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Abstract

We are concerned with the existence of periodic solutions for potential
differential inclusions involving the p-relativistic operator
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and an (possible) unbounded discontinuous gradient. The approach re-
lies on critical point theory for locally Lipschitz perturbations of convex,
lower semicontinuous functions. The solutions we obtain appear as either

minimizers or saddle points of the corresponding energy functional. Some
examples of applications illustrating the general results are provided.
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1 Introduction

In this paper we are concerned with differential inclusions systems of type
—Rpu € OF (t,u), u(0)=u(T), v (0)=1d'(T), (1.1)

where T > 0, p € (1,00) and Ryu := (p,(u')) with ¢, : By — R given by

ly|P—2y

ep(y) = A e Vye B (1.2)

is the p-relativistic operator; here and below B, denotes the open ball of center
0 and radius o in the Euclidean space RY. Notice that, as emphasized in [14],
[15], the p-relativistic operator R, extends the relativistic acceleration operator
Ro which occurs in the dynamics of special relativity, in a manner similar to the
one in which the vector p-Laplacian extends the classical acceleration operator
u > u”. Setting

(Tp-1)\"" _ 1, if 0<q<1;
T =\ Ty 1 and - flg =9 901 if 0>,

the mapping F : [0,T] x RY — R is assumed to satisfy hypothesis:
(Hr) (i) F(-,x):[0,T] — R is measurable for every x € RN and F(-,0) = 0;
(ii) F(t,-) : RN — R is locally Lipschitz in RN for all t € [0,T);
(iii) there exist o, 3 € L1([0,T];R) with
op
e < ———— (1.3)

PUp—10Tp
such that for allt € [0,T], x € RN and ¢ € OF(t,x), it holds
€] < a()|z[P~ + B(1),

where OF (t, z) stands for the generalized Clarke gradient of F(t,-) at z € R,

A function u € C1 := C1([0, T]; RY) is said to be a solution of problem (1.1)
if |v'|le < 1, gp(u’) is absolutely continuous, u satisfies

—(pp(u'(t))) € OF (t,u(t)), for a.e.t e [0,T]

and the periodic boundary conditions. Here, ||-||¢ stands for the usual sup-norm
on C = C([0,T}; RY).

In recent years the study of boundary value problems with singular operator
has captured a special attention. Mainly, the obtained results are concerned
with the existence and multiplicity of solutions for problems involving contin-
uous perturbations of the relativistic operator Ry and less of them deal with
discontinuous ones. In this last direction, we refer to the papers [6] and [19],



where the existence of solutions of differential inclusions systems is derived by
means of fixed-point and topological techniques, respectively to [13] - [15], [21]
where variational approaches are employed.

If the potential F' is assumed to verify (Hp) (i) together with
(Hp) there is some v € L*([0,T);R) such that, for all t € [0,T] and z,y € RV,

it holds
[F(t,z) = F(t,y)| < v(t)]x -yl (1.4)
and one of the Ahmad-Lazer-Paul [1] type conditions
T
lim F(t,z)dt = 400 (1.5)
|z| =00 Jo
or
T
lim F(t,z)dt = —c0 (1.6)
|z| =00 Jo

holds true, then it was shown in [15] that (1.1) has at least one solution. Notice
that condition (Hp) is stronger than (Hp), in the sense that (Hp) asks that
JF (t,-) to be uniformly bounded by (the same) v € L([0, T]; R). In this view,
here the novelty is that (Hp) (ii¢) allows to consider problems with unbounded
generalized gradient. Specifically, the (generalized) gradient can have a (p —
1)-polynomial growth. So, in the particular classical case (when p = 2), the
gradient is allowed to have a linear growth and hence, the results obtained here
are more general than the ones in [13]. Also, we note that conditions like (Hp)
(#i7) occur, among others, in studies concerning differential inclusions involving
the p-Laplacian operator (see e.g. [4], [8], [10]). Thus, it is the aim of this paper
to provide weaker conditions than the ones in [15], ensuring the solvability of
system (1.1). It is worth to point out that the results we obtain here are new
even in the more "classical” cases p = 2 and/or if F(t,-) is of class C! (meaning
that we have equations instead of inclusions — see Section 5).

The first result is the following
Theorem 1.1 If F: [0,T] x RN — R satisfies (Hr) and there exists a positive

constant n such that

T = _qnp—1 1+ 1 %
max / Pt e+ Zr) omn” lall +181) 72 o)
0

wERY, zl=n 2 2 ppo1omy o
2; - 2p7_1||04||L1

then problem (1.1) has at least one solution.

Obviously, when a = 0, (1.6) implies condition (1.7). To prove Theorem 1.1,
we consider a modified system involving a non-singular operator, for which we
obtain the existence of a minimizer of the associated action functional and then,
we show that this actually solves problem (1.1). Here we use some ideas from
[12].

Next, if instead of (Hp) (iii), the mapping F verifies



(Hr) there exist ay, 1 € L*([0,T);R) and r > 0 such that for all t € [0,T],
r € RN and & € OF(t,x), it holds

&l < an(B)]=]" + Ba(t),

we obtain the following generalized Ahmad-Lazer-Paul type result.

Theorem 1.2 Assume that F : [0,T] x RY — R satisfies (Hp) (i), (i1) and
(Hp). If either
1 /T
lim —/ F(t,z)dt = 400 (1.8)
|z|—o00 |J)|r 0
or
1 /7
lim —/ F(t,z)dt = —c0 (1.9)
0

|z|—o00 |J}|r
holds true, then problem (1.1) has at least one solution.

Conditions like (1.8) and (1.9) are often encountered in studies concerning
second order differential systems with unbounded nonlinearities — we refer to
e.g. [5], [9], [22], [23]. Also, we note that there are functions F satisfying (1.7)
and not satisfying (1.9) as it is highlighted in Example 5.1. To prove Theorem
1.2 we use the direct method in the calculus of variations and the saddle-point
theorem in the frame of the critical point theory for locally Lipschitz perturba-
tions of convex, lower semicontinuous functionals, developed by Motreanu and
Panagiotopoulos in [17]. So, the solutions which we obtain appear either as
saddle points — if (1.8) holds true, or as minimizers — when (1.9) is fulfilled.

Before concluding this introductory part, for the convenience of the reader,
we recall some basic facts in the nonsmooth critical point theory.

Let (X, ||-||) be a real Banach space and X* its topological dual. If G : X — R
is locally Lipschitz, then the generalized directional derivative at x € X in the
direction of v € X is defined by

go(x' v) = limsup Gy +sv) = Gy)
’ y—x, s\0 S

and the generalized gradient (in the sense of Clarke [3]) of G at « € X is the set
9G(z) = {z* € X*: G%z;v) > (a*,v), YveE X},
where (-, -) stands for the duality pairing between X* and X.
Now, if J : X — (—o0, +00] is a functional having the structure
J=0+G, (1.10)

with G : X — R locally Lipschitz and ® : X — (—o0, +00] proper, convex and
lower semicontinuous, then an element € X is said to be a critical point of J
if the inequality

GY(z;v—x) +®(v) — ®(2) >0



holds true for all v € X. The number ¢ = J(x) is called a critical value of J
corresponding to the critical point . One has that z € X is a critical point
of J iff 0 € 9G(z) + 0®(x), where the set 0®(z) is the subdifferential of ® at
x in the sense of convex analysis [20] (see e.g. [18, Remark 2.2]). The reader
will emphasize that the above definition of a critical point of J coincides with
the one for a locally Lipschitz function in [2] provided that additionally ® in
(1.10) is of class C'. This means that we could employ the theory in [2] in
this situation, and this is the case when dealing with the proof of Theorem 1.1.
However, the whole generality of the theory developed in [17] is exploited to
prove Theorem 1.2. So, the reason for choosing this framework is motivated by
its unifying feature.

We say that (z,) C X is a (PS) sequence for J in (1.10) provided that
(J(xy)) is bounded and

GOz v — x) + B(v) — ®(2) > —enllv — 20|, YVveEX,

for a sequence (¢,) C Ry with &, — 0. The functional J is said to satisfy
the Palais-Smale condition (in short, (PS) condition) if every (PS) sequence
possesses a convergent subsequence.

Theorem 1.3 (see [17, Corollary 3.3]) Suppose that X = X1® X5, with dim X; <
oo and there exists p > 0 such that

infJ > sup J. (1.11)
X2 dB,NX;

If J satisfies the (PS) condition, then J possesses a critical value ¢ > infx, J
given by
¢ = inf sup J(y(u)),
Y€l weD

where D = B,N X1 andT = {y € C(D,X) : y|op,nx, = id}.

2 A non-singular system

Having in view (1.1), we construct a system with a non-singular operator, using
an idea introduced in [12] for p = 2 (also see [13, 14]), which consists in a
suitable cutting of the singular homeomorphism ¢, in (1.2). With this aim, let
R € (0,1) be arbitrarily chosen such that

R
R = gyt VN8| (2.1)

and let the homeomorphism 1, : RN — R be given by

ly[P~2y
(1 — min{|y[», Rp})' /7

tyly) = (v €RY).



We define ¥, : RV — R by

(p— 1)1~ min{JyP?, R}) +1 — |yP
p(1— min{Jy|?, 7)) =177

Up(y) =1- (v € RY).

Straightforward computations show that 1, = V¥, on RY and

Wp(y) > %\yl” (y eRY). (2.2)
Now, we consider the problem
—(p(u')) € OF (t,u), u(0)=u(T), u'(0) = (T), (2.3)

where F' fulfils condition (Hp).

By a solution of problem (2.3) we understand a function u € C'* with v, (u’)
absolutely continuous, which satisfies

—(p(u'(t))) € OF (t,u(t)), fora.e.te [0,T]
and the periodic boundary conditions.

Proposition 2.1 Assume (Hp). If u € C' is a solution of problem (2.3) and

_1_
PHp—-10T, e
lulle < (P2222 (ca, — VRISIL) ) (2.4)

then u solves (1.1).

Proof. Let u = (uy,...,uy) € C* be a solution of (2.3) which satisfies (2.4).
One has

—(¥p(u)) =, (2.5)
with v(t) € OF (¢, u(t)) for a.e. t € [0,T]. If |u'| < R on [0,T1], clearly ¢,(u') =
Yp(u’) and the proof is complete. If we suppose that there exists ¢ty € [0,7]
with |u/(to)| > R, then we get a contradiction. Indeed, because u is such that
u(0) = u(T), there exist & € [0,7] with uw/(§) = 0forall i =1,...,N. It
follows

/V%mmmﬂr: (0 (1)

= Wy (W4 (&), w1 (&), 0y (&), iy (6))

1
oy )P ul)
= o) = T



Then, integrating (2.5) componentwise, between ¢; and ty, taking the absolute
value and using (2.6) and (Hp) (4i7), we obtain

PGl — | [ utryar] < [ ioian

T
< / la(r)u(r) P~ + B(r)ldr
0
_ 2 ]!
< Mallp a4+ 180 < 2le gy,
PUp—10T,p

for : = 1, N. This gives

u'(to) [Pt 2P |||
Crp < | (0)‘ <\/N< ” ”C +||6||L1 \

(1—Re)t=t/r = Dlp—10T,p
which contradicts (2.4). |

Next, assuming hypothesis (Hp), a variational approach is introduced for
problem (2.3). In this view, the space

WP = {u e W0, T RY) : u(0) = u(T)},
will be considered with the norm
1
lullwae = (lullfs + 1w/17,)"

Hereafter, if u € L1([0, T]; RY) we write u = 7 + @, with

1 T
= ?/0 u(t) dt

and we note the inequality [16, p. 385] (also see [24]):

(UT,p)l/

p
lille < ZEE— |, ¥ ue Wy (2.7)

Next, we define the functional Zy : W%’p — R by
T
To(u) = / U ()t (u € WE?). (2.8)
0

Standard arguments show that the convex function Zy is of class C! on W%’p
and

(T (u), v) = / ()t (w0 € WEP), (2.9)



where (+|-) is the usual scalar product in the Euclidean space RY. Then, on
account of (Hp), we can define the locally Lipschitz function F : C' — R by

Flu) =— /OT F(t,u)dt (ueC) (2.10)

and taking into account the embedding W%’p ANYe; , we introduce the functional

Ir = ‘7:|W%,p =Foi (2.11)

which is still locally Lipschitz on W,

Proposition 2.2 Assume that F : [0,T] x RY — R satisfies (Hp). If u €
WP and £ € OTr(u) then there is some ug € L*([0, T); RN) such that u,(t) €
OF (t,u(t)) for a.e. t € [0,T] and

T
(L,v)y = —/ (uelv)dt, ¥ ve WpP. (2.12)
0

Proof. First, by the chain rule [3, Theorem 2.3.10] we have
OTr(u) C OF(u), Y uec WP (2.13)

Also, for p > 0, z,y € B, and t € [0,T], from Lebourg’s mean value theorem
[3, Proposition 2.3.7], there exist 7 € (0,1) and z* € dF(t,7z + (1 — 7)y) such
that
[F(t,y) = F(t,x)| < [z"[ly — =,

Using hypothesis (Hr) (i44) and the elementary inequality

|2+ 9|7 < pg(l2l” + [y]7)  (z,y €RY, ¢ >0), (2.14)
one gets

|F(t,y) — F(t,z)| (a)|rz+ (1 —7)yP~! +B(t)) ly — 2|

(mp—1a(t)(JzP~1 + [yP~h) + B(1)) ly — =]
(2up—ra()p?~! + B(1)) ly — =]
Yo()ly — I, (2.15)
where we have denoted by 7, the L'-function v,(t) := 2u,_1a(t)p?~* + B(1).

Then, by virtue of (2.13) and (2.15), the proof follows exactly by the same
arguments as in the proof of Proposition 5.3 in [11]. [

Next, with Zy in (2.8) and Zp given by (2.11), we introduce the action
functional associated to (2.3) by

T(u) := Ty (u) + Zp(u) (ue WiP). (2.16)

It is worth to point out that Z depends on R € (0,1) satisfying (2.1). Clearly,
from (2.9) we have that

IN NN

T
% (uyv) = / (b (u)[0")dt + T (u;v), ¥ u,v € WP (2.17)
0



Proposition 2.3 If hypothesis (Hp) holds true and u € W%’p is a critical point
of Z, then u € C! and is a solution of problem (2.3).

Proof. This relies on (2.17) and Proposition 2.2 and follows exactly the outline
of the proof of [13, Proposition 3.3]. [ |

For n > 0, we set
K, :={ueWy”: [a] <n}. (2.18)

Lemma 2.1 Assume that (Hp) holds true and let n > 0. If R satisfies (2.1)
together with

L[ oz (Bo—1n”" o + 18]z

- <
77+2 2 pp—10Tp -
- — — |l
p 2p
1
M(C _JN )) 519
(P22 (cn, — VR IBIL (219

then each minimizer uw € K, of T on K, necessarily satisfies (2.4).
Proof. Since Z(u) < Z(u), from (2.2), one has

1o T / T B
Sl < [ vy < [ RGP (2.20)

From Lebourg’s mean value theorem, there exist 7 € (0,1) and z*(¢t) € OF (t,u+
7u(t)) such that

[F(t,u(t) — F(t,u)] < [2"(0)|[u)] (e [0,T])
and by virtue of (Hp) (#1), (2.14) and (2.7) we infer

/ [F(t,u) — F(t,q)]dt| < / (e[ + ra(t)[P~" + B(t)) |a(t)|dt
0 0

T
< [ Gmrat@op + i) + s d
< sipallalla T + 17e (s aller + 18112
< 2 gl + 1812)
+E L o | (2.21)

This and (2.20) yield

pip—17" " el L 4+ 18| e
2 _ Hp—10Typ
P 2r—1

/|| e < (o7,p) @D (2.22)

vl o



On the other hand, using again (2.7), we have

P !
||| (2.23)

~ _ o)/
u(®)) < [ + ()] <+ il <o+ T2

and hence, on account of (2.22) and (2.19), we obtain that u satisfies (2.4). ®

3 Proof of Theorem 1.1

Let > 0 be so that (1.7) holds true. We pick R € (0,1) such that (2.1) and
(2.19) are satisfied and consider K, as in (2.18). We will show that Z in (2.16)
has a minimizer in K, which is not a boundary point. Then, the conclusion
follows from Lemma 2.1, Propositions 2.3 and 2.1.

Similarly to (2.21), using (2.2), Lebourg’s theorem, (Hp) (ii), inequalities
(2.14) and (2.7), we estimate Z as follows:

T T
I(w) = /O\I'p(v')dtf/o F(t,v)dt

L, — ' v) — v)|dt — ' bl
> Sl = [P0 - Pl - [ Fao

Lo g ~ —ip—1|~ ~
];Ilv IILp—/O (Hp—1a®) ([0 + [3[P~Ho(t)]) + B(t)[0(t)]) dt

Y

T 1 T
- / Ft,0)dt > 2|2, - / F(t,5)dt
0 p 0
iyl 312 — [l o 512 a2 + 18]122)

L2 ppaory s g =
5 (2ol ) Wit - [ P

(UTm)l/p —p—1 / 1,p
—T(up—llvl el +118llLs) [0l e (v € W) (3.1)

Hence, since fOT F(t,7)dt is bounded on K,, one has that Z is bounded from
below on K. We set

C= inf I(v) (3.2)

and let (vj) be a minimizing sequence in K, with
Z(vg) = ¢ as k — oo.

By virtue of (3.1), we get that (v},) is bounded in LP([0,7]; R") and hence we
infer that (vg) is bounded in W%’p , which implies that there exists a subsequence
of (vy,), still denoted by (vy), which weakly converges to some u € W”. Since
K, is a convex closed subset of W%’p , one has that u € K.

10



On account of the compactness of the embedding W%’p C C and of the con-
tinuity of F on C, the functional Zr is sequentially weakly continuous on quip .
Then, since the C! functional Ty is convex, it is weakly lower semicontinuous.
Hence, we deduce that 7 is sequentially weakly lower semicontinuous and so,

one gets
¢ = lim Z(v) 2 Z(w) 2 ¢,
— 00

showing that ( = Z(u). So, u is a minimum point of Z in K.

Next, if we suppose by contradiction that u € 0K, then [t4] = n and from
(2.22) and (1.7), we get (see (3.1)):

o 1/p B T
T(u) Z*L&L%MAWWWD+WMNWW*/1WﬂW
0

2
. _ .
C(orp) 7T (p-1nP el + 1B )
1
? 2 oy )7
D op—1 [e2|p At

T
—  max / F(t,z)dt > 0.
0

IERNvl"E‘:”]

Thus, we obtain Z(u) > 0 = Z(0) > Z(u), a contradiction. Hence, u ¢ 0K, and
the proof is complete. [ ]

4 Proof of Theorem 1.2

First, assuming hypotheses (Hp) (i), (47) and (H ), a variational approach is di-
rectly introduced for problem (1.1). With this aim, let L> := L>°([0, T]; RY) be
considered with the usual norm || - || and W1 := Wb ([0, T]; RY) endowed
with the norm

lullwree = llulloe + [W/lloc  (u€ WH).

Setting
Ki={ueW"™®: ||[u|w <1, uw0)=u)},

let ® : C'— (—00,400] be defined by
T
/ 1= (1= |WP)7), ifuek,
00, otherwise.
One has that ® is proper, convex and lower semicontinuous (see [15]). Next, with
the locally Lipschitz function F given in (2.10), the energy functional associated

o (1.1) will be
J =0+ F,

11



which has the structure from (1.10). Also, for p > 0, z,y € B, and t € (0,77,
one obtains (see (2.15))

[F(t,y) = F(t, )| <7,(8)ly — =], (4.1)

where we have denoted by 7, the L'-function 7,(¢) := 2u,a1(t)p" + Bi(t) if
r > 0, respectively 7,(t) := a1 (t) + p1(t) for r = 0. Then, on account of (4.1),
we have the following

Proposition 4.1 (see [15, Proposition 4.1]) If u is a critical point of J, then
u is a solution of problem (1.1).

If w € W1, then each component @; vanishes at some &; € [0,T] (i =1, N)
and hence

T
s (8)] = |ui(t) — wi(&)] < /0 () dr < T|u'[l (i =1,N),
so, one has that
[illoo <TVN [|t/]|oo-

Thus,
il < TVN, (4.2)

for all u € K. Also, for 6 > 0, we put
Ko:={uek: [u <0}.
Lemma 4.1 (see [15, Lemma 4.1]) Assume that there is some 6 > 0 such that

inf J = inf J. (4.3)
Ko K

Then J is bounded from below on C and attains its infimum at some u € Ky,
which solves problem (1.1).

Proof of Theorem 1.2. Since if 7 = 0 condition (1.4) in hypothesis (Hp) is
fulfilled with v = a3 + (1, the result is obtained in [15], we have to treat the
remaining case when r > 0.

Assume first that (1.9) holds true. For arbitrary u € K, using (Hp) with
r > 0, Lebourg’s theorem and (4.2), together with (2.14), one has

T T
A[ﬂuwaw@thA (oo (T + [a]") + B (1)) [(6)|dt

< ool [ + [iiloo (oo 17l 12 + 1181 120)
< (VN sl + TVN Bl + i TV Nl 77, (4.4)

12



Then, by the definition of ®, we estimate J as follows
T T T
() > — / F(t,m)dt — / (F(t,u) — F(t,))dt > — / F(t,0)dt
0 0 0
— TV N|aa || p[@]” = pr (TVN) Hlau || 2 = TVN|| By 1

By virtue of (1.9) we can find 6 > 0 such that J(u) > 0 provided that [u| > 6.
As J(0) = 0 (see (Hp) (7)), we have that (4.3) is fulfilled and the conclusion
follows from Lemma 4.1.

In the second case — when (1.8) holds true, we apply Theorem 1.3. First,
notice that if v = ¢ € RY is a constant function, from (1.8), one has

T
J(c) =— F(t,c)dt = —o0, as || = 0. (4.5)
0

Splitting C = RN & C, with C := {u € C: w =0}, using again the definition
of @, hypothesis (Hr), Lebourg’s theorem and (4.2), one obtains
T
T (u) = */ F(t,a)dt > —(TVN)" || s = TVN|B1| s, (4.6)
0

for all u € KN C. So, from (4.5) and (4.6), condition (1.11) in Theorem 1.3 is
fulfilled. It remains to show that J satisfies the (PS) condition. Let (u,) C K
be a (PS) sequence. Since (J(uy)) is bounded and ® is bounded in K, using
(4.4) with w,, instead of u, from

T () = D(up) — /OT P, dt — /OT[F(t,un) Pt )]t
it follows that there exists a constant k € R such that
/OT Ft)dt — TV N || ] < F.
Then, by (1.8), the sequence (@,,) is bounded. Using now (4.2) we obtain
lunllwroe < [@a] +TVN +1,

showing that (u,,) is bounded in W1 and on account of the compactness of the
embedding W1* C C we have that (u,) has a convergent subsequence in C.
Consequently, J satisfies the (PS) condition and the proof is then accomplished
by virtue of Theorem 1.3 and Proposition 4.1. [ |

5 Some corollaries and examples

First, notice that if instead of hypothesis (Hp) (i) in Theorem 1.1 the mapping
F is asked to satisfy (Hp) with r € [0,p — 1) and «; verifying (1.3), then this

13



still remain applicable, with «(t) = a;(¢) and B(t) = a1 (t) + B1(¢). Indeed, for
all t € [0,T], we get

ar(t)|z]” < (t)|zP7, VaeRY, |z > 1.
On the other hand, one has
ar()]z]" <oq(t), YzeRY |2/ <1

and hence
ar(t)|z]” < aq(t)|zPL + ar(t), VzeRVN.

Therefore, (Hr) (ii1) holds with a(t) = a1 (t) and B(t) = ay(t) + B1(t).

Corollary 5.1 Assume that (Hp) (i) is satisfied and there exists a positive
constant n such that (1.7) holds true. If, in addition, F wverifies

(Hp) (i) F(t,-) : RN R is of class C* on RN for a.e. t € [0,T);
(ii) there exist o, 3 € L*([0,T); R) with « satisfying (1.3) and such that
for allt € [0,T) and z € RN, it holds |V, F(t,z)| < a(t)|z[P~1+B(t),

then the differential system

—Rpu =V F(t,u), u0)=u(T), u'0)="1u'(T) (5.1)
has as least one solution.
Proof. On account of (Hg) (i), one has that OF(t,z) = {V,F(t,z)} for a.e.
t €]0,7] and all x € RY. Then, the conclusion follows from Theorem 1.1. m
Corollary 5.2 Assume (Hp) (i), (I/-jp) (i) and

(Hr) there exist ay, By € LY([0,T);R) and r > 0 such that for all t € [0,T] and
x € RN, it holds |V, F(t,x)| < ay(t)|z|" + B ().

If either (1.8) or (1.9) holds true, then (5.1) has as least one solution.

For the reader convenience we highlight below the results in Theorem 1.1
and Corollary 5.1 in the particular case when p = 2.
Corollary 5.3 Assume that F : [0,T] x RN — R satisfies (Hr) (i), (ii) and

there exist o, B € L1([0,T];R) with ||a||p: < 6/T so that for all t € [0,T],
x € RN and € € OF (t,x), it holds €] < a(t)|z| + B(t).

If there exists n > 0 such that

2
T (nllalle: +118]z)
6 =Tz

T
max / F(t,z)dt + <0, (5.2)
0

z€RN ,|z|=n
then ,
N IF (t,u), u(0)=u(T), u'(0)=u'(T),
(\/m>e (L), u(0) =u(T), w(0) = u'(T)

has at least one solution.
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Corollary 5.4 Assume (Hp) (i) and (Hp) (i). If there exists n a positive
constant such that (5.2) holds true and F verifies

there exist a, 3 € L'([0, T]; R) with |||z < 6/T such that for allt € [0,T]
and x € RN, it holds |V, F(t,z)| < a(t)|z| + B(t),

then system

has as least one solution.

- (“) = Vo F(t,u), u(0)=u(T), u'(0) = (T)

Next, we give some examples of applications of the above results to the ex-
istence of Filippov type periodic solutions [7] for differential inclusions. For
simplicity we restrict ourselves to the following one-dimensional (N = 1) dis-
continuous boundary value problem:

—Rpu € [f(u), f(w)],  u(0) —u(T) = 0=u'(0) —u'(T), (5-3)

where f € L{S (R;R) and for z € R, as usual, we have denoted

loc

() = lim essinf{f(y) : |o— 3| < )

and
Fa) = T esssup{f(u) : | —y] < 5.
Setting N
x) = T)dt reR
R = [ foin @ew),
one has (see e.g., [17, Proposition 1.7]):
OF (x) = [f(z), f(x)], VazeR. (5.4)

Example 5.1 Problem (5.3) with T'=1, p = 2 and

3 1 1 . 1
——4xcos| — | +=sin | — , x>0,

1
(—Z—Sinx—xcosx>, xz <0

RN

flz) =

|

has at least one solution. Indeed, one has

1 3x+x2 1 <0
1 5 2cos - , T ,

1( x i ) <0
1 5 rsinz), T <

Fl(SC) =

15



and, on account of (5.4) (also see [2, Example 2])

/@)y,  =#0,
@), T@ =R @ =4 r ,
{2, 8} , x=0.

Then, « =1/4 (< 6 =6/T), 8 =1/2 and taking n = 7/2, one gets

T (ol +1I8Ic)> 4 (7 1)
:: — 2 (T 2) =o0,13859;
¢ 6 — T 23 \8 7" y 13805

8 2

3t w (2
o Fy(n)=—"2+4 2 cos (W) > 0, 34104;

max Fy(x) + £ = —0,05775 < 0

lz|=n

and (5.2) holds true. Hence, the result follows from Corollary 5.3 with F'(¢,z) =
Fi(x). We point out that F here does not satisfy (1.9) (r = 1) and so we cannot
apply Theorem 1.2.

For the next example we consider problem (5.3) depending on a positive
parameter A, i.e.,

—Rpu € A[f(u), f(u)], w(0) —u(T) =0 =u'(0) —u/(T). (5.5)

Example 5.2 For all A > 0, problem (5.5) with T'=1, p =4 and

3

-1 —x°, x>0,
fay={
—— -2 <0
6
is solvable. Here, one has
4
—x—%, x>0,
Fl(.f) =
T :c;l <0
16 4’
and by virtue of (5.4),
{f(@)}, z #0,
[f (@), f(z)] = OF(x) = 1
1, - = 0.
[ , 16]’ z=0



Then, for all positive A, condition (1.9) is fulfilled (r = 3) and so we can apply
Theorem 1.2 with F(¢,z) = AFy(z). Also, as a = 8 = A, taking n =1 in (5.2),
one gets

HJ\l{&X )\Fl(fﬂ)‘i’ 1 =
TE€RN |z|=1 1 usoia 8 686 (3 — 222)
2 (3~ 1% o

4
(01,4)% (sl + 118])* _ |\ (5-3435(1350)5 3
1
3

Hence, for sufficiently small A, conditions (1.3) and (5.2) hold true and in this
case we can use also Theorem 1.1 to obtain the solvability of problem (5.5). We
point out that if we take a large A (for example > 343/27 = 2/(u1301.4)), then
we cannot apply Theorem 1.1 because a does not verify (1.3).

We conclude by an example when condition (1.8) is fulfilled.

Example 5.3 Let T >0,p>1,¢> 2 and F : [0,T] x R? — R given by
Pt z) = (2T - t) 'xqq Flol + (e®lz) (e 0,T], @ = (a1,25) € R?),
where e = (e1,es) € L(]0, T]; R?). Denoting
hi(t, z) = (23T _ t) 272+ es(t) (i =1,2)

one has
{(hl(t,l')—'—l,hg(t?l'))}, Ty > 0)

aF(tvx) = (hl(tax) + [fla 1]a hQ(tvx))v Ty = O,

{(h1(t,z) — 1, ha(t,x))}, x1 < 0.
From Theorem 1.2, the two dimensional system (u = (u1, us2))

{hl(t,u) + 1} s Ul(t) > 0,

Y i
<( ) S hl(t, )+[ 1,1], 1(t) 0,

= WPy

{hl(t,u) — 1}, ul(t) < 0,

Py Y
B ((1 Ty ) = b,

has at least one solution because (1.8) holds true with r = ¢ — 1.
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