup—ul>01 dz — 0 as k — +oo, (41)
Q

for any 6 > 0 fixed.
Indeed, by (7) we have

/Ai-'(%uk,Duk)Di [To(ue — u)]” X{jug—ul>01 d T

Q
v v (ue — )" (ug —uw)*
= /AZ (.r, Uk, Duk) |Uk — u| [Diuk - |Uk — U‘Q Dzuﬂ X{|uk,u‘>g} do
Q
0 (up, — uw)” (up — u)*
~ [ A¥(@,ux, Du) [ Do’ - Dt | X{jug—uf0 d
/ 7 (x, up, Duy) e — ] L0 P— U | X (Jug—ul>0) AT
Q
v v (ue — )" (up —w)*
< —/Al (ZE,Uk,D’lLk) m |:Dz’ll/ - |uk — u|2 Di’U,M:| X{|uk—u‘>9} dzx. (42)

Q

We note that by (5) and (30), for any fixed ¢ = 1,...,n the sequence {AY(x, u, Duy)} converges weakly in
L2(Q) while
0 - (uk — w)(ug — )

— | D;u”
lug —ul L lug — ul?

m
Diu“] X{lug—u|>0y — 0 strongly in L*(Q)

so the right-hand side of (42) goes to zero.
Finally, from (34), (37) and (38) we obtain the following basic inequality

Jro < c0+w(k,0) (43)

where w is the function defined by

w(k,0) = — / AY (2, up, Du) Di(uk — w)” X{jup—uj<or d2 + It + I}
Q

+/A§'(£C7Uk,DUk:)Di [To(ur — w)]” X{jup—uj>0y d@
Q

which converges to 0, for any 6 > 0 fixed, by virtue of (35), (39) and (41).
By Lemma 3.1, up to a subsequence still relabeled uy, it follows that

Duy — Du  strongly in L*(Q,R%), (44)
Dug(x) = Du(z) a.ein Q. (45)
Moreover it’s easy to see
EY ui -
L . — E7u  strongly in L*(Q). 46
T 1B 1 Ll ) 1o

Therefore, for any ¢ € W, 2(2,RY), we can pass to the limit in (16) for the above subsequence (for which
(44)—(46) hold) and therefore for the limit u the integral identity (14) is satisfied.
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4. Appendix

In this section we will reproduce the proof of Lemma 3.1, already contained in [1], pages 151-155.
For any k£ € N and = € Q2 we set

Ak(z) = [AY (z, uk, Duy) — AY (x, up, Du)] [Djuy, — Diju]
and we claim that there exists a subsequence, still denoted by {Ak(x)}, such that
AF(z) -0 forae z€Q.
Indeed, let E C Q with |E| = 0 such that
ug(z) = u(zr) Ve Q\E.

For any fixed m € N there exists [ € N such that the set

1
Qo = {:C EQ\E :|up(z)—ulz)<—, k> l}
m
is nonempty. Moreover
Ql,m g Ql+1,m

and

+oo
Uum=0\E

=1

which implies
lim |Q—Q ]| =0.

l—+o00
For any p € N let
I(m,p) = min {l eEN |Q—Qn < L}
p2m
Then
12 = g p)m| < pgim

and
I(m,p) <l(m,p+1).

Moreover, if & € €, p),m then

lug (z) — u(x)| < % Yk > I(m,p).



We define

Then

and

Moreover,

By virtue of the hypothesis (4), A*(x) > 0 a.e. € Q and using the assumption (33) we obtain

which, in turn, implies

G.R. Cirmi et al. / J. Math. Anal. Appl. 491 (2020) 124370

+oo
O = [ Qmop).m-
m=1

ngQp-H
+oo +oo 1 1
Q\QP| = O\ Qo) m| < — =
=1 U 10\ Uyl < 3 o=
1
sup |ug(z) —u(z)] < — Vk >1(m,p).
reQP m

AF(z)dz < AF(z)dx
/ /

Qr Qi(m,p),m

1
- / A @), de < 5 4w (k —) LYk > Um,p)
e m m
Q

lim [ A*(x)dz=0 VpeN.
k—+oo
Or

13

(48)

Since A¥(z) — 0 in LY(Q), there exist a subsequence {ni}y C {k} and a subset E* C Q! with |E'| =0

such that

Since

AM(z) >0 VzeQ'\E.

lim AT (x)dz =0
k—4o00
02

then A™k (z) — 0 in L'(0?) and, therefore, there exists a subsequence {n7} C {ni}, with n} > ni Vk € N,
and a subset E? C Q2 with |E?| = 0 such that

Moreover,

A" (z) >0 VoeQ?\ E2

A"z(x) -0 VeeQ'\E!
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because of {A"i( )} is a subsequence of {A”i( )} TIterating this procedure, for any p € N we construct
a subsequence {n?™'} C {n?}, with n?™" > n? ¥k € N, and a subset EP C QP with |EP| = 0 such that

p
lim A" (z) =0 Vze U [\ EY]

k—+oco
We define
P
U [\ E/] VpeN
then
lim A™(z) =0 Ve QP (49)
k——+o0
Moreover
Q\ P C[Q\QJUE? VpeN
and
~ 1
[Q\ QP < -, VpeN
p
Therefore, if we set
Q= 9
p=1
then
= p = 1 P| —
2\ Q] Q [\ 7] = lim [0\ 0| =0

and, up to a subsequence still denoted by {Ak (:U)}, we have

lim AF(z)=0 VzeQ. (50)

k— 400

Indeed, given z € Q, let p, be such that 2 € QP=. Using (49) we deduce that
i A @) =0
hence, for any € > 0 there exists k(z, e) such that
0<A™ (2) <e Vk>k(ze). (51)

Let

,E; = max {k(x,ef),px}
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if k > k then k > p, and {nf} C {n2"}. Consequently {An'ﬁ (x)} is a subsequence of {A"ﬁz (x)} that
satisfies (51) since k > k(x,¢). At least

0<A™(z)<e Vk>k

and if we set AF(x) = AmE (z) we get (50) and conclude that (47) holds. Once (47) is achieved the strong
convergence of {Duy} to Du will be proved following a standard argument due to Leray and Lions [47].
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